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ABSTRACT 

A  framework  fci  research  in  problem  solving  is 
providea  by  categorizing  and  defining  variables  describing  problem 
tasks.  A  model  is  presented  ixi  an  article  by  Kula  fcr  the 
classification  of  task  variables  into  broad  categories.  The  model 
attempts  to  draw  re^ltion?hips  between  these  categciies  of  task 
variables  and  the  stages  of  probleui  sol  vine)  which  thty  i:rincii>all  y 
influence-  Articles  by  Rarnett,  Webb,  Goldin,   and  McClintcck  define 
and  discuss  each  category  of  task  variables,   give  eiaiti^ies,  survey 
the  fc!xisting  research  literature,  and  explore  the  theoretical 
implications  of  task  variables  within  xhe  categcry-  The  categories 
covered  are  syntax  variables,  co:ntent  and  context  variables, 
structure  and  conplfeixity  variafclcH,  and  heuristic  trocess^es. 
Experimental  studies  for  which  the  description  or  control  of  task 
variables  was  a  major  theme  are  sumciarized  in  articles  by  Goldin  and 
Caldwell,   Haters,  Days,  Luger,  Harik,  and  Branca  et.  al.  Ihese 
studies  illustrate  the  various  technigues  described  earlier,  and 
provide  evidence  of  their  importance  to  research  outccmes-  In 
articles  by  Caldwell,  Luger,  and  Schoenfeld,  teaching  applications 
are  described,  with  examples  of  unit  flans  based  on  the  systematic 
manipulation  of  task  variables  for  instructional  purposes.  The  book 
concludes  with  reaction  papers  by  Jerean  and  by  Kilpatrick,  noted 
researchers  in  mathematics  education-  (HP) 
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Mathematics  E<^ucation  Reports 

Mathematics  Education  Reports  are  developed  to  disseminate 
information  concerning  mathefflatics  education  documents  analyzed  at 
the  ERIC  Clearinghouse  £or  Science.  Mathematics  and  Environmental 
Education «    These  reports  fall  into  three  broad  categories.  Research 

rei^ievs  stmmari^e  and  analyze  recent  research  in  specific  areas  pf 

/ 

mathematics  eclucation*    Resource  guides  identify  and  analyze  materials 

/ 

and  references  for  use  by  mathematics  teachers  at  all  levels.  Special 
bibliographies  announce  the  availability  of  documents  and  review  the 
literature  in  selected  interest  areas  of  mathematics  education.  Reports 
in  each  of  these  categories  may  also  be  targeted  for  specific  subpopula*- 
tions  of  the  mathematics  education  community.    Priorities  for  development 
of  future  Mathematics  Education  Reports  are  established  by  the  Advisory 
Board  of  the  Center,  in  cooperation  with  the  National  Council  of 
Teachers  of  Mathemacics,  the  Special  Interest  Group  for  Research  in 
Mathematics  Education,  the  Conference  Board  of  the  Mathematical  Sciences, 
and  other  professional  groups  in  mathematics  education.  Individual 
comments  on  past  Reports  and  suggestions  for  future  Reports  are  always 
welcomed  by  the  Associate  Director.  . 


This  publication  was  prepared  with  funding  from  the  National 
Institute  of  Education,  UiS.  Department  of  Health,  Educaticn, 
and  Welfare  under  contract  no,  AOO-TS'-OOOA.    The  opinions 
expressed  in  this  report  do  not  necessarily  reflect  the 
positions  or  policies  of  NIE  or  HEW. 
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ERIC  Editor  Fore:Mrd 


As  one  can  Judge  from  its  size,  this  book  has  taken  a  long  time 
to  develop.    It  represents  years  of  effort  in  terras  of  conducting  re- 
search, analyzing  and  interpreting  research  results,  and  pondering 
about  the  research  on  problem  solving.    The  effort  was  approached  in. 
a  logical,  systematic,  and  cooperative  fashion.    The  foreword  and  the 
preface  each  provide  comments  that  outline  the  book,  so  those  will 
not  be  repeated  here.    Your  attention  is  called  simply  to  the  fact 
that  this  is  a  massive  step  forward  in  presenting,  in  one  book,  the 
thoughts  of  some  researchers  intensively  working  with  problem-solving 
ideas.    The  results  of  their  research  attempt  to  bring  more  clarity 
to  the  situation  from  a  variety  of  points  of  view.    By  no  means  for- 
gotten is  the  classroom  teacher:    not  only  was  the  research  conducted 
in  an  effort  to  help  the  teacher  cope  better  with  the  teaching  of 
problem  solving,  but  also  some  chapters  contain  specific  suggestions 
for  teachers  and  others  contain  lesson  plans  that  teachers  might  try 


ERIC/SMEAC  is  pleased  to  make  this  book  available  to  researchers 
and  to  teachers. 


out  in  their  own  classrooms. 


Marilyn  N.  Suydam 
Editor,  ERIC/SMEAC 
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Editors*  Frefaoe 


This  book  is  intended  £or  mathematics  educators,  psychologists, 
and  others  interested  in  mathematical  problem  solving  as  researchers, 
practitioners,  or  students.    It  could  serve  as  a  text  for  a  graduate 
course,  or  as  a  source  of  supplementary  readings  and  references. 

Chapter  I  is  introductory,  and  should  be  read  by  all  who  are 
interested  in  the  subject  of  task  variables.    Chapters  II-V  describe 
in  more  detail  the  categories  of  task  variables,  and  the  various  theo- 
retical perspectives  taken  by  the  authors.    Chapters  VI-VIII  consist  of 
research  studies,  while  Chapters  IX-X  contain  teaching  applications; 
these  two  groups  of  chapters  may  be  read  independently  of  each  other. 
Finally,  two  invited  reaction  papers  provide  comment  and  criticism. 

The  ideas  in  the  book  are  the  products  of  several  different  lines 
of  research,  which  eventually  came  to  be  unified  within  the  task  vari- 
ables framework.    The  work  on  factors  affecting  problem  difficulty, 
including  the  "linear  regression"  model,  was  begun  in  the  1960's  by 
P.  Suppes,  M.  Jerman,  and  others  at  Stanford  University.    It  was  car- 
ried further  in  the  early  1970' s  at  Pennsylvania  State  University  by 
Jerman,  and  by  J.C.  Bamett  as  a  graduate  student  working  with  R.  Hei- 
mer.    At  the  University  of  Pennsylvania  the  state-space  and  algorithmic 
analysis  of  problem  structure,  as  well  as  efforts  to  control  various 
task  variables  for  experimental  purposes,  were  advanced  by  J.  Caldwell, 
J.  Gramick,  G.F.  Luger,  and  W.M.  Waters  (nth  acknowledgments  to  R. 
McGee  and  C.  Serotta) ;  who,  between  1971  and  1977,  were  graduate  students 
working  with  G.A.  Goldin.    Another  independent  development  was  the 
description  and  analysis  of  heuristic  behavior,  enormously  influenced 
by  J.  Kilpatrick  while  at  Columbia  University,  and  carried  forward  by 
his  students,  N.  Branca,  D.  Goldberg,  H.  Kellogg,  J. P.  Smith,  and  others, 
during  the  1970 's.    At  the  same  time  interest  in  heuristic  processes 
evolved  at  the  University  of  Georgia,  with  research  by  L.L,  Hatfield  and 
by  J.W.  Wilson,  carried  further  by  E.L.  Kantowski  and  others. 

In  May  1975,  many  of  these  researchers  came  together  with  others 
in  Athens,  Georgia,  for  a  conference  sponsored  by  the  Problem  Solving 
Project  of  the  Georgia  Center  for  the  Study  of  Learning  and  Teaching 
Mathematics.    At  this  conference  several  working  groups  were  organized, 
of  which  two  remained  particularly  active--the  Task  Variables  Group, 
chaired  by  G,  Kulm,  and  the  Heuristics  Group,  chaired  by  Smith.  Under 
Hatfield's  dedicated  leadership  fa.s  director,  the  Problem  Solving  Project 
continued  to  provide  a  framework  for  worthwhile  collaboration.    Out  of 
the  Task  Variables  Group  emerged  two  projects^-i.^^the  National  Collection 
of  Research  Instruments  for  Mathematical  Problem~^Soiv[in|  (a  "Problem  Bank" 
edited  by  Kulm  at  Purdue  University),  and  the  present  boblt.-  Erom  the 
Heuristics  Group  emerged  the  process-sequence  coding  system  which  l?e--are__ 
fortunate  to  be  able  to  include  in  this  volume. 

Conceptually  the  book  is  somewhere  between  a  monograph  and  a  collection 


of  invited  papers.    The  categories  of  task  variables,  and  the  model  in  . 
Figure  1.1,  were  the  product  of  considerable  discussion  and  revision 
by  the  authors  of  the  first  five  chapters.    Of  course  there  remained  * 
many  differences  of  opinion  among  the  contributors,  so  that  the  authors 
of  the  chapters  take  ultimate  responsibility  for  the  viewpoints  expressed. 
As  editors,  we  endeavored  to  impose  a  reasonably  consistent  use  of 
terminology  throughout  the  book,  and  to  encourage  at  least  a  modest 
degree  of  fidelity  to  the  framework  described  in  Chapter  I.    We  bear  fill  1 
responsibility  for  the  many  editorial  shortcomings  which  the  reader  will 
find— particularly  in  view  of  the  difficulties  faced  by  all  of  the  authors 
who,  in  writing  their  chapters  concutrently,  had  access  only  to  pre- 
liminary drafts  of  other  chapters. 
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The  Study  of  Problem-Solving  Processes  in  Mathematical  Education 

by 

  Larry  Hatfield 

University  of  Georgia 
Athens  9  Georgia 


Goals  of  mathematical  education  usually  assert  the  paramount  value 
of  learning  to  solve  problems.    It  is  a  complex  challenge  to  guide  stu- 
dents to  become  competent  problem  solvers  in  matheoatics.    Indeed »  there 
are  numerous  varied  factor?  which  may  influence  the  learner's  progress 
and  the  teacher's  efforts  (Hatfield,  1978) • 

In  an  effort  to  further  our  understanding  of  such  factors,  this 
volume  on  task  variables  has  been  prepared*    The  focus  upon  the  quali- 
ties and  influences  of  mathematical  problem-^solving  tasks  has  been 
adopted  intentionally.    The  authors  have  apparently  used  the  heuristi- 
cal  precept:    simplify  the  problem  (or  develoaing  .a  theory  of  mathe- 
matical problem  solving)  by  momentarily  ignoring  some  of  the  conditions, 
variables,  or  questions.    As  overviewed  by  Kulm  In  Chapter  I,  this 
book  seeks  to  provide  information  about  the  study  of  problem  solving  by 
clarifying  the  ''instrument"  (i.e»,  the  task)  used  to  stimulate  and 
measure  the  phenomenon  of  problem  solving. 

This  concentration  upon  the  task  at  least  temporarily  ignores  much 
of  the  other  sources  of  variation  due  to  the  solvers  or  the  solving 
situation.    Critics  may  issue  challenges  to  the  viability  of  this  tactic. 
But  it  is  with  considerable  patience  and  detail  that  the  authors  of 
Chapters  I-V  have  pursued  their  efforts  to  specify  and  clarify  their 
scheme  of  task  variables  in  mathematical  problem  solving.    The  potential 
uses  of  these  conceptualizations  are  discussed  as  suggested  applications 
of  task  variables  to  research  (Chapters  VI-VIII)  and  to  teaching  (Chapters 
IX-X).    Finally,  reaction  papers  by  Jerman  and  Kilpatrick  are  included  to 
commend  and  critique  the  ideas  from  the  perspectives  of  two  mathematics 
educators  whose  own  earlier  efforts  influenced  the  authors,  but  who  were 
not  directly  involved  in  the  formulation  of  this  book. 

The  treatment  of  task  variables  developed  herein  does  not  exhaust 
the  possible  sources  of  variation  which  might  be  attributed  to  problem- 
atic tasks  in  mathematics.    The  goal  has  been  to  identify  potentially 
significant  sources  of  task  variation  and  to  explicate  their  definitions, 
meanings,  and  effects  as  thoroughly  as  current  understandings  of  human 
problem  solving  might  allow.    Any  such  effort  must  constitute  a  "means 
to  an  end*^    the  long-range  goal  is  to  utilize  these  task  variables  in 
studies  of  problem-solving  processes  in  mathematical  education.  Thus, 
the  material  herein  is  based  upon  an  assumption  that  more  precise,  elab-- 
orate  understandings  of  the  influences  of  problematic  task  variations 
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vill  further  the  search  for  better  understandings  of  how  students  learn 
to  solve  mathematics  problems. 

It  will  be  clear  to  the  reader  that  the  authors  have  produced  a 
notable  contribution  toward  these  research  and  instructional  goals.  Yet, 
to  the  members  of  the  Task  Variables  working  group  of  tiie  Georgia  Center 
for  the. Study  of  Learning  and  Teaching  Mathematics  who  initiated  this 
bdok,  it  represents  a  challenge  for  continued  work*    The  task  variables 
developed  to  date  need  to  be  studied  and  possibly  refined  in  terms  of 
their  meanings,  measurements,  and  uses  in  teaching  and  learning  how  to 
solve  mathematical  problems.    Comparable  formulations  of  subject  and 
situational  variables  need  to  be  explicated.    Eventually,  the  complex  in- 
teractions of  these  variables  must  be  studi^* 

Mathematics  teachers  need  to  understand  how  students  might  construct 
solutions  to  problematic  tasks.    But,  perhaps  more  important,  we  need  to 
understand  how  students  construct  their  own  increasing  competence  to 
solve  problems  across  mathematical  learning  experiences.    These  construc- 
tions range  from  learning  details  of  a  ^ecif ic  solution  to  assimilating 
heuristlcal  schemata  used  in  several  solutions  to  generalizing  compre- 
hensive meta-heurlstical  strategies  across  entire  classes  of  problems 
and  solutions.    That  is,  the  variety  of ^ constructions  for,  and  about, 
solving  mathematics  problems  which  students  will  construct  to  become 
competent  is  extensive  and  complex.    Yet  it  must  be  a,  central  focus  in 
studying  processes  to  examine  these  constructions       to  tjhe  extent  pos- 
sible, as  they  are  being  constructed.    Detailed  case  studies  which 
identify  and  document  a  solver's  existing  competence  structures  for 
solving  tasks  are  needed.    But  teachers  are  necessarily  concerned  with 
change y  and  they  need  knowledge  of  how  such  competencies  might  be  built 
and  reconstructed  across  time  and  tasks. 

This  constructive  approach  views  mathematics  as  a  human  construe-- 
tion,  learners  as  active  builders  of  their  own  conceptions  and  6ompe- 
tencies,  and  mathematics  instruction  as  the  context  for  stimulating 
and  guiding  these  builders  in  their  own  constrictive  processes.  Of 
course,  mathematics  can  be  viewed  as  a  body  or  information  and  mathe- 
matical learning  as  information-processing.    A^e  shoul4  all  be  deeply 
aware  of  the  growing  influences^  of  the  inforihation-processing  frame- 
work in  the  study  of  human  cognition.    But  Jewell  and  Simon  (1972) 
urge  that  we  recognize  the  necessity  to  vi^w  the  human  processor  as 
an  adaptive  system,  possessing  a  capacity  to  develop  and  change  the 
system  while  the  performing  system  remains  in  reasonably  good,  working 
order.     Indeed,  the  crucial  aspects  of  learning  include  changes  in 
the  processors.    Thus,  a  learner  is  not  a  rigid,  pre-wired  machine 
with  memory  capacities,  but  rather  a  dynamic  adaptable  system  where  ' 
programs  or  routines  are  self-constructed  and  subsequently  modified 
or  reconstructed.    Furthermore,  the  informational  content  of  most 
learning  experiences  includes  not  only  the  surface,  factual  material 
but  the  raeta-information  relating  to  the  means  (processes)  for  dealing 
with  the  material.    Among  these  conceptions  of  "how  I  learn"  is  an 
awareness  of  one*s  own  processes  of  learning;  in  the  problem-solving 
domain  these  make  up  heuristlcal  emphases. 
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Problem  solving  as  an  endeavor  requires  the  coordination  of  re- 
flection and  activity.  ^  The  investigation  of  solutions  as  they  are 
being  constructed  would  involve  attention  to  the  solver's  actions  (both 
external  and  internal)  and  the  interactive  thoughts  about  these  actions 
An  important  antecedent  to  such  actions  and.  reflections  is  the  struc- 
ture of  goals »  both  general  and  task/situation  specific ^  held  by  the 
solver.    To  understand  the  genesis  and  control  of  a  solver's  actions 
and  reflections »  the  teacher /researcher  would  know  nazch  about  these 
goals.    To  date,  little  appears  to  be  known,  though  much  is  often  as- 
sumed about  the  solver,  regarding  the  idiosyncratic  goal  structure.  In 
devising  ways  of  knowing  a  solver's  goals,  it  will  be  important  to  re- 
cognize that  goals,  too,  are  constructed  and  oft^  transitory.  Indeed, 
an  important  purpose  and  outcome  of  instruction  can  be  to  bring  about 
changes  in  the  goals  held  by  the  student. 

Today,  the  psychology  of  learning  and  teaching  mathematics  seems 
to  be  influenced  by  at  least  two  rather  differing  viewpoints.  A 
rationalist,  scientific  approach  considers  the  educative  situation 
as  a  cybernetic  system  involving  adaptable  but  predictable  beings, 
whose  actions  are  describable  from  the  point  of  view  of  general  control 
theory.     Instruction  becomes  an  application  of  rules  or  algorithms  for 
stimulating  the  information-processing  capabilities  of  the  student. 
Understanding  problem- solving  processes  becomes  a  search  for  the  pro- 
duction systems,  invariant  across  solvers,  responsible  for  controlling 
solving  behavior  (e.g.,  Landa,  1976b). 

A  constructivist  approach  views  the  educative  situation  as  a  com-^ 
plexity  of  perceptions,  goals,  dispositions,  and  interactions,  all 
constructed  by  individual  participants.    These- constructions  are  fluid 
and  dynamic,  being  often  in  flux.    The  changes  are  often  predictable 
only  within  broad  terms.    But  to  understand  problem-solving  processes 
is  to  search  for  the  varied  bases  .for,  and  qualities  of,  the  construc- 
tions and  reconstructions  that  constitute  thinking.    Any  "theory^*  of 
problem  solving  would  include  attention  to  the  rather  uncontrollable 
variations  in  the  possible  constructions  due  to  idiosyncratic  goals 
and  competencies'. 

It  should  be  obvious  that  mathematical  education  cannot  be  fairly 
dichotomized  this  way.    Yet  perhaps  elements  of  these  two  extremes  tdo 
guide  our  thinking  as  teachers  and  researchers.    The  study  of  problem- 
solving  processes  in  matheuxatical  education  can  easily  tolerate  either 
framework,  since  we  sorely  need  information  to  be  generated  for  the 
teaching  and  learning  of  problem  solving. 

The  analysis  of  task  variables  in  the  present  book  is  a  small  but 
important  step  towards  a  theory  of  how  students  learn  mathematical 
problem  solving. 
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The  Classification  of  Problem-Solving  Research  Variables 


by 


Gerald  Kulm 
Purdue  University 
West  lafayette,  Indiana 
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The  development  of  problem--solvifig  ability  is  a  cunxulatlve  pro- 
cess which  depends  on  the  history  of  problem-solving  experiences  of 
the  student.  Crucial  to  any  problem-solving  experience  is  the  task 
itself*  In  order  to  advance  knowledge  about  problem  solving ,  it  is 
thus  important  that  close  attention  be  given  to  the  characteristics 
of  problem  tasks. 

The  task  or  collection  of  tasks  is  the  measuring  instrument 
which  is  used  to  study  the  phenomena  of  problem  solving.    An  under- 
standing of  how  the  variables  describing  the  task  Itself  Interact 
with  the  total  situation  is  a  basic  requlremeutf^for  such  a  sfudy. 
The  ability  to  classify  and  define  task  variables  would  make  it 
possible  to  control  them  systematically,  in  order  to  determine  their 
effects  on  problem-solving  behavior.    Furthermore,  the  precise  spec- 
ification of  problem  tasks  is  necessary  for  the  replication  and 
extension  of  experimental  studies.    One  purpose  of  this  book  is  to 
provide  researchers  with  categories  and  definitions  of  variables 
describing  problem  tasks,  providing  a  framework  for  their  control 
in  problem*- so  lying  studies. 

Throughout  this  book,  the  term  "task  variable"/  will  mean  any 
characteristic  of  problem  tasks  which  assumes  a  particular  value 
frcxn  a  set  of  possible  values.    A  task  variable  may  thus  be  ntimeri- 
cal  (e,g.,  the  number  of  words  in  a  problem)  or  classlf icatory 
(e.g.,  problem  content  area). 

In  the  pastt  standardized  tests  have  been  widely  used  to 
measure  problem- solving  ability.    However,  the  empH^sis  in  problem- 
solving  research  is  shifting  to  the  study  of  the  processes  used  to 
arrive  at  an  answer.    The  complexity  of  the  written,  verbal,  or 
enactlve  sequences  of  behavior  that  characterize  these  processes 
makes  it  particularly  necessary  to  examine  the  measuring  instrument 
(i.e«,  the  problem  task)  which  elicits  them.    A  Z^2n^<3r^  is  needed 
tc  describe  task  variables,  based  on  a  model  for  the  range  of  possi- 
ble \characteristics  of  mathematical  problems.    Such  a  development 
can  assist  the  standardization  of  vocabulary,  helping  to  distinguish 
between  problem- solving  variables  which  are  intrinsic  to  the  problem 
itself  and  those  which  describe  other  aspects  of  the  problem-solving 
event . 
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Tl!ie  conclusions  of  problem-solving  studies  are  sometimes  stated 
in  temis  of  processes  vhich  certain  experimental  groups  are  (or  are 
not)  capable  of  employing.    On  the  other  hand,  small  changes  in  the 
problem  content,  its  setting,  or  the  wording  of  the  problem  may 
result  in  major  changes  in  the  problem-solving  procedures  exhibited 
by  subjects.    Often  the^e  problem  characteristics  are  not  sufficiently 
described  or  analyzed,  making  it  difficult  to  interpret  or  reproduce 
the  findings.    THb  payoff  fr<sn  a  thorough  description  of  task  varia- 
bles, and  an  investigation  of  the^^r  relationship  to  experimental 
observations,  should  be  increased  rep licability  ai^  generalizability 
of  research  results. 

The  study  of  task  variables  also  has  important  implications  for 
classroom  instruction.    For  exaxaple,  the  systematic  teaching  of  a 
particular  problem-solving  strategy  may  require  sets  of  problems  of 
varying  complexity  to  which  the  strategy  is  applicable.  Problem 
complexity  variables  which  are  not  relevant  fop  a  particular  instruc- 
tional segment  must  be  controlled,  while  the  relevant  variables  are 
emphasized.    As  teachers  observe  the  capabilities  of  individual  stu- 
dents and  their  difficulties  with  different  types  of  problems,  it  can 
be  helpful  to  recognize  which  characteristics  of  the  problems  pose 
particular  difficulties,  and  to  tailor  discussion  towards  the  expli- 
cit emphasis  of  these  problem  characteristics.    Although  these  may 
seem  to  be  simple  ideas,  the  variables  Sffecting  problem  difficulty 
are  not  simply  described  or  easily  characterized. 

In  this  chapter,  we  shall  develop  the  necessary  background  and 
introduce  the  ^odel  for  the  classification  of  task  variables  which 
underlies  the  structure  of  this  book,    definitions  for  each  of  the 
major  categories  of  task  variables  will  be  presented  and  discussed. 


1.    Background  for  the  Study  of  Task  Variables 

Kilpatriak^s  Categories  of  Problm-Salving  Researah  Variables 

In  a  position  paper  outlining  categories  of  variables  and 
methodologies  in  problem-solving  studies,  Kilpatrick  (1975)  attempted 
to  clarify  the  role  of  task  variables  and  to  suggest  possible  methods 
of  systematic  problem  description.    This  paper  served  as  a  forerunner 
to  the  development  of  the  model >described  here.    An  outline  of 
Kilpatrick's  categories  is  presented  in  Table  1.1. 


Indep'endent  Variables 

Kilpatrick  specified  three  main  categories  of  independent  varia- 
bles in  problem-solving  research — subject  variables,  task  variables, 
and  situation  variables.    These  three  categories  are  derived  from  the 
necessary  components  of  a  problem-solving  event,  which  are  a  problem 
solver  (subject)  solving  a  pt5oblem  (task)  under  a  set  of  conditions 
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Table  l.l   Kili.atHak*8  CategoHeo  of  Px^bl^-Solving  Reeearch  Variablea 
(KUpatHak,  1975}^ 


Independent'  Variables 


Subject  Variables 

Organisialc  Variables 
Trait  Variables 

Instructional  History  Variables 

Task  Vapiables 

Context  Variables 
Structure  Variables 
Fon&at  Variables 

Situation  Variables 

Physical  Setting 
Psychological  Setting 


Dependent  Vari^les 

Product  Variables 
Prooeas  Variables 
Evaluation  Variables 
Conaomitant  Variables 
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(situation).    Any  problem-solving  event  involves  a  complex  interaction 
among  the  Variables  describing  these  three  components.    In  prder  to 
place  the  category  of  task  variables  in  perspective,  we  shall  outline 
briefly  the  nature  of  all  three  categories  according  to  Kilpatrick. 


Subject  Variables 

Subject  variables  are  those  quantities  %ihich  describe  or  measure 
specific  attributes  of  the  subject — in  this  case  the  problem  solver. 
They  are  of  great  importance  in  experiments  of  a  clinical  nature, 
including  "teaching  experiments"  such  as  are  frequently  reported  in 
the  Soviet  Union.    The  small  number  of  subjects  in  such  studies  makes 
a  sensitivity  to  subject  variables  particularly  important  in  conduct-* 
ing  them  and  in  reporting  the  results. 

-  Kilpatrick  further  classified  subject  v^iables  according  to  the 
ease  with  which  they  can  be  modified.    Those  subject  variables  not 
open  to  change  or  experimental  manipulation  were  called  ovganimia 
variables.    Examples  of  organismic  variables  are  age,  sex,  socio- 
economic status,  and  geographic  residence.    Kilpatrick  noted  that, 
except  for  age  and  sex,  few  problem-solving  studies  have  considered 
organismic  variables  other  than  to  describe  the  sample. 

Of  more  interest  are  trait  variables — those  which  can  be  modi- 
fied by  processes  such  as  teaching.    Traits  such  as  cognitive  style, 
attitude,  persistence,  mathematical  memory,  or  the  ability  to 
estimate  offer  promise  of  being  closely  associated  with  problem- 
solving^  performance.    Kilpatrick  suggested  that  it  .might  be  fruitful 
to  concentrate  investigation  on  specific  rather  than  general  traits 
— for  example,  a  study  of  the  ability  to  estimate  the  magnitude  of 
numerical  solutions  to  equations  might  yield  clearer  information 
than  studying  the  general  ability  to  estimate.    Many  of  the  abili- 
ties listed  in  Krutetskii's  (1976)  outline  of  the  structure  of 
mathematical  abilities  (see  Table  1.3)  are  traits  in  Kilpatrick' s 
sense. 

Finally,  instructional  history  variables  describe  the  schools 
attended,  mathematical  topics  studied,  or  problem-- so Ivihg  instruc- 
tion received  by  the  subject.    Sraie  of  these  are  more/open  to 
manipulation  than  others.    Kilpatrick  points  out  that  the  failure 
to  consider  them  in  selecting  experimental  groups  inay  be  partly 
responsible  for  the  lack  of  differences  often  found  between 
instructional  methods. 


Task  Variai?lBs 

The  category  of  task  variables  as  first  intr<^uced  by  Kilpatrick 
included  three  classifications — context  variables,  structure  varia- 
bles, and  format  variables.    Although  this  classification  scheme  has 
been  extensively  redefined  and  elaborated  in  this  book,  it  is  of 
int^erest  to  summarise  its  initial  conceptualization. 
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Context  variables  include  those  which  characterize  the  physical 
situation  of  the  problem,  as  well  as  the  language  in  which  the  prob- 
lem is  expressed.    They  are  intended  to  describe  the  differences 
between  problems  having  the  same  mathematical  structure.  Kilpatrick 
noted  that  the  term  "content  variable"  may  be  appropriate,  but 
suggested  that  there  may  be  different  interpretations  of  what  is 
meant  by  ^^thematical  content."    Whichever  term  is  used,  Kilpatrick 
Intended  "context  variables"  to  include  variables  describing  the 
semantic  content  or  mathematicQ.1  meaning  of  the  problem. 

Stmature  variables  are  intended  to  describe  the  intrinsic 
mathematical  structure  of  a  problem*    One  way  to  do  so  is  to  employ 
a  mathematical  formula  or  relation.    Kilpatrick  suggested  that  two 
problems  with  the  same  formula  could  be  said  to  have  the  same  "syn- 
tactic structure,"  evidently  using  this  term  to  refer  to  the  syntax 
of  the  formula  or  relation;  i.e.,  the  variables,  the  operations,  etc. 
Another  approach  to  the  characterization  of  problem  istruct^ire  whi^ 
Kilpatrick  mentions  is  the  "state-space"  approach,  described  in 
Chapter  IV  of  this  book.    The  concept  of  problem  structure  is 
believed  to  be  extremely  important  because  of  its  iiaplications  for 
studying  the  effects  of  problem  similarities  and  differences  on 
problem-solving  perfor-^ance. 

Format  variables  describe  tlte  different  manners  or  fsettix-gs  in 
which  a  problem  may  be  presented.    For  example,  it  may  be  presented 
along  with  other  problems,  with  hints,  or  with  the  aid  of  some 
apparatus.    Usually,  format  variables  have  been  ignored  by 
researcher^  with  the  assumption  that  problem-* solving  processes  are 
not  affected  by  them.    Particularly  relevant  to  this  assumption  are 
such  format  variables  as  the  encouragement  of  scratch  work,  or 
whether  or  not  the  subject  is  asked  to  think  aloud  during  problem 
solving.    In  Kilpatrick *s  opinion,  format  variables  are  important 
because  they  represent  dimensions  across  which  problem-solving 
results  need  to  be  generalized. 

Situation  Variables 

In  very  general  terms,  situation  variables  describe  the  physi- 
cal, psychological,  or  social  environment  in,  which  the  problem- 
solving  event  takes  place.    The  category  of  situation  variables 
is  difficult  to  characterize  since  it  includes  a  variety  of  com- 
ponents.   In  particular,  some  situation  variables  appear  to  over- 
lap or  merge  with  certain  task  variables,  particularly  those  which 
Kilpatrick  calls  format  variables,  and  it  is  important  to  resolve 
this  difficulty. 

/ 

The  physical  setting  includes  such  variablea^  a^  the  type  of 
•  space  (classroom,  laboratory,  outdoors,  etc.),  the/nature  of  the 
\space  (canf ortable,  stimulating,  familiar,  etc.)^^^^  the  avail-- 
4|)le  resources  (calculators,  measuring  instruments,  manipulative 
materials,  or  amount  of  time).    The  psyckologiaal  setting  includes 


variables  describing  the  purpose  of  the  event  (testings  instruction^ 
practice,  etc.) 9  the  type  of  procedure  (evaluative,  prescriptive, 
diagnostic,  etc«},  and  the  nature  of  the  learning  envirofunant  (type 
or  amount  of  feedback,  quantity  or  quality  of  interaction).  These 
variables  are  most  directly  related  to  the  motivation  of  the  subject 
in  solving  the  problem,  and  the  resulting  affective  outcomes.  The 
social  setiiing^  although  not  explicitly  discussed  by  Kilpatrick, 
seems  to  fit  as  veil  into  this  category,  including  variables  des- 
cribing the  group  (size,  purpose,  type,  etc.)  or  the  relationship' 
between  subject  and  experijnenter  (personality,  familiarity,  etc.). 

Situation  variables  are  intended  not  to  describe  the  task  or 
the  subject,  but  to  be  external  to  bo^h.    In  this  book,  some  of  the 
above-mentioned  variable's,  particularly  the  availability  of 
resources  such  as  calculators,  are  considered  to  be  task  variables 
and  are  discussed  as  such.    As  Kilpatrick  pointed  out,  situation 
variables  are-^ teii  nuisance  variables— -of  lltt le  direct-  interest , 
but  possibly  having  unexpected  effects  on  problem- solving  perfor- 
mance. 


Dependent  Vgriables 

The  second  major  category  of  problem-solving  research  variables 
is  derived  from  subjects*  responses  to  the  problem  task.  Kilpatrick 
identified  four  classifications  of  dependent  variables:  product 
variables,  proaesB  variables,  evaluatian  variables,  and  cancanitant 
variables. 

Product  Variables 

Product  variables  have  to  do  with  achievement  of  the  solution 
to  a  problem.    This  classification  includes  the  time  to  solution, 
the  correctness  or  incorrectness  of  a  solution,  mx^  the  complete- 
ness of  a  solution.    Perhaps  the  moSt  Important  copaent  made  about 
these  variables  is  the  recommendation  that  researchers  consider 
product  variables  beyond  those  of  speed  and  accuracy — in^l^iding, 
for  example,  the  elegance  of  the  solution  or  the  multiplicity  of 
different  solutions  found. 

Process  Variables 

Process  variables  are  derived  from  a  subject's  verbal  report 
during  problem  solving,  from  his  or  her  written  work,  or  frenn  steps 
taken  with  a  physical  apparatus.  Examples  include  variables  des- 
cribing the  heuristic  processes  used,  the  algorithms  employed,  or 
the  blind  alleys  encountered  along  the  subject's  path  towards  a 
solution.  Kilpatrick  was  adamant  about  the  Importance  of  process 
variables,  stating  that  "any  respectable  study  of  problem  solving 
in  mathematics  should  include  measures  of  process  variables." 


While  this  is  certainly  a  worthwhile  goal*  sc»&e  caution  is  necessary, 
especially  if  subject  self-reports  are  the  sole  process  measure. 
Nisbett  and  Wilson  (1977),  for  example,  have  argued  convincingly  that 
self-reports  during  problem  solving  may  be  inaccurate  or  incomplete, 
and  that  exclusive  reliance  on  "thinking  aloud"  reports  for  obtaining 
process  variables  may  result  in  distortion  of  the  problem-solving 
process. 

Eoaluation  Variablea 

» 

Evaluaticm  variables  describe  the  views,  thoughts^  and  opinions 
expressed  by  the  subject  after  the  problem  has  been  solved.  These 
variables  Include  what  ths  subject  was  trying  to  do,  how  the  problem 
was  perceived  in  relation  to  other  problems,  the  subject's  level  of 
confidence  in  the  solution,  etc.    While  it  may  be  difficult  to 
obtain  accurate  measures  of  variables  in  this  classification^ 
Kilpatrick  emphasized  that  they  describe  information  which  can  be 
obtained  only  from  the  subject ,  and  should  not  be  neglected. 

Conaamitant  Variables 

Concomitant  variables  are  those  variables  not  included  in  the 
previous  three  categories,  which  may  nevertheless  change  during  the 
course  of  problem  solving.    Many  of  the  ttait  variables  mentioned 
above  could  be  considered  concomitant  variables~f or  example,  a 
subject's  ability  to  estimate  numerical  solutions  might  improve 
after  solving  a  set  of  problems.  "^Similarly,  more  general  abilities, 
or  attitudes,  might  change.    As  Kilpatrick  noted,  concomitant  var- 
iables cannot  be  expected  to  change  greatly  unless  they  are  very 
specific  or  the  number  of  problems  solved  is  large* 

Having  placed  the  category  of  task  variables  in  the  context  of 
Kilpatrick 's  framework  of  problem- solving  research  variables,  let 
us  digress  to  survey  a  few  authors  of  importance  to  mathematics 
education  who  have  placed  special  emphasis  on  the  characteristics 
of  problem  tasks. 

ProhlmSolving  Methods  and  Mathematical  Abilitiea 

Many  of  us  have  been  fascinated  and  challenged,  at  one  time  or 
another,  with  the  books  by  problemists  such  as  Sm.  Loyd  and  Martin 
Gardner  (1959a,  b;  1966).    These  authors  were  concerned  with  creat- 
ing, collecting,  discussing,  and  solving  a  wide  variety  of  problems, 
not  with  the  experimental  study  of  problem  solving  or  with  its 
teaching.    Nevertheless,  their  work  has  great  importance  for  these 
areas.    They  (and  others)  recognized  and  developed  the  concepts  of 
the  structure  of  a  pyoblem  and  the  relationships  between  mathemati- 
cally similar  probleiis,  which  importantly  affect  problem- solving 
processes.    Ideas  suc^  as  problem  syfnmetry^  problem  isamoppHisws, 


and  classification  of  problems  in  accordance  with  their  solution 
strategies  have  been  used  extensively  by  Gardner.    These  ideas  con- 
tribute in^ortantly  to  the  discussion  of  structure  and  heuristic 
behavior  variables  in  the  present  book.  , 

George  Polya  (1945,  1954,  1962,  1965)  has  been  a  major  contin- 
uing influence  on  the  teaching  of  problem-solving  skills.    His  work 
has  focused  principally  on  the  use  of  well-selected  problem  tasks 
to  foster  effective  problem  solving  and  on  the  application  of 
general  heuristic  processes  to  problem  solving.    Table  1.2  presents 
Polya 's  summary  of  the  stages  Involved  in  effective  problem  solving: 
(1)  understanding  the  problem,  (2)  devising  a  plan,  (3)  carrying  out 
the  plan,  and  (4)  looking  back.    In  the  present  book,  each  category 
of  task  variable  is  envisioned  as  influencing  some  of  '.:hese  stages 
more  strongly  than  others. 

The  heuristic  proaesses  suggested  by  Polya  have  motivated  many 
experimental  investigations.    Perhaps  the  most  intriguing  of  these 
processes,  in  relation  to  the  study  of  task  variables.  Is  the  advice 
to  find  a  "related  problem."    It  seems  clear  that  the  term  "related" 
refers  to  some  sort  of  underlying  structural  relatedness;  but  it  is 
difficult  in  many  cases  to  describe  the  precise  nature  of  the  rela- 
tedness in  terms  of  problem  s^ruature.*  Pol-^^a  mentions  three  ways^  , 
in  which  problems  may  be  related — by  analogy^  by  speaializatian^ 
and  by  generalization.     Related  problems  can  also  be  obtained  by 
decomposing  and  recombining  problems.    In  general,  one  wishes  to 
identify  the  task  variables  that  contribute  to  the  relatedness. 
For  example,  Polya  uses  the  following  to  illustrate  ana Zo^oue  problems 

1.1  Given  the  length  of  an  edge  of  a  regular  tetra- 
hedron^  find  the  radius  of  the  sphere  airaumsaribed 
about  the  tetrahedron, 

1.2  Given  the  length  of  the  side  of  an  equilateral 
triangle^  find  the  radius  of  the  oirale  oirawn- 
saribed  about  the  triangle. 


Polya  was  not  explicitly  concerned  with  syntax,  but  it  is  striking 
that  two  problems  have  the  same  number  of  words  and  the  same  sen- 
tence structure.    They  are  also  drawn  from  the  same  mathematical 
content  area.    In  these  senses  they  are  "related"  on  a  surface 
level.    It  becomes  more  difficult  to  describe  their  structural 
relationships.    Problem  1,2  is  the  planar  analogue  of  Problem  1.1, 
BO  that  analogous  formulas  which  characterize  structure  exist. 
Problem  1.1  can  be  solved  by  use  of  a  solid  geometry  analogue  to 
the  concurrency  of  the  angle  bisectors  of  a  triangle,  so  that  it 
possesses  a  solution  strategy  related  to  that  of  Problem  1,2. 

According  to  Polya,  the  difficulty  with  using  related  prob- 
lems is  not  that  of  finding  problems  which  seem  relevant  to  the 
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problem  at  hand,  but  that  of  finding  problems  related  in  such  a  way 
so  as  to  help  lead  to  a  solution.    The  precise  nature  of  such  rela- 
tedness  is  a  question  which  recurs  in  this  book  and  which,  in  this 
author* s  opinion,  can  be  answered  through  task  variable  analysis. 

Like  Polya,  Vickelgren  (1974)  suggests  n^thods  for  helping  to 
improve  problem-solving  abilities.    In  an  attempt  to  place  problem- 
solving  methods  on  a  theoretical  basis,  Wickelgren  borrowed  many 
concepts  from  artificial  intelligence.    He  considered  the  stxructure 
of  the  problem  task  to  be  extremely  important.    According  to 
Wickelgren,  a  problem  consists  of  information  concerning  (1)  givens, 
(2)  operations,  and  (3)  goals.    Problem  types  can  be  characterized 
by  the  amount  and  kind  of  information  available  in  each  of  the  three 
categories.    For  example,  in  a  problem  to  find  x  (the  goal),  given 
the  expression  7x  +  3  »  24  (the  given),  the  goal  is  inaompletely 
specified.    The  problem,  therefore,  can  be  classified  as  one  in 
which  the  goal  to  be  reached  is  not  given.    Other  types  of  problems 
have  aanptetely  specified  goals.    A  ''problem  to  prove"  would  be  one 
in  which  the  goal  is  given;  e.g.,  given  the  expression  7x  +  3  •  24, 
prove  that  x     3.    Other  problem  classifications  arise  by  varying 
the  specification  of  the  givens  and  the  operations. 

Wickelgren  also  discussed  in  his  theory  the  ideas  of  problem 
Btat&e^  operations  on  states,  and  sol^jcions.    The  representation  of 
possible  sequences  of  actions  and  possible  sequences  of  states  is 
called  a  Btate^aation  tree.    The  state-action  tree  provides  the 
framework  for  much  of  Wickelgren *s  discussion  ox  problem-solving 
methcKls.    Problems  are  characterized  according  to  the  properties 
of  their  state-action  trees;  and  although  not  all  problems  are 
represented  by  such  trees,  concepts  derived  from  them,  such  as  the 
size  of  the  search  space  and  the  identification  of  subgoal  states, 
are  used  extensively  in  discussing  solution  methods. 

Wickelgren  also  discussed  the  idea  of  related  problems,  focus- 
ing more  directly  on  the  relationships  between  solution  methods  than 
did  Polya.    Five  types  of  related  problems  were  identified: 
unrelated  problems »  equivalent  problems,  similar  problems,  special 
cases,  and  generalizations.    The  last  three  are  very  similar  to  the 
categories  discussed  by  Polya.    Wickelgren *s  analysis  of  related 
problems  was  based  on  the  difficulty  of  solution  of  each.  Both 
Wickelgren  and  Polya  used  the  idea  of  problm  structure  to  charac- 
terize the  appropriate  heuristic  processes  and  solution  strategies. 

Unlike  the  aforementioned  authors,  Knitetskii  (1976)  was  mainly 
interested  in  the  experimental  study  of  problem-solving  ability. 
The  development  of  problem  tasks  was  an  important  component  of  his 
work.    In  an  attempt  to  span  the  cOTsplete  range  of  ccmiponents  of 
problem-solving  abilities,  26  problem  series  containing  a  total  of 
79  problems  were  used.    Rather  than  relying  on  answr-oriented 
instruments,  Knitetskii  emphasized  the  importance  of  relatively 
short  tests  which  were  designed  to  measure  specific  abilities.  The 
problems  were  classified  according  to  mathematical  content  area,  as 
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Table  1.2   Polya^s  Model  for  Eff^tive  Probt&n  Solving  (Polya^  1945) 


HOW  TO  SOLVE  IT 


UNDERSTANDING  TUE  PRO^EM 


First,    What  is  the  loiknam?    What  ore  the  data?    0iat  ia 
the  oanditian? 


You  have  to 

understand 


Is  it  possible  to  satisfy  the  condition?    Is  the 
condition  sufficient  to  determine  the  imknoim?  Or 


the  problem*    is  it  insufficient?    Or  redundant?    Or  contradictory? 

Draw  a  figure.    Introduce  suitable  notation. 

Separate  the  various  parts  of  the  conditiou.  Can 
you  write  them  down? 

DEVISING  A  PLAN 


Second* 


Find  the  connec- 
tion between  the 
data  and  the  im- 
known*  You  may  be 
obliged  to  consi- 
der auxiliary 
problems  if  an 
Immediate  connec- 
tion cannot  be 
found*  You  should 
obtain  eventually 
a   plan  of  the 
solution* 


Have  you  seen  it  before?  Or  have  you  seen  the  same 
problem  in  a  slightly  different  form? 


Do  you  knaa  a  related  problem? 
that  could  be  useful? 


Do  you  know  a  theorem 


Look  at  the  unknom!    And  try  to  think  of  a  familiar 
problem  having  the  s^oe  or  a  similar  unknown. 

Hei^  is  a  pi^oblem  related  to  yours  and  salved  before. 
Could  you  use  it?    Coixld  you  use  its  result?  Could 
you  use  its  method?    Should  you  introduce  some 
auxiliary  element  in  order  to  make  its  use  possible? 

Could  you  restate  the  problem?    Could  you  restate  it 
still  differently?    Go  back  to  definitions* 

If  you  cannot  solve  the  proposed  problem  try  to  solve 
first  some  related  problem*    Could  you  imagine  a  more 
accessible  related  problem?    A  more  general  problem? 
A  more  special  problem?    An  analogous  problem?  Could 
you  solve  a  part  of  the  problem?    Keep  only  a  part  of 
the  conditimit  drop  the  other  part;  how  far  is  the 
unknown  then  determined^  how  can  it  vary?    Could  you 
derive  something  tiseful  from  the  data?    Could  you 


(oontitmed) 
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T«ble  1,2  (continmd} 


think  of  other  data  appropriate  to  determine  the 
unknown?    Could  you  change  the  unknown  or  the  data, 
or  both  if  necessary,  so  that  the  new  unknown  and 
the  new  data  are  nearer  to  each  other? 

Did  you  use  aU  the  data?    Did  you  use  the  whole 
condition?    Have  you  taken  into  account  all  essential 
notions  involved  in  the  problem? 


CAR5YING  OUT  THE  PLAN 


Third. 


Cany  out  your  plan. 


Carrying  out  your  plan  of  the  solution,  aheok  eaah 
step.    Can  you  see  clearly  that  the  step  is  correct? 
Can  you  prove  that  it  is  correct? 


LOOKING  EACR 


■  •  • 

Fourth.    Can  you  ch  ok  the  vesult?    Can  you  check  the  argument? 


E^Njrrim  the 
solution  obtained. 


raxL  you  derive  the  result  differently?    Can  you  see 
it  at  a  glance? 

Can  you  use  the  result,  or  the  method,  for  some  other 
problem? 
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well  as  according  to  Che  ability  characteristic  they  were  designed  to 
elicit.    Each  series  of  problems  was  designed  to  reveal  certain 
aspects  of  a  particular  c(»aponent  of  ability,  so  that  it  was  neces-- 
sary  to  compare  results  on  several  problem  series.    Krutetskii  did' 
not  specifically  analyze  the  task  variables  in  describing  his  prob- 
lesaa  or  the  proces^ies  they  measured.    Nevertheless,  it  is  quite  . 
clear  ^hat  control  and  manipulation  of  task  variables  were  central 
to  the  development  of  the  series.    The  description  of  students* 
strategies  and  successes  with  the  various  tests  were  made  with 
reference  primarily  to  the  ability  characteristic  represented  by 
the  test.    Table  1.3  summarizes  Knitetskii*s  outline  of  the  struc-  ^ 
ture  of  mathematical  abilities,  as  it  evolved  from  student  perfor>- 
m,wce  on  his  problem  series. 

A  great  deal  of  information  about  the  effects  of  task  variables 
on  problem- solving  behavior  can  be  obtained  directly  from  Krutetskii's 
discussions.    In  one  set  of  problems  with  identical  context,  a  slight 
change  in  the  syntax  of  a  problan  produced  a  great  change  in  struc- 
ture.   The  following  two  problems  illustrate  this  type  of  change: 

2.3  A  horse  moved  at  a  speed  of  22  kn  per  hour  for 
half  the  time  spent  on  a  journey ^  and  at  4  kn 
per  hour  for  the  rest  of  ihe  time.    Find  the 
horse 's  average  speed. 

1.4  A  horse  traveled  half  a  journey  at  a  speed  of  22 
km  per  haur^  and  at  4  Jan  per  hour  Sor  the  rest 
of  the  Qourney.    Find  the  horse  ^8  werage  speed. 

The  seemingly  unimportant  changes  produce  drastic  changes  in  the 
problem  and  the  operations  used  to  solve  It,    Many  students  had 
difficulty  in  coping  with  the  change,  even  when  they  knew  that  the 
second  problem  was  very  different  because  of  the  seemingly  small 
change . 

The  problems  constructed  by  iir  itrtskii,  and  the  far-reaching 
results  that  he  obtained,  provide  an  example  of  the  value  of  well- 
conceived  and  carefully-sequenced  problem  instrximents. 

Krutetakii^s  investigations  are  not  rigorous  empirical 
studies,  but  are  semi-clinical  in  nature «    SanB  of  the  most 
valuable  data  on  task  variables  are  provided  by  the  work  of 
Suppes  et  al.  (1966)  and  Jerman  (1971).    These  and  other  studies 
were  aimed  at  investigating  the  problem  characteristics  affecting 
difficulty  through  the  use  of  linear  regression  models •    Both  syn- 
tax and  structure  variables  are  included  in  these  studies •  A 
thorough  suBsnary  of  the  linear  regression  analyses  is  provided 
in  Chapter  II,  while  additional  discussion  of  the  work  of 
Krutetskii,  Polya,  and  Wickelgren  occurs  in  Chapters  III  through 
V  of  this  book. 
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Table  1.3   Krutetekii'a.  Genetvil  Outline  of  the  Structuf^  of  Mathmatiaal 

Abilities  (Krutetskii^  W?6} 

It    Obtaining  mathematical  information 

A.    The  ability  for  formalised  perception  of  math^iiatical 
material,  for  grasping  the  structure  of  a  problem. 

2«    Processing  mathematical  information 

A,  The  ability  for  logical  thought  in  the  sphere  of  quanti- 
tative and  spatial  relationships,  ntmsber  and  letter  syis&olss 
the  ability  to  think  in  xoathematical  symbols, 

B.  The  abilit;^  for  rapid  and  broad  generalization  of  mathe-* 
matical  objects,  relations,  and  operations. 

C*    The  ability  to  curtail  the  process  of  mathematical 
reasoning  and  the  system  of  corresponding  operations; 
the  ability  to  thisik  in  curtailed  structures. 

D.    Flexibility  of  mental  processes  in  mathematical  activity. 

E«    Striving  for  clarity,  simplicity,  economy,  and  rationality 
of  solutions. 

F.    The  ability  for  rapid  and  free  reconstruction  of  the 
direction  of  a  mental  process,  switching  from  a  direct 
to  a  reverse  train  of  thought  (reversibility  of  the 
mental  process  in  mathematical  reasoning). 

3.  Retaining  mathematical  information 

A.    Mathematical  memory  (generalized  memory  for  mathematical 
relationships,  type  characteristics,  schemes  ofvarguments 
and  proofs,  methods  of  problem^^solvlng,  and  principles  of 
approach) ^ 

4.  General  synthetic  component 

A.    Mathematical  cast  of  mind. 
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Figure  l.X.    A  Hierarohy  of  Taek  Variables j  Methods  of  Task  Analysis ^  and  Problem-Solving  Stages 
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2.    Categories  of  Task  Variables 

The  following  dispussion  outlines  four  isiajor  categories  of  ta^ 
variables  around  which  the  present ^^oc^  is  organized.  Each 
category  will  be  more  completely  deiketril^ed  in  the  four  chapters  which 
follow,  providing  additional  detail  for  the'  general  model  described 
here.    The  categories  are:    (a)  variables  which ^ describe  the  problem 
syntaac^  (b)  variables  which  characterise  the  problem* s  mathematical 
edftheitt  and  non-mathematical  context,  (c)  varjiables  ^ich  describe 
the  stj^ature  of  the  problem,  and  (d)  variables  which  characterize 
the  keuristia  pi^a^sessea  evoked  by  the  probleml. 

These  categories  of  task  variables  are  h^othesized  to  stand  In 
a  hierarchical  Velationship  to  each  other,  corresponding  to  increas- 
ingly ccMplex  levels  of  processing  by  tW  problem  solver.  The 
hierarchy  is  represented  in  Figure  l.l* 

The  right  colixmn  in  the  figure  represents  the  stages  in  effec- 
tive problem  solving  according  to  Folya.    These  stages  are  envisioned 
to  have  a  general  sequential  nature  although,  as  with  all  such  models, 
the  problem- solver  may  frequently  return  to  earlier  stages  in  the 
sequence.    As  indicated  in  the  diagram  by  solid  arrows,  each  category 
of  task  variables  is  hypothesized  to  have  primary  importance  for  oae 
or  two  of  these  stages,  and  secondary  importance  for  others  indicated 
by  broken  arrows.    For  example,  syntax  variables  wmild  primarily 
influence  the  subject's  initial  understanding  of  the  problem,  and 
have  little  influence  over  the  later  carrying  out  of  a  plan  of  a 
solution* 

The  left  column  in  the  figure  represents  ways  in  ^ich  a  teacher 
or  researcher  might  analyze  the  complexity  of  a  problem  task.  A 
siirfaae  analysis  may  yield  information  about  the  problem  syntax — 
the  variables  being  for  the  most  part  explicit  and  susceptible  to 
direct  observation  or  counting  with  a  minimtun  of  processing*  A 
aemantio  analysis  also  obtains  information  directly  from  the  prob- 
lem statement  or  embodiment;  however,  the  analysis  requires  kncn^ledge 
of  mathematical  content  and  involve^  interpretation  of  the  meanings 
of  the  terms  in  the  problem  statement     Solution  analysis  requires 
the  generation  of  steps  in  the  problem  solution^  and  a  description 
of  the  heuristic  processes  or  behaviors  used  in  generating  these 
steps.    Finally,  the  analysis  of  problem  struatupe  requires  not  only 
the  generation  of  solution  paths$  but  examination  of  non-solution 
paths,  blind  alleys,  and  other  deeper  attributes  of  the  problem. 
Except  perhaps  for  certain  standard  problem  types^  it  is  not  possi- 
ble to  obtain  structure  variables  simply  by  inspection  of  the  prob-* 
lem  staten^nt* 


Thus,  each  method  of  task  analysis  in  Figure  1.1  is  primarily 
related  to  obtaining  a  particular  category  of  task  variables «  Next 
we  shall  briefly  survey  the  categories  ^themselves. 
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Synvca  Varieties 


\ 


S^tajc  variables  are  defined  in  this  1>ook  to  be  those  varia- 
bles describing  the  arrangeo^A  o^f  and  telationships  among  vords  and 
symbols  \ln  ^  problem*    Note  thac  ^he  arrangement  pf  words  and  syn&ols 
may  include  the  use  of  special  imthematieal  vocabulary/or  symbols,  as 
well  as  oi;dinary  English  usage*  \ln\  many  arithmetic  and  algebra  proh* 
lems,  the  arrangement  of  words  an^  symbols  is  closely  associated  with 
or  reflective  of  the  more  fiindameiital^  mathematical  structure  of  the 
problem.  •         \  \ 

A  gxfeat  deal  of  research  has  b^en\done  using  syntax  variables 
as  independent  variables  in  regression  Equations  for  predicting  the 
difficulty  of  '*word  problems/'    Althmigh  these  studies  have  not 
examined  syntax  variables  separately  \from  variables  in  other  cate^ 
gories,  it  has  been  found  that^  for  algebra  or  arithmetic  word 
problems  9  syntax  variables  account  fox^  significant  amounts  of  the 
variance  in  the  nuinber  of  subjects  aci^ieving  the  correct  numerical 
answer  (Jerman,  1971),    It  is\less  cleitr  whether  syntax  variables 
offer  predictive  power  in  geometry  problems,  or  problems  which  do  not 
have  a  standard  arithmetic  or  algebraic  underlying  structure. 

The  most  useful  syntax  variables  will  be  dispussed  in  detail  in 
Chapter  XI.    The  categories  of  syntax  variables  include,  for  example, 
problem  lengthy  grammatical  complexity,  and  data  sequence.    New  syn<^ 
tax  variables  can  be  generated  by  using  combinations  of  two  or  more 
previously  defined  variables.    Further  variables  can  also  be  genera- 
ted by  assigning  indices  to  variables,  producing  measures  such  as 
"liiimber  of  sentences  with  more  than  ten  words"  or  "number  of  words 
unfamiliar  to  more  than  50  percent  of  the  subject  population." 
Altihough  these  somewhat  complex  derived  variables  may  add  predictive 
power  in  regression  studies,  they  may  not  be  especially  useful  for 
descriptive  purposes  or  for  instruction. 

Research  with  syntax  variables  has  provided  clear  indications 
that  linguistic  variables  must  be  considered  in  constructing  prob- 
lems, in  order  that  syntactic  difficulties  do  not  interfere  with 
the  variables  or  treatments  of  interest.    On  the  other  hand,  little 
research  has  been  done  on  the  effects  of  variations  in  syntax  on 
problem-solving  behavior  proaessee^    Studies  of  reading  comprehen- 
sion in  ordinary  language  do  indicate  that  syntactic  complexity 
is  an  important  determinant  of  the  time  and  difficulty  involved 
in  language  processing.    It  is  also  well-known  that  subjects  have 
less  difficulty  with  problems  in  which  the  syntax  makes  it  possible 
to  translate  directly  from  a  verbal  to  an  arithmetic  or  algebraic 
expression.    It  would  be  useful  to  know  much  more  precisely  the 
role  of  syntax  variables  in  the  decoding  process  of  problem  solving. 
Because  of  their  easy  objective  definition,  it  is  in  the  category 
of  syntax  variables  that  there  is  the  most .immediate  opportunity  ; 
to  obtain  signifi^cant  knowledge  about  problem-solving  processing 
that  can  be  applied  to  the  kinds  of  problems  encountered  in  school 
classrooms. 


ERIC 
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It  is  expected  that  syntax  variables  ^tiemld  most  dosely  influ- 
ence Polya*s  £irst  stage,  "understanding  t^e  problem." 

\ 

Content  and  Context  Vapiables 


After  a  problem  has  been  read,  the  ptoblea  solver  responds  to  it 
in  terms  of  its  meaning.    The  term  "contetit"  is  used  here  ^n  its  usual 
sense  to  refer  to  the  main  substance  of  a  message,  as  opposed  to  its 
form,    thus  by  content  we  refer  to  matheinatiaal  meanjings  and  by  con- 
text to  non-rmthmatiaal  or  incidental  mejanings  in  the  problem  state- 
ment, j  i 

J         '.      -    ■  '  •■  •^ 

Oft^en,  a  problem  is  stated  with  respect  to  some  particular  mathe- 
matical or  mathematically  related  amtent  cs^ea  such  as  number  theory , 
measurement  9  probability,  and  so  on.    Su^h  classifications  of  problems 
by  mathematical  content  define  one  kind  of  content  vs^iable.  Subcate-^ 
gories  of  content  areas,  as  well  as  specific  descripto%:s  of  mathe- 
matical characteristics,  also  define  content  variables*   ^ong  the 
latter  are  variables  such  as  the  type  of  mathematical  expres^on  (e.g., 
monomial,  quadratic,  linear)  or  type  of  matheniatical  operatiwK^ppear- 
ing  in  a  problem  (e^g.,  binary,  inverse,  unary).    The  use  of  content  _ 
variables  to  construct  problems  which  vary  according  to  mathematical 
complexity  has  always  been  a  major  focus  in  mathematics  textbooks. 
Unfortunately,  very  little  research  has  been  done,  beyond  work  with 
elementary  arithmetic  algorithms,  to  determine  the  best  sequencing 
of  mathematical  content  in  problem  solving.  , 

Since  many  problems  are  presented  in  a  verbal  form,  either  written 
or  oral,  it  is  Important  to  consider  linguistic  content,  variajxles;  i.e., 
the  use  of  mathematical  words  or  phrases  which  have  an  impact  on  the 
meaning  of  the  problem.    For  example,  subtraction  may  be  j^uggested 
by  the  key  words  "less,"  "decrease,"  "minus,"  "below,"  an^  so, forth. 
Such  key  words  have  an  enormous  potential  effect  on  students*  compre- 
hension of  a  problem. 

It  i^  somewhat  difficult  to  distinguish  3ontmt  from  context 
yariables.    The  term  aont^t  is  used  here,  to  describe  the  nan^ 
mathematical  meanings  present  in  the  problem  Statement.    These  may, 
however,  help  to  give  meaning  to  the  mathematical  content.    Often  the 
verbal  context  or  setting  of  a  problem  provides  a  connection  between 
mathematical  content  and  its  application  ;or  absence  of  application  to 
the  "real  world. One  Important  reason^ to  study  context  variables 
is  to  examine  the  development  of  students*  ability  to  extract  essen- 
tial mathematical  information  from  the  nonessential  non-mathematical 
information  in  a  problem. 

Contexts  may  vary  along  dimensions  such  as  concrete-abstract, 
applied- theoretical,  or  f actual-hypcihetical.    Other  context  cate- 
gories include  thoi:e  which  make  the  statement  of  the  problem  more 
or  less  relevant  to  the  problem  solver's  interests,  age,  or 


e3cperlence«    Also  lnclu4eci  as  context  variables  are  those  which 
relate  To  the  mode  of  presentation:    xaanipulative,  pictorial, 
verbal,  etc.  ' 

Content 'and  context  variables  should  likeviae  Influ^ce  Polya*s_^ 
^Hinderstanding  the  problem"  stage,  a^  well  as  the  stage  "devising  )i 
plan/* 


StruQture  Variables 

To  define  syntax,  content,  and  context  variables  requires  little 
or  no  processing  of  the  problem  stateuoent.    The  term  "structure,"  on 
the  other  hand,  is  used  to  refer  to  the  arrangement  of  and  mathematical 
relationships  among  all  elements  of  a  prcblem,  and  structure  varia- 
bles require  some  method  of  analysis  in  order  to  define  them*  ,  l^he 
attempt  to  represent  the  essence  of  problem  structure  often  results 
in  an  oversimplification  or  an  incomplete  representation  of  a  problem. 
On  tha  other  h^d,  the  precise  description  and  the  potential  for  con-* 
trol  of  structure  variables  may  be  the  most  promising  area  in  task 
variable  research. 

•  *  '  - .  '  • 

In  some  research,  the  concept  of  problem  structure  has  been 
limited  to  a  description  of  the  algorithmic  proc^ures  or  algebraic 
equations  which  underlie  many  routine  verbal  problems*    In  these 
cases,  it  is  relatively  easy  to  determine  v^ether  problems  have 
identical  or  different  structures*    On  the  other  hand,  even  with 
such  problems,  it  is  not  clear  how  closely  problems  might  be  struc* 
turally  related  when  they  are  not  identical*    Once  the  structure  of 
a  problem  has  been  clearly  described,  it  is  possible  to  investigate 
problem-solving  strategies  which  may  be,  in  a  sense,  intrinsic  to 
the  problem*    This  understanding  of  structure  and  applicable  strata* 
gies  is  a  necessary  and  valuable  goal  in  developing  the  teaching  of 
problem-solving  skills* 

One  of  the  prcM&lsing  approaches  to  studying  problem  structure 
variables  is  stat^space -analysis,  a  generalization  of  Wickelgren^s 
state-action  tree*    Chapter  IV  will  develop  the  necessary  background 
and  provide  detail^;  however,  a  few  of  tt^  potential  outcomes  of 
state-space  analysis  should  be  c^ntioned  here*    Virtually  any  Preb- 
le can  be  analyzed ,\  providing  a  common  ground  for  research*  State- 
space  analysis  makes \ it  possible  to  study  separately  and  simultaneously 
the  problem  and  problem  solver,  by  utilizing  the  state-space  to  record 
problem-solving  behavior*    This  capability  helps  provide  a  way  to 
study  how  the  problem  \  solver  builds  internal  representatiotis  of  the 
problem  and  processes  ^information  during  tl^  solution  process^  State- 
space  structures  provide  a  framework  within  which  to  study  chunking, 
curtails^nt,  problem  symmetry,  algorithms,  working  backward,  decom* 
position,  and  other  po^rful  problem-solving  processes* 

i 


34 


Problem  structure  vaifiables  prtncipally  affect  Pblya^s  stage 
"carrying  out  the  plan,"  since  they  are  4escriptive  of  a  repreaenta-- 
siion  of  the  problem  which  has  been  created* 


!e^ 


Heio^Hc  BehaoioT  Vopiahles 


The  usual  interpretation  of  heuristic  behaviors  centers  on  the 
idea  that  they  are  general  procedures  or  hints  which  help  one  dis- 
^cover  or  develop  a  plan  for  solving  a  problem.    This  characterization 
makes  it  appear  that  heuristic  processes  are  independent  of  the 
particular  problem  being  solved.    There  is  no  question  that  a  given 
heuristic  procedure  may  be  widely  applicable  to  many  types  o£  prob^ 
lems;  it  is  this  characteristic  of  heuristic  processes  that  makes 
them  valuable  for  problem  solving*    On  the  other  hand,  certain 
problems  appear  to  be  solved  most  efficiently,  most  quickly,  most 
easily,  or  most  often  thrcnsgh  the  application  of  a  pco^tiautca'  heuris-* 
tic  process  or  set  of  processes.    The  structure  of  some  probl&ns  may 
give  rise  to  specific  heuristic  behaviors  rather  than  others.  An 
understaxuiing  of  the  heuristic  processes  that  are  prabtmspeaifia 
adds  significantly  to  our  ability  to  describe  a  problem  task  con-* 
pletely,  and  to  use  it  In  teaching  or  research. 

It  should  be  noted  that  heuristic  behaviors,  when  regarded  as 
task  variables,  are  very  different  frcmi  the  task  variables  discussed 
earlier.    For  example,  rather  than  desciribing  the  difficulty  level 
of  problems,  heuristic  variables  are  simply  informative.    Thiis,  one^. 
can  indicate  that  "working  backward"  is  particularly  useful  for^^" 
given  problem,  but  the  difficulty  level  is  not  implied  or  si^g^ested 
by  such  a  statement.    It  is  conceivable,  however,  that  problems 
solvable  by  certain  heuristic  processes  are  less  diffJL^ult  than 
those  not  solvable  by  them. 


As  can  be  seen  in  Figure  1.1,  heuristic  behavior  variables  are 
hypothesized  to  affect  all  of  FoIya*s  stagcgr;  particularly  those  of 
"devising  a  plan"  and  "looking  back."  Heiiristic  processes  form  the 
bridge  between  the  problem  statement  §si^  a  problem  representation, 
as  well  as  affecting  the  transition^o  related  problem  statements 
and  representations.  Of  all  the  categories  of  task  variables,  they 
are  certainly  the  most  difficult  to  define  and  describe  precisely. 


3.    Applications  of  Task  Variables 

—J 

The  preceding  section  ^ias  Introduced  four  main  categories  of 
task  variables,  which  are  fuft^her  explored  In  Chapters  II  through 
V»  Next  let  us  survey  some  o^^^he  Important  areas  of  application 
of  these  ideas,  described  In  th^M.atter  part  of  the  book. 

\ 
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Applicationa  of  Task  Variably  to  Researah  . 

Most  of  the  research  desi^ribed  in  this  book  utilizes  the  concept 
of  task  variables  to  constructi  aets  of  problems^  designed  to  measure 
the  effects  of  a  particular  variable  or  set  of  variables  on  probleiBr 
solji^tig  outcc^s.    The  key  ide^  is  to  vary  a  single  variable  at  a 
tix&e^  vhilie  holding  constant  other  task  variables.    The  degree  of 
success  in  holding  constant  the  variables  which  are  not  of  esq^eri--* 
mental  interest  corresponds  to  one^s  degree  of  confidence  that  the 
observed  effects  are  indeed  due  to  the  variable  under  study. 

The  study  by  Goldin  and  Caldwellt  for  example,  is  based  oji-t^ 
Instrusient  which  holds  constant  a  substantial  list  of  s yntax  va^ ia- 
blest  content  variables,  and  algorithmic  structure  vs^riables,  while 
studying  the  effects  on  problem  difficulty  of  th^^lassif ications 
•'abstract-concrete"  and  "factual-hypothetical^"    Likewise  the 
studies  by  Waters  and  by  Luger  hold  constant  problem  state-space 
variables  while  varying  the  problem  embodiment,  in  order  to  observe 
the  effects  on  strategy  scores  and  transfer  effects.    The  study  by 
Days  varies  quantities  describing  the  problem's  algebraic  represen- 
tation to  ascertain  the  effects  on  problem  difficulty,  and  the  study 
by  Harik  examines  the  consistency  of  the  use  of  specific  heuristic 
processes  while  problem  structure  variables  are  hel4  constant  and 
other  task  variables  are  modified.    Taken  together,  tl^se  studies 
may  be  regarded  as  just  the  beginning  of  a  program  of  research  to 
explore  various  aspects  of  the  model  in  Figure  1.1»*' 

The  chapter  by  Lucas  et  al.  is  of  a  very  different  sort* 
Addressing  themselves  to  the  difficult  issue  of  measuring  the  use 
of  particular  heuristic  processes  (an  obvious  prerequisite  to  the 
reliable  study  of  the  problem-specificity  of  hei^rlstic  behaviors), 
a  group  of  researchers  has  developed  an  elaborate  ^OcesS'^Bequenae 
coding  scheme  for  classifying  subjects'  heuristic  beha\?iors«  The 
scheme  itself  is  intended  to  be  nc^n^problem- specific,  but  broad 
enough  to  permit  the  comparison  of  heuristic  processes  employed  by 
subjects  solving  very  different  problems,  as  well  as  allowing  the 
''comparison  of  processes  used  by  different  subjects  salving  the 
same  problem.    Some  preliminary  results  on  the  inter-coder  relia- 
bility of  the  system  are  included. 

Applications  of  Task  VainableB  to  Teaching 

The  main  concept  stressed  in  this  bopk  is  the  value  of  explicit 
treatment  of  task  variables  in  the  teach ixig  of  problem  solving. 
Throu^  the  creation  of  saIl^)le  unit  plans,  Caldwell  dosionstrates 
the  value  for  teachers  of  systematically  varying  syntax,  content 
and  context  variable^,  wh^l^  holding  structure  variables  constant* 
These  are  the  variableVwhich  are  characteristic  of  the  problem 
statement p  and  thus  are  encountered  first  by  students  attempting 
to  solve  verbal  problems.    She  also  emphasizes  the  Importance  of 
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proper  sequencing  of  problem  content ,  in  order  to  maximize  the  leam^ 
ing  vhich  takes  place  as  a  series  of  problems  are  solved. 

"  .  Similarly,  through  the  creation  of  smiple  teaching  plans,  Luger 
argues  for  the  use  of  structure  variables  to  encourage  learning 
transfer  through  the  systematic  inclusion  in  instruction  of  problems 
which  stand  in  iscnoorphic  and  hcwcmorphic  relationships  to  each  other# 
This  is  an  idea  which  has  also  received  support  from  Usiskin  (1968), 
who  urged  the  use  of  problems  having  identical  algebraic  structures 
but  widely  varying  content  and  context « 

Finally,  Schoenfeld  discusses  the  explicit  use  of  heuristic 
behavior  variables  in  teaching  problem  solving.    Of  particular 
interest  is  his  discussion  of  cued  heuristic  processes — that  is, 
the  idea  that  identifiable  cues  within  the  problem  statement  itself 
can  serve  to  suggest  the  appropriate  process  to  the  student.  By 
calling  attention  tt?  these  cues  in  numerous  examples ,Ai  ccmvincing 
case  is  developed  chat  the  when  as  well  as  the        of  neuristic 
processes  can  be  taught  by  the  sophisticated  instructor. 

It  is  likely  that  the  ideas  in  these  chapters,  extensive  as 
they  are,  represent  only  a  few  of  the  many  implications  which  the 
study  of  problem  task  variables  can  have  over  the  years  for  the 
classroom  teacher  of  mathematics. 


II. 


The  Study  o£  Syntax  Variables* 
by 

Jeffrey  Barnett 
Fort  Hays  State  Uolverslty  > 
Hays,  Kansas 


The  role  of  langtisge  in  the  probleifr-solving  process  has  received 
research  attention  for  many  years,  and  a  significant  amount  of 
general  information  has  been  accuamlated.    For  exaatple,  the  relatively 
high  correlation  between  mathematical  problen-solving  ability  and  the 
ability  to  read  and  comprehend  written  material  has  been  confirmed  by 
numerous  studies  since  the  beginning  of  the  nineteenth  century.  If 
one  subscribes  to  the  view  that  the  first  stage  of  the  verbal  problem- 
solving  process  involves  reading,  decoding,  and  interpreting  the  prob- 
lem statement,  it  is  evident  that  linguistic  variables  should  have  a 
definite  relationship  to  verbal  problem  difficulty. 

One  objective  of  Fart  I  of  this  book  is  to  establish  subcate- 
gories of  task  variables  more  suitable  for  close  examination.    It  is 
convenient  to  classify  linguistic  variables  into  two  subtypes.  Those 
that  deal  with  the  meanings  of  words  and  phrases— i.e. ,  se^czntie  varia- 
bles—can  be  considered  as  aontent  variables  and  will  be  discussed  in 
Chapter  III.    Variables  that  describe  the  form  of  the  problem  state- 
ment— Its  grammatical  and  syntactic  construction — are  the  Object  of 
the  present  chapter. 

The  term  "syntax"  denotes  those  variables  which  accent  for  the' 
arrangement  of  and  the  relationships  among  words,  phrases,  and  symbols 
in  problem  statements.  two  examples  bel(»r  illustrate  forms  of  a 

problem  that  are  parallel  with  respect  to  content,  context,  and  struc- 
ture, but  which  differ  in  syntactic  complexity. 

2,1     Hou  much  will  Mary*8  puppy  Spot  migh  at  the  end  of 

2  year,  if  Spot  weighs  8  pounds  at  birth  and  gains 

3  pounds  every  2  weeks? 


*The  material  in  this  chapter  is  based  in  part  upon  work  suppor- 
ted by  the  National  Science  Foundation  under  Grant  No.  SED77-19157. 
Any  opinions,  findings,  and  conclttslons  or  recomnendatlons  expressed 
in  this  chapter  are  those  of  the  author  and  do  not  necessarily  reflect 
the  views  of  the  National  Science  Foundation. 
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2, 2    Mopy  *8  dog  liad  a  puppy  wHiah  she  timed  Spot,  She 
weighed  2  pounds  at  bii^h,    Mopy  obaeroed  that  she 
gained  3  pounds  ev&i^y  2  weeks.    At  that  i^e,  how 
many  pounds  will  Spot  weigh  at  the  erui  of  hsr 
first  year? 

The  syntactic  structure  of  Problem  2*2  is  different  froa  that 
of  the  second  probleis.    Problem  2.2  has  more  words  and  sentences. 
It  contains  several  pronouns,  which  take  longer  to  process  than 
the  nouns  used  in  the  first  problem.    The  question  appears  at  the 
beginning  of  Problem  2.1  and  at  the  end  of  Probl^  2.2.    The  data 
in  the  two  problems  are  presented  In  different  orders,  with  the 
order  of  data  in  Frobl^  2.2  farther  r^oved  from  that  required  for 
solution.    The  two  problems  also  differ  In  the  form  used  to  repre- 
sent numbers. 

From  this  example.  It  is  apparent  that  soc^  types  of  syntax 
variables,  such  as  those  describing  grasmiatlcal  structure  and  symbol 
formats^  may  affect  problem  difficulty  at  the  decoding  stage,  while 
other  types  of  syntax  variables,  particularly  those  Involving  the 
sequencing  of  information  and  the  positions  of  sentences  and  phrases, 
interact  with  a  problem's  underlying  structure  and  therefore  directly 
affect  the  ease  or  difficulty  of  processing  the  Information  contained 
in  the  problem  statement. 

A  wide  variety  of  syntax  variables  have  been  identified  and 
studied  in  numerous  investigations,  particularly  since  1969  when  a 
linear  regression  model  was  first  applied  to  describe  the  difficulty 
of  mathematical  word  problems.    Unlike  many  task  variables  which 
depend  on  an  Interpretation  of  the  processes  to  be  used  (such  as 
the  number  of  steps  needed  to  arrive  at  a  solution),  the  definition 
and  quantification  of  syntax  variables  can  be  derived  almost  directly 
from  the  problem  statement,  independently  of  the  method  of  solu- 
tion used  by  individuals.    This  not  only  permits  a  high  degree  of 
reliability  in  the  determination  of  these  parameters,  but  also  implies 
that  it  may  be  possible  for  textbook  writers  and  teachers  to  manipu- 
late syntax  easily,  producing  word  problem  statec^nts  with  specific 
characteristics . 

The  results  of  research  related  to  syntax  variables  are  dis- 
cussed in  the  next  section  of  this  chapter.    Although  we  would 
consider  it  to  be  technically  a  content  or  context  variable,  "scope 
of  vocabulary"  is  included  in  this  discussion,  since  it  is  related 
to  readability  and  has  been  used  in  the  study  of  other  syntax  varia- 
bles.   The  relationship  of  syntax  variables  to  reading  difficulty 
in  problem  solving  is  examined  from  a  historical  perspective.  A 
discussion  of  research  on  S3rntax  variables  in  arithmetic  word  ,  ob^ 
lems  is  followed  by  an  examination  of  research  on  syntax  variables 
in  other  content  areas  of  mathematical  problem  solving,  such  as 
algebra  and  logic.    Although  little  has  been  reported  on  the  effects 
of  training  in  sjmtax,  or  on  the  effects  of  variations  of  syntax  on 
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problem-BOlvimg  behavior «  the  section  concltsdea  with  a  diecuasion 
of  the  few  studie£  that  have  been  done  ib  theae  areas. 

In  the  second  half  of  this  chapter ,  a  verbal  processing  tocKiel 
is  suggested  in  an  effort  to  clarify  the  role  of  syntax  variables 
in  the  problem-'Solving  process*    Five  categories  of  syntax  variables 
aire  considered ,  with  attention  to        they  are  defined  and  made  quan-> 
titative,  and  why  they  may  be  of  importance  in  verbal  problem  solving* 
These  categories »  presented  in  Table  2.1»  include  variables  dealing 
with  (a)  length,  (b)  formats  for  numerals  and  symbols,  (c)  grammati-- 
cal  structure,  (d)  characteristics  of  the  question  sentence »  and  (e) 
sequencing  of  sentences  and  data. 

In  most  of  the  discussion  in  this  chapter,  the  dependent  varia- 
bles are  product  variables  in  the  sense  of  Kilpatrick,  such  as  the 
correctness  of  the  ans^rs  or  the  time  in  \^ich  the  answers  are 
derived  (Kilpatrick,  1975),    Rarely  have  pvoaess  variables  been  used 
as  dependent  variables,  although  this  might  offer  interesting  possi«- 
bilities  for  furthering  knowledge  about  syntax  variables  in  problem 
solving.    The  second  half  of  the  chapter  will  include  a  discussion 
of  the  potential  role  of  process  variables  as  dependent  variables  in 
problem  sjrntax  research.    Finally,  an  attempt  will  be  made  to  summar- 
ize what  his  been  learned  about-  syntax  variables  in  math(^satical 
problem  solving,  and  some  implications  for  future  research  will  be 
drawn. 


1.    A  Review  of  Syntax  Variables  .Research 


Syntax  Variables  and  Reading  Difficulty 

One  o£  the  strongest  relationships  that  has  emerged  from  research 
is  that  between  reading  ability  and  mathematical  achievement.  Several 
reviews  of  research  in  this  area  have  shown  correlations  between  read- 
ing ability  and  mathematics  achievement  (Including  mathematical  prob- 
lem solving)  to  range  from  .40  to  .86  (Monroe  and  &iglehart,  1931; 
Aiken,  1972).    Sizable  correlations  between  problem^solving  ability 
and  reading  ability  have  also  been  demonstrated.    For  example,  Martin 
(1964)  found  that  the  partial  correlation  between  reading  comprehen- 
sion and  problem-solving  ability t  with  computational  ability  partialed 
out,  was  higher  for  fourth-  and  eighth-grade  students  than  the  partial 
correlation  between  computational  ability  ani3s  problem-solving  ability^ 
with  reading  comprehension  partialed  out.    OtHer  studies  have  shown 
similar  results.  ^^^^ 

Following  the  suggestions  of  earlier  investigators  (Monroe  and 
Englehart,  1931),  efforts  have  been  made  to  determine  more  precise 
relationships  between  specific  aspects  of  reading  ability,  and  mathe- 
matics achievement  and  problem  solving.    Aiken  (1972)  reported  that 
the  data  included  in  the  1963  Technical  Report  on  the  California 
Achievement  Tests  are  representative  of  a  number  of  findings  %rfilch 


Table  2.1    CategoHes  of  Syntax  Vcandble&  at  the  Surfaae  Level  of  Analysis 


Syntax  Catej^ory 


"Problem  Length 


2xaaplas 

Nitabar  of  Characters 
NuxBber  of  Words 
Nusnber  of  Sentences 


Grazomatical  Complexity 


Eleoental  &Hmt8  (Nusber  of  Nouns » 
Noun  to  Pronoun  Ratio ,  etc.) 

J)epth  and  Complexity  (Embeddedness « 
Yngve  Means t  etc.) 


Formats 


Question  Sentence 


Symbol  or  Word 
Numeral  or  Word 

Position  In  Problem  Stst extent 

Contains  or  does  not  Contain 
Numerals 


Sequence  of  Data 


  Correct  Order  or  Incorrect 

Order  for  Solution* 


*The  ORDER  variable  describes  both  syntax  (sequencing  of  data  in 
the  problenj  statement)  and  mathematical  structure  (comparison 
with  correct  solution  order) ,  thus"  extending  somewhat  beyond 
the  surface  level  of  analysis. 

\ 
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shov  that  ^^Reading  Vocabulary^  and  ^'Ifteading  Ccnsprehenslon*'  G^oth 
V  involving  semantic  variables) » -^''Mechanics  of  English**  (Involving 

S3rQtax  variables),  ^id  '^Spelling*'  have  sizable  correlations  with 
'^Arithsietic  Fundamentals"  and  even  higher  correlations  with 
^'Arithmetic  Reasoning."    A  number  of  older  studies,  ^s  well  as 
several  more  recent  investigations,  have  shoim  th^  knoi^ledge  of 
vocabulary  (a  component  of  reading  ability)  is  an  important  factor  \ 
in  the  ability  to  solve  mathematical  probl^os*    For  example,  a  study  . 
by  Johnson  (1949)  revealed  correlations, of  •45,  .50,  and  .51  between 
three  tests  of  ariths^tic  reasoning  and  the  Primary  Mental  Abilities 
Vocd>ulary  Test.    A  more  recent  survey  of  primary  arithmetic  texts  \ 
by  Villmon  (1971)  has  shown  that  children  are  introduce  to  approxi-n 
mately  500  new  teahnioal  words  and  phrases  by  the  time  they  enter 
fourth  grade.    These  results  provide  a  clear  indication  of  the 
impdrtance  of  vocabulary  as  a  variable  influencing  the  ability  to 
comprehend  written  mathematical  problens. 

J 

A  particularly  interesting  study  designed  to  explore  the  rela- 
tionship of  difficult  vocabulary  and  syntax  to  problem-solving 
ability  was  conducted  by  Linville  (1970) •    Four  arithmetic  word 
problem  tests  were  constructed.    The  problems  in  each  wre  similar 
structurally,  but  varied  according  to  difficulty  of  syntax  and  vocab- 
ulary.   Fourth-grade  students  (n  »  408)  wercis  randcxnly  assigned  to  one 
of  fotir  treatments:    Easy  Syntax,  Easy  Vocabulary;  Easy  Synta>&,  Diffi-* 
cult  Vocabulary;  Difficult  Syntax,  Easy  Vocabulary;  and  Difficult 
Syntax,  Difficult  Vocabulary.    Significant  main  effects  favoring  the 
easy  syntax  and  easy  vocabulary  tests  were  found.    Npt  surprisingly, 
the  investigator  also  found  that  in  all  four  treatments,  .students 
of  higher  general  ability  and/or  higher  reading  ability  performed 
significantly  better  than  students  of  lower  ability^ 

During  the  past  three  decades,  several  attempts  have  been  made 
to  use  the  relationship  of  semantic  and  syntactic  variables  to  read- 
ing difficulty  as  an  index  to  classify  mathematics  materials. 
Several  types  of  readability  formulas  have  been  used  for  English 
prose,  and  a  few  of  them,  particularly  the  Dale-Chall  formula 
(Dale  and  Chall,  1948),  the  Spache  formula  (Spache,  1953),  and  the 
Cloze  technique  (Taylor,  1956)  have  been  applied  to  mathematics 
texts  and  problems.    A  number  of  investigations  which  have  employed 
\/  one  or  more  of  these  formulas  have  d^onstrated  a  wide  range  of 

readability  levels  in  selected  mathematics  textbooks  (Shaw,  1967) 
and  have  provided  evidence  that  the  readability  level  of  mathematics 
problems  can  have  a  significant  effect  on  the  problem-solving  per- 
formance of  children  (Thompson,  1968). 

The  application  of  readability  formulas  to  oathematics  mater- 
ials, however,  has  not,  as  yet,  been  widely  accepted  as  a  defensible 
approach.    Kane  (1968,  1970)  maintains  that  readability  formulas  for 
ordinary  English  prose  are  usually  not  appropriate  for  use  with 
mathematical  materials,  in  that:    (1)  letter,  word,  and  syntactical 
redundancies  are  different  for  English  prose  and  mathematical 
material;  (2)  unlike  ore'  nary  English,  the  names  of  mathematical 
objects  usually  have  a  single  denotation;  (3)  the  role  of  adjectives 
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becOTies  more  important  in  mathematical  Engliah  than  in  ordinary  prose; 
and  (4)  the  syntactic  structure  of  mathematical  English  is  less  flex- 
ible than  that  o^  ordinary  English.    Dcyapite  these  claims »  in  a  more  recent 
study  Hater  and  Kane  (1970)  found  the  Cloze  technique  to  be  a  highly 
reliable  and  valid  predictor  of./Comprehensibility  of  mathejaatical 
materials  designed  for  secoi^ary  studenvS^   "^i^  

Very  little  information  is  available  on  the  readability  level 
of  mathematics  problaos  as  compared  to  the  average  readis^  ability 
of  students  at  each  grade  level.    The  fev  studies  that  have  been 
done  offer  conflicting  conclusions.    For  esumple,  after  reviewing 
the  literature  on  reading  in  mathematics ,  Earp  (1969)  concluded  that 
the  vocabulary  of -arithmetic  texts  is  often  at  a  higher  readability 
level  than  the  performance  level  of  students  in  classes  Where  the 
texts  are  used.    He  also  noted  that  there  is  little  overlap  between 
the^ vocabulary  of  reading  te  ':s  and  that  of  arithmetic  texts. 

However »  different  results  were  reported  by  &aith  (1971).  After 
surveying  the  readability  of  sixth-grade  arithmetic  texts  (as 
measured  by  the  Dale-Chall  formula) »  Smith  found:     (1)  the  average  j 
readability  of  problems  fell  within  the  normal  bcninds  usually  con--* 
sidered  appropriate  for  that  grade  level,  (2)  the  readability  levels 
varied  widely  from  probl^  to  problem  within  the  same  text,  and  (3)  i 
the  readability  levels  of  the  overall  texts  were  generally  comparable 
to  those  of  related  mathematics  achievements  tests.    Based  on  these 
findings.  Smith  concluded  that  readability  may  not  be  the  most  impor- 
tant factor  in  arithmetic  problem  difficulty  for  this  populatibn  of 
students.    This  conclusion,  however,  is  based  on  the  assumption  that 
the  Dale-*Chall  formula  is  an  appropriate  instrument  to  use  with  word 
problems  in  mathematics,  an  assumption  that  needs  verification 
before  these  results  can  be  meaningfully  interpreted. 

In  another  recent  study,  Knifong  axid  Holtan  (1976)  analyzed 
the  written  solutions  of  35  sixth-graders  to  the  word  problem  por- 
tion of  the  Metropolitan  Achievement  Test.    They  concluded  that 
poor  reading  ability  could  not  have  been  a  factor  in  52  percent  of 
the  problems,  since  errors  on  these  problems  were  strictly  cc^puta-* 
tional  or  clerical.    The  role  of  reading  difficulty  for  the  remain-- 
lag  48  percent  of  the  mistakes  was  not  determined. 

Although  the  evidence  is  not  conclusive,  it  is  still  reasonable 
to  assume  that  if  the  problem  solver  has  difficulty  reading  a  prob«* 
lem  statement,  he  or  she  is  less  likely  to  be  able  to  understand 
and  solve  it  correctly  than  if  the  problem  can  be  read  with  relative 
ease.    The  application  of  existing  methods  of  determining  readability 
to  mathanatics  materials  and  problems  is  a  plausible  approach,  but 
perhaps  what  is  really  needed  are  formulas  or  other  techniques  that 
are  based  on  syntactic  parameters  specific  to  mathematical  problems. 
To  understand  the  importance  of  reading  difficulty  to  problem-solv- 
ing ability,  researchers  must  address  themselves  to  the  question  of 
determining  what  specific  ocmponents  of  reading  ability  (understand- 
ing vocabulary,  processing  grammatical  structures,  etc#)  affect 


problem. solving  beihavlor,  and  how  the  roles  of  these  coaponents 
change  over  different  age  groups  and  problem  sets.    The  linear 
regression  studies  discussed  bel^  offer  a  potentially  fruitful 
method  for  investigating  these  (questions. 

-S^yntea^i^aria&Zeg^^  AHLhneiia  Wt^rd  Px^oblms  - 

The  most  ccxnmoa  mathematical  problems  that  students  encounter 
are  arithmetic  word  problems*    These  are  the  problems  t>;iicaliy 
presented  in  textbooks  from' grades  one  through  twelve.    The  number 
of  steps  needed  to  reach  a  solution  may  vary  ivtm  prob^^  to  prob- 
lem »  but  the  sttident  should  be  able  to  proceed  by  arithmetic  methods. 
Often  called  vautine  problems ,  they  differ  from  exex^oisea  only  in 
that  the  student  must  sift  through  the  problem  statement  to  extract 
information  and  select  the  appropriate  algorithm  or  algorithms  to 
solve  the  problems*    In  an  exeraise  the  student  knows  which  algor* 
ithms  need  to  be  used* 


In  recent  years  t  a  group  of  researchers  has  attempted  to  dis- 
cover the  relationship  of  varicnis  parameters  of  the  problem  state- 
ment to  latency  of  response  and  problem  difficulty  through  the  use 
of  a  step-wise^  linear  regression  model.    Using  the  "counts"  of 
these  variables  as  the  independent  variables,  it  was  hoped  that 
linear  regression  would  yield  coefficients  which  could  be  used  to 
predict  the  difficulty  of  a  variety  of  verbal  problems.    Since  a 
number  of  these  studies  will  be  exi^ined,  a  brief  description  of 
the  linear  regression  model  seems  warranted.  .  The  reader  is  referred 
to  the  original  sources  for  a  more  detailed  discussion  of  this  model 
(SuppeSy^Hyman^  and  Jerman,  1966;  Suppes,  Jerman,  and  Brian^  1968). 

Using  the  notation  adopted  in  the  original  investigation,  let 
Vij  denote  the  jth  variable  of  problem  i.    The  weight  assfgned  to 
the  jth  variable  is  denoted  by  aj.    In  a  given  group  of  subjects, 
let  Pi  be  the  observed  proportion  of  correct  responses  on  problem  i. 
The  purpose  of  the  mod^l  is  to  predict  the  dependent  variable,  p^* 

To  insure  that  the  predicted  values  of  pi  will  always  lie 
between  0  and  1,  the  following  transformation  is  made: 

1  -  Pi 

Z      m  log  

i  Pi 

The  regression  model  now  becnaes  z±  »  E  ^  v^j  +  oq.  For  the  special 
case  when  Pi  is  either  0  or  1,  the  following  trinsf ormation  is  made: 


-log  (2ni  -  1)     for        «  0 
1 


-log 


2n^  -  1 


for  Pi 


«fiiere  n^^  is  che  total  number  of  stucl^nts  responding  to  problea  i.  Xt 
should  be  noted  that  in  the  first  equation  for       above,  1  -  Pi  appears 
in  the  nuoerator  to  make       increase  ooi^tonifially  in  difficulty,  as  the 
magnitudes  of  the  variables  v^^  increase*  ! 

 Using  the  above  model  in  s  step-^nise  l^fjaiesr  regression  analysis «  the 

vaflaSIe8~v^ j  are~^lnYrdaiuc   

and  their  contribution  to*" the  correlation  co^i^ficient  a»  and  the  estimate 
of  the  asaount  of  error  vai;^iance  accounted  for  hy  the  regression  model*  R^t 
is  calculated  at  e^ch  step.    The  majority  of  I  the  studies  that  have  ei^iloyed 
this  model  have  used       as  the  major  criterion  for  the  relative  importance 
of  each  variable  in  predicting  the.  proporticjln  of  correct  responses  and 
success  latency*  i 

The  first  studies  applying  this  multiple  linear  regrftssion  analy* 
sis  to  mathematical  problems  were  conducted  at  Stanford  University  with 
elementary  school  children,  operating  in  a  computer-^asaisted  ins  true** 
tional  modQ  (Suppes*  Hyman,  and  Jerman*  1966|  Suppes*  Jermant  and  Brian* 
1968),    The  probleiQs  studied  were  ccnnputational  arithmil^tic  problems* 
involving  one  or  more  of  the  four  basic  arithmetic  operi^^tionss  Since 
these  studies  did  not  deal  directly  with  verbal  problem$,  the  reader  is 
referred  to  other  sources  for  a  discussion  of  the  procedures  used  in 
these  investigations  (Loftus*  1970;  Segalla*  1973;  Bamett,  1974} « 

Before  discussing  the  outcomes  of  .linear  regression  studies  in  the 
area  of  verbal  problem  solving*  let  us  consider  hoK  syntax  varial^es^ 
have  been  quantified  in  these  studies.    A  major  problem  in  the  indenijsifi- 
cation  of  sets  of  well-defined  parameters  that  relate  to  or  Influenc^ 
mathematical  problem-solving  behavior  continues  to  be  that  of  achiev-^  \ 
ing  a  high  degree  of  reliability  among  experimenters*    This  problem    \  \ 
is  ccnpounded  by  the  fact  that  the  quantification^  of  many  interesting  \ 
variables  may  be  dependent  on  the  probl^  solver *s  method  of  solution*, 
as  well  as  the  problem  task.    !fost  syntax  variables*  however*  can  be 
quantified  with  a  high  degree  of  reliability  directly  from  the  problem 
statement*  once  a  few  conventions  are  established.     (An  exception  to  this 
statement  is  the  variable  of  "vocabulary  difficulty**^  which  depends  upon 
the  background  of  problem  solvers*)    In  most  cases*  syntax  variables  are 
quantified  by  assigning  a  unique  numerical  value  to  the  variable  for  each 
problem  statement.    These  numbers  become  the  v±j  in  the  regression  equation 

In  general*  syntax  variables  can  be  quantified  in  one  of  three  ways. 
The  first  method  allows  the  variable  to  assume  a  positive  integer  value. 
For  example*  the  aenteru^e  variable  is  given  a  value  equal  to  the  number  of 
sentences  in  the  statement  of  the  problem.    A  uord  variable  is  given  a 
value  equal  to  the  number  of  unfamiliar  wrds  in  the  problem  statement.  The 
majority  of  syntax  variables  are  qxiantified  by  this  mett\p<l  often 
referred  to  as  ''continuous*'  variables*  in  the  sense  that  they  can  assume 
any  integer  value  n«0*  1*2*  .«*r    (The  term  "continuous'^  is  not  used 
in  the  correct  mathematical  sense*) 

A  second  method  of  quant if;  ing  syntax  variables  is  to  assign  the 
variable  a  value  of  either  "0"  or  'T*.    Such  dichotpmous  variables 
are  used  to  indicate  the  presence  (1)  or  absence  (0>  of  a  particular 
characteristic*    For  example*  an  "order"  variable  ca^i  be  assigned  a 


value  of  "r*  i£  the  data:  contained  in  the  problem  statement  are 
presented  in  the  same  order  in  which  thmy  can  be  used  to  solve  the 
problem,  and  a.  value  of  "0"-  otherwise.    Since  this  "order"  variable 
involves  a  compari£iQn  between  the  sequencing  of  data  in  the  problem 
statement  (syntais)  with^  the  processing  of  data  in  the  problem  solu- 
tion (structure),  it  might  be  considered  to  describe  both  syntax  and 
mathematical  structure,  not  syntax  alone,  ^  For  convenience  it  is 
included  in  this  chapter  on  vsyntax  variables*    Kany  variables  deal* 
ing  with  problem  structure  are  of  tha  dichotompus  type  but,  in 
general,  relatively  few  syntax  variables  are  defined  in  this  ma^er. 
Researchers  have  apparently  assim^  that  measures  on  the  amount  ,of 
syntactic  complexity  rather  than  measures  of  the  presence  or  absence 
of  certain  syntactic  characteristics  would  yield  better  predictors 
of  problem  difficulty. 

Combination  of  two  or  more  variables  to  form  a  single  "compo** 
site"  variable  constitutes  a  third  method  of  quantification.  This 
procedure  allows  each  "sub-variable"  to  be  differentially  weighted, 
according  to  its  assumed  or  proven  importance.    The  result  is  a 
composite  variable  which  assumes  a  value  equal  to  a  specified 
function  of  the  values  of  its  component  variables.    Although  rela- 
tively few  studies  have  employed  this  method  with  syntax  variables, 
the  procedure  has  the  potential  to  generate  sensitive  variables 
with  good  predictive  power  that  are  relatively  easy  to  manipulate. 

A  first  attempt  to  extend  the  linear  regression  model  to  mathe- 
matics word  problems  was  made  in  1969  (Suppes,  Loftus,  and  Jerman, 
1969).    In  this  study,  68  word  problems  were, presented  and  solved 
in  a  computer-assisted  instructional  mode,  using  27  above-average 
fifth-grade  students.    The  LENGTH  variable  (a  measure  of  the  number 
of  words  in  the  problem  statement)  was  used  for  the  first  time, 
along  with  five  other  variables  related  to  operations,  sequence, 
and  verbal  cues.    The  precise  definition  of  the  LENGTH  variable, 
and  a  number  of  variables  of  length  that  have  been  used  in  linear 
regression  studies,  are  presented  in  Table  2.2. 

The  results  of  the  study  were  disappointing.    The  LENGTH 
variable  and  two  others  were  found  not  to  be  significant.  The 
three  variables  that  were  significant  only  accounted  for  approx- 
imately 45  percent  of  the  variance  in  the  proportion  of  problems 
done  correctly.    However,  the  organization  and  procedures  used  in 
the  study  provided  a  model  for  further  investigations. 

A  1970  study  by  Loftus  used  the  six  variables  from  the  previous 
study,  plus  tw  new  ones,  the  syntax  variables  of  ORDER  (Indicating 
the  sequence  of  data  presented  In  the  problem)  and'  DEPTH  (a  measure 
of  gra&matlcal  compl^lty).    The  definition  of  the  DEPTH  .variable 
and  several  other  definitions  of  grammatical  complexity  variables 
are  presented  in  Table  2.3.    A  set  of  100  problems  was  adminis- 
tered to  16  sixth-grade  students*  characterized  as  "low  ability." 
the  students  solved  the  100  problems  after  four  weeks  of  practice 
on  a  computer  teletype.    The  results  showed  an       value  of  .70,  a 


■I  \ 


-32- 


Table  2.2   definitions  of  VoHdbles  of  Length 


Variable 


1.  WORDS: 


ERIC 


2.  NUMNRS: 

3.  LENGTH: 

4.  NUMESL: 

5.  WSDNUM: 

6.  DIGITS: 

7.  WSDGTS: 

8.  SYMDGT: 

9.  WRDSYM: 

10.  LETTRS: 

11.  PUNCT: 

12.  CHRCTR: 

13.  SYLBLS: 

14.  A\/GWDL: 

15.  SENT: 

16.  SENTLN: 

17.  LGNUWD: 

18.  LGMXST: 


Definition 

The  number  of  written  words  in  the  problem  statement, 
excluding  numerals.    A  count  of  one  i^  assigned  to  a 
sihgTe  lroM,~TfypKenated~w^  of  vords  that"" 

vould  appear  as  a  single  entry  in  a  diytionary. 

Numerals  converted  to  vords  is  defined  las  the  number 
of  vords  obtained  by  converting  numeral^  to.  word  form 
and  counting  the  number  of  vords. 

The  nuiober  of  vords  in  the  problem  statesknt,  that  is, 
the  sum  of  variables  1  and  2  (LEHCTH- WORDS  +  NWIWHD)  . 

A  count  of  one  is  given  to  each  numeral  in  the  problem. 

The  number  of  vords  and  the  number  of  numerals  are 
defined  as  the  sum  of  variables  1  and  4  (WRI^NUM 
WORDS  +  NUMERL) . 

A  count  of  one  is  given  to  each  digit  in  each  i^uneral. 

The  number  of  vords  and  digits,  that  is,  the  ^um  of 
variables  1  and  6  (WRDGTS  -  WORDS  +  DIGITS) . 

the.  number  of  syaibols  and  digits  in  each  numeral. 

The  number  of  words  and  symbols,  that  is,  the  s\mi  of 
variables  1  and  8  (WRDSYM  -  WORDS  +  SYMDGT) . 

Each  letter  (and  each  apostrophe,  and  hyphen)  are\  given 
a  count  of  one. 

A  count  of  one  is  given  for  each  punctuation  marl 

A  count  of  one  Is  given  for  each  character  In  the I 
problem,  that  Is,  the  sum  of  variables  8,  10,  and' 
11  (CHRCTR  -  SYMDGT  +  LETTERS  +  PUNCT) , 


A  count  of  one  for  each  syllable  of  every  word  (it 
WORDS) . 


I 


The  average  word  length  as  defined  by  the  ratio  of! 
variables  10  and  1,  that  is,  AVGWDL- -  LETTRS/WORDS^ 

The  number  of  sentences  in  the  problem*  \ 

\ 

The  sversge  nusober  of  w)rds  per  sentence ^  that  is, 
SENTLN  -  LENGTH/SENT • 

A  count  of  one  for  each  word  occurring  after  the 
first  number  and  before  the  last  number  ^in  the  probiem* 


A  cdunt  of  one  for  each  wrd  in  the  longest  sentence 


47 


Tablm  2»3  Definitions  of  Y^Hablts  Diaerihing  Gramatieal  Stimetur* 


VTiable 

1.  VERBS: 

2.  ADJECTIVES: 

3. "  NOUNS:  ' 

4.  ADVERBS:  j 

5.  PRONOUNS: 

6.  NOUN  TO  VERB  RATIO: 

7.  NOUN  TO  ADJECTIVE  RATIO: 

8.  PRONOUN  TO  NOUN  RATIO; 

9.  VERB  TO  ADVERB  RATIO: 

10.  SUBCL: 

11.  PREPHR: 

12.  MAINCL: 

13.  CLAUSE: 

14.  WDMAIN: 

15.  SUBLEN: 

16.  MCLTH: 

17.  SCLTH: 

18.  AVCCLSs 

19.  DEPTH: 


Definition 

The  nusbcr  of  verbs  in  the  problen. 

The  number  of  i^jectivei  in  the  problem. 

The  number  of  nouns  in  the  problem. 

The  ntimber  of  edver|>s  and  edverblel  clauses. 

The  number  of  pronouns. 

The  nusiber  of  noims  divided  by  the  number 
of  verbs  (NOUNS  /  VERBS). 

The  number  of  nouns  divided  by  the  nusiber 
of  adjectives  (NOUNS  /  ADJECTIVES) , 

The  nuad^er  of  pronouns  divided  by  the 
number  of  nouns  (PRONOUNS  /  NOUNS), 

The  number  of  verbs  divided  by  the  number 
of  adverbs  (VERBS  /  ADVERBS) . 

The  nusoiber  of  subordinate  clauses  in  the 
problem. 

The  number       prepQSitional  phrases  in 
the  problem. 

The  nusiber  of  main  clauses  in  the  problem. 

The  total  nus^er  of  clauses  (CLAUSE  " 
MAINCL  +  SUBCL) , 

The  number  of  vords  in  the  main  clauses 
of  the  probl«a. 

The  number  of  vords  in  the  subordinate  clauses , 

The  average  number  of  vords  in  each  main 
clause  (MCLTH  -  WDMAIN  /  MAINCL) . 

The  average  number  of  vords  in  the  sub- 
ordinate clauses  (SCLTH  *  SUBLEN  /  SUBCL)  . 

The  average  clause  length  (the  number  of 
vords  in  tlie  problem  divided  by  the  total 
nuniber  of  elauses)  (AVGCLS  -  LENGTH  /  CLAUSE) . 

The  highest  value  of  the  means  of  the  Yngve 
nuoibers  computed  for  each  sentence  of  the 
problem  statement  (Yngve  nimibers  measure 
the  degree  of  "etnbeddedness"  of  each  vord 
in  the  sentence.    See  Figure  2,2  in  Section 
2  of  this  chapter). 
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respectable  amount  of  variance  accounted  for.    B0tb  tha  DEPTH  and 

variables  made  significant  contributions  t^o  the  amount  Of 
variance  In  proportion  correct  accounted  for,  and  entered  the 
regression  equation  in  the  third  and  fourth  stepsi  respectively. 
It  should, be  noted,  however,  that  the  number  of  subjects  was  very 
small,  and  it  was  assumed  that  using  the  partial  Correlation 
cbef  f rcicnt¥~wii~a~v«ll*  laeaaure  of  Importancr.—^  


In  the  following  year,  a  tiumber  of  studies  ioeluded  some  of 
the  previously  defined  variables,  defined  new  ones^  ai^  extended 
the  mode  of  presentation  of  problons  to  paper  and  pencil.  Jerman 

(1971)  reports  the  results  of  two  ftudies.    1^  thi  first,  Searle 
reanalyzed  the  data  frc^  the  1969  Wpp«s>  X<of  tti^,  German  study, 
using  14  new  V-'  tables,  including  an  0|DER  vairlAbl4>    Both  the 
OKDER  Mnd  LENGTH  variables  were  found  to  be  sigfiilflicant.  Jerman 
folloimd  up  this  study  with  an  investigation  usijng  ^0  word  prob- 
lems administered  to  20  fifth  graders.    This  wa^  th^  first  study 
that  w^s  conducted  in  paper-and-pe^cll  mode.    Five  yariables, 
including  the  syntax  variable  LENGTH,  were  found  to  account  for 

87  percent  of  the  variance  in  problem  difficulty.  Further  support 
for  the  LENGTH  variable  was  found  In  a  study  by  Jerman  and  Rees 

(1972)  and  in  a  follow-up  study  by  Jerman  (1972). 

At  this  point  it  should  be  noted  that  direct  comparisons  of 
the  importance  of  variables  from  one  study  to  another  became 
Impossible.    Investigators  modified  the  definitions  of  the  varia- 
bles in  each  study,  and  used  different  probl&a  sets  and  various 
grade  levels.    More  recent  studies,  however,* have  attempted  to 
show  similarities  between  the  variables,  and  have  tried  to 
generalize  results  to  several  grades  and  problem  types. 

After  six  years  of  experijnentation  with  variable  definitions 
and  the  linear  regression  equations,  the  time  seemed  right  to 
apply  these  previous  results  predictlvely.    Using  the  data  from 
Jerman' s  1971  study  with  students  in  grades  4  to  9,  Jerman  and 
Mirman  (1972)  took  the  top  six  variables  found  in  that  study  and 
coded  them  on  a  new  problem  set.    Using  the  resulting  regression 
model,  they  then  attempted  to  predict,  before  administering  the 
problem  set,  the  proportion  of  students  in  a  new  population  that 
would  correctly  solve  each  of  the  problems.    The  results  Indicated 
that  the  regression  model  based  on  pooled  data  from  grades  4  to  9 
was  unsatisfactory.    The  data  were  then  reanalyzed,  using  the  same 
,9ix  variables  for  each  grade  level  separately.    The  resulting 
regression  equations  for  each  grade  level  gave  much  better  pre- 
dictions, with  residuals  of  percentage  correct  ranging  from  4  to 
15  percent.    Although  these  results  were  not  as  good  as  the 
researchers  would  havf  liked,  the  study  did  establish  a  model 
for  turther  investigations.    It  still  remains  for  the  predictive 
equations  to  be  refined  so  as  to  yield  results  in  an  acceptable 
range. 
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The  application  of  the  regression  nodel  to  aritfamtic  vord 
problems  was  extended  to  the  Junior  college  population  in  a  com- 
prehensive study  by  Segalla  (1973).    Convinced  of  the  importance 
of  syntax  variables,  Segalla  defined  30  variables  that  included 
ma-ny  syntax  variables  not  previously  defined.    A  set  of  172  word 
problems  vas  administered  to  44  lov-ability  junior  college  mathc- 

— matics  Btudencs.  -  Based  ^^4ie  sise  of  the  drop  in  Ag^JghsiLjihe  

variable  was  removed  from  the  regression  equation,  the  set  of 
the  six  most  significant  variables  included  the  syntax  variables 
of  ORDER,  NOUKS,  DEPTH,  LENGTH,  and  ADVESBS. 

As  interest  in  tim  regression  model  began  to  grow,  it  became 
apparent  that  syntax  variables  played  an  Important  role  in  deter- 
mining problem  difficulty  for  subjects  of  all  ages.    In  J.973, 
Krushinski  investigated  the  relative  impoz^tance  of  14  syntax 
variables,  including  eight  describing  aspects  of  length,  four 
describing  grammatical  structure,  and  two  describing  numetals 
and  the  question  sentence.    Three  sections  of  pre service  elemen- 
tary school  teachers  enrolled  in  a  course  in  the  teaching  of 
arithmetic  were  administered  a  problem-solving  test.    The  amount 
of  time  permitted  on  the  problem-solving  test  varied  from  20 
minutes  for  section  one,  to  60  minutes  for  section  two,  to  one 
day  for  section  three.    Krushinski  found  that  six  variables, 
NUMBER  OF  SENTENCES,  NUMBER  OF  CLAUSES,  CLAUSE  LENGTH,  NUMBER  OF 
PREPOSITIONAL  PHRASES,  NUMBER  OF  WORDS  IN  THE  QUESTION  SENTENCE, 
and  NUMERALS  IN  THE  QUESTION  SENTENCE,  entered  the  regression 
analysis  within  the  first  six  steps  in  at  least  two  of  the  three 
sections.    After  the  sixth  step,  the  multiple  R*s  for  the  three 
sections,  in  order  of   decreasing  time  limits,  were  .856,  .738, 
and  .626.    These  interesting  results  suggest  that  as  time  becomes 
a  crucial  factor,  some  syntax  variables  may  decrease  in  impor- 
tance with  respect  to  other  (non-syntax)  factors. 

Following  the  Krushinski  study,  Beardslee  and  Jerman  (1973a) 
attempted  to  apply  Krushinski*  s  14  syntax'  variables  to  a  problem 
set  appropriate  for  students  in  grades  4  to  8,    Three  test  forms 
of  30  problems  each  were  prepared  using  a  problem  set  from  a 
previous  study.    The  number  of  wrds  was  systanatically  varied, 
so  that  Form  1  was  the  original  problem  set  (Form  2)  with  one- 
third  fewer  words, and  Form  3  was  the  original  problM  set  (Form  2) 
with  one- third  more  words.    Eighteen  separate  analyses  were  con- 
ducted on  the  data.    Only  two  of  the  six  variables  which 
Krushinski  found  to  be  significant,  CLAUSE  LENGTH  »id  PREPOSI- 
TIONAL PHRASES,  enteral  consistently  among  the  first  six  variables 
in  the  linear  regression  analjrses.    In  addition  to  these  two 
variables,  two  other  variables,  SENTENCE  LENGTH  and  WORDS  IN 
SUBCLAUSES,  entered  the  regression  consistently  within  the  first  ' 
six  steps  on  two  or  more  teikt  forms.    These  results  suggest  that 
it  may  be  possible  to  identify  syntax  variables  that  are  important 
for  both  college  and  pre-college  students.    This  study  is  one  of 
the  few  attempts  to  observe  the  effects  on  problen-solving  perfor- 
mance resulting  from  systematic  variations  of  syntax. 


Using  the  same  set;^  of  dat««  Beardslee  and  Jersaan  (1973b)  extended 
the  previous  study  to  include  syntax  variables  not  used  in  the  1973 
Krushinski  study#    In  addition^  they  investigated  a  vide  variety  of 
measures  of  lengthy  to  determine  which  definition  accouni^ed  for  the 
moBt  variance  in  proi^ortio^  correct.    This  secoml  purpos4  Was  of 
particular  is^ortance  since  the  many  definitions  of  length  employed 

—iMkr  S^V^ral- 4if^4Mrent  studies  ^aade  -gntAf>pyJl^al^^nn  nf  vmm%ltm  mittr^m^Xy 

difficult.    Seventeen  variables  were  defined  In  the  investigation. 
The  first  four,  LENGTH,  SUBCL,  PREPHR,  and  NUMINQ,  were  used  in  the 
Krushinski  study  and  the  first  Beardslee  and  Jen&an  study.  The 
remaining  13  variables  included  IWRDS,  NUHHBD»  NUMERL,  I^NDM,  DIGITS, 
SYMD6T»  IfRDGTS,  WRDSYM«  LETTRS,  FUNCT,  CHRCTR,  SYLBLS»  and  AVGWDL. 
Nine  of  these^  including  LENGTH,  WORDS,  URDNUM,  UHDGTS»  WRDSYM,  LETTRS. 
CBRCTR,  SYLBLS,  and  AVGWRL.  were  considered  to  be  variables  of  length. 
The  definition  of  each  of  these  variables  appears  in  Tables  2.2  end 
2.3.    ill  though  none  of  the  variables  was  found  to  account  for  a 
significant  amount  of  the  variance  for  all  grades,  five  of  them, 
IpIMERL,  PUNCT,  AVGHDL,  SUBCLt  and  PREPHR,  were  significant  for 
several  grades  for  one  or  more  test  forms.    None  of  the  nine  length 
variables  was  shown  to  be  superior  to  any  of  the  other  length  varia** 
bles*    It  would  appear  that,  although  the  many  different  definitions 
of  length  use  different  size  units  to  obtain  elemental  counts,  they 
are  all  about  equally  correlated  with  problem  difficulty. 

Although  most  of  the  linear  regression  studies  included  a 
number  of  kinds  of  task  variables,  the  dominance  of  any  particular 
category  of  variable  (structural,  computational,  syntactic,  etc.) 
in  determining  problem  difficulty  was  not  establish^.    This  ques- 
tion was  investigated  by  Beardslee  and  Jerman  (1974)  in  a  study 
involving  five  ^'structural"  variables,  four  "syntax"  variables, 
and  twelve  "topic"  variables*    A  50-item  achievraient  test  was 
administered  to  fourth^  and  fifth-grade  students*    Based  on  a 
regression  analysis  involving  only  the  twelve  topic  variables, 
four  were  selected  to  be  combined  with  the  five  structural  and  four 
syntax  variables*    The  results  showed  '•that  three  variables  made 
significant  contributions  to  the  amount  of  variance  account^  for; 
the  topic  variable  GEOMETRY  and  the  two  structural  variables  HQHCZ 
(a  variable  dealing  with  the  number  of  "carries"  in  multiplication) 
and  COG  LEVEL  (a  variable  reflecting  the  cognitive  level  of  a 
problem,  based  on  a  classification  by  Avital  and  Shettleworth) . 
Although  none  of  the  syntax  variables  were  found  to  be  signifi- 
cant, the  total  amount  of  variance  accounted  for  was  only  «47, 
Despite  this  disappointing  result,  this  study  Wtablished  the  need 
for  a  more  inclusive  nnxiel.    The  experimenters  1s ta ted,  "None-the« 
less  some  encouraging  signs  seem  evident.    One,  that  a  combination 
of  different  classes  of  variables  produces  a  higher  R  than  u^ing 
only  one  class"  (Beardslee  and  Jerman,  1974,  p*  10)* 

Another  study  which  investigated  classes  of  structural  varia- 
bles was  conducted  by  Barnett  (1974)*    After  analyzing  the  results 
of  the  previous  regression  studies,  it  was  noted  that  the  variables 
investigated  reflected  either  tte  linguistia,  acmputatiomt^ 


opeiHztional ,  or   ppoaedural  complexity  of  aritbmeClc  vord  probXens. 
Defining  for  each  of  the  above  c&tegories  a  aompoaite,  variable,  the 
resulting  set  of  four  independent  variables  accounted  for  approxi- 
mately 64  percent  of  the  variance  in  difficulty.    The  LINGUISTICS 
variable  consisted  of  the  sum  of  two  syntax  variables  of  length  and 
the  semantic  iaontent)  variable  of  "mathematics  vords."   Using  the 
-  four. iJidependent  comj^os^ite^  vai^        as  a  basis,  four  instructional 
units  vere  constructed  to- help  students  overcome  the  difficulty 
attributable  to  each  variable.  .  Five  parallel  forms  of  a  20«it&a 
verbal  problem-solving  test  were  constructed,  in  which  the  composite 
variables  were  systematically  varied.    The  four  instructional  units 
were  separated  by  the  five  parallel  forms  of  the  test,  and  adminis- 
tered to  150  college  Juniors,  randomly  assigned  to  either  an  experi- 
mental group  or  to  one  of  two  control  groups  (the  control  groups 
received  instructional  units  unrelated  to  problem  solving).  The 
results  showed  that  the  instruction  based  on  each  of  the  variables  . 
was  significantly  effective  in  improving  problem-solving  performance. 
Interestingly,  the  amount  of  variance  accounted  for  by  the  set  of 
variables,  and  the  position  of  each  variable  in  the  regression 
equation,  remained  relatively  stable  across  the  five  tests.  These 
results  present  a  further  case  for  the  use  of  composite  variables 
and  suggest  that  these  can  be  rather  stable  measures  in  predicting 
problem  difficulty. 

To  sijmnarize,  the  results  of  several  of  the  studies  that  have 
used  the  regression  model  are  shown  in  Table  2.4  (based  on  data 
suggested  by  Segalla,  1973,  p.  60,  and  Barnett,  1974,  p.  37).  The 
reader  is  cautioned  in  interpreting  the  table,  since  the  data  are 
based  on  a  variety  of  subjects,  populations,  probl^  sets,  and 
different  definitions.    Subject  to  these  limitations,  the  table 
reveals  that  syntax  variables,  particularly  measures  of  length, 
consistently  enter  the  regression  equation  in  the  first  six  steps. 
It  would  appear  from  these  studies  that  the  syntactic  complexity 
of  arithmetic  word  problons  is  a  definite  contributor  to  probl^ 
difficulty.    As  we  shall  see  in  the  next  section,  the  linear 
regression  model  h$s  also  been  used  with  success  to  predict  the 
difficulty  of  problems  other  than  arithmetic  word  problems. 


Syntax  Variables  in  Algebra  and  Logic  Problems 

One  expects  to  find  relationships  between  syntax  variables 
and  problem  difficulty,  using  problem  sets  involving  algebraic 
solutions  as  well  as  arithmetic  solutions.    Problem  statements 
which  lend  themselves  to  translation  into  algebraic  form  may 
include  well--def  ined  variables  that  can  be  used  to  predict 
difficulty  with  high  reliability,  due  to  aonsistenoies  in  the 
"language"  of  equations. 

Cook  (1973a)  attempted  to  apply  the- results  of  previous 
regression  studies  to  a  set  of  algebraic  word  problems  solved 


Table  2,4   Variables  Entering  in  the  First  Six  Steps  for  Ma^or  Studies  Since  1963 


1 

2 

3 

4 

5 

6 

Suppes  (1969) 

SEQ 

CONV 

OPER 

V.  CUE 

STEPS 

LENGTH 

Loftus  (1970) 

SEQ 

OPER 

DEPTH 

LENGTH 

CONV 

V.  CUE 

Jennan  (16  var.) 

OPER 

V.  CUE 

DIV 

LENGTH 

FORMULA 

Jennan  (21  var.) 

OPER 

CONV 

LENGTH 

0BDER2 

DIV 

Jenaan  (CAI,  19  var.) 

0PER2 

LENGTH 

ORDER 

RECALL 

Jerman  (Pen.,  19  var.) 

LENGTH 

N0MC2 

QUOT 

DIST 

C0LC2 

Jernian&Rees  (1972) 

LENGTH 

NOMC 

QUOT 

DIST 

C0LC2 

Si 

Jennan  (1972) 

NOMC 

QUOT  , 

LENGTH 

RECALL 

CONV 

DIST 

Beardslee  &  Jerman  (1973) 

CL.  LEN 

PREP 

SEN.LE. 

SUBCL 

« 

Krushlnskl  (1973) 

SENT. 

aAUSE 

CL.  LEN. 

PREP 

WJOQUE 

NUMERL 

Merman  (1973) 

LENGTH 

QUOT 

N0>K2 

RECALL 

0PER3 

CONV 

Segalla  (1973) 

MEM0RY2 

ORSERl 

V.  CUE 

OPER 

PRO.  N 

DIST 

Beardslee  &  Jerman  (1974) 

GEOMTY 

COGLEV 

N0MC2 

Harnett  (1974) 

OPER 

PROCED 

LING 

Note;    Variables  deacrlblng  length  and  syntactic  complexity  are  underlined. 

The  variables  that  have  not  been  previously  defined  in  this  section  include  J  Variables 
describing  the  sequence  of  problems  and  operations  (SEQ,  Sx,  0RDER2) ,  conversions  of  units 
(CONV),  needed  recall  of  facts  and  formulas  (RECALL,  FORMULA),  required  operations  and 
steps  (OPER,  STEPS),  and  computations  with  numbers  and  specific  operations  (DtV,  NOMC, 
QUOT,  C0LC2). 


by  collsge  students.    Tveoty-six  vsrisbles,.  ioduding  five  srittisstic> 
variables  from  the  1972  Jertnan  study;  thil-teeu  algebraic  variables 
(dealing  with  translations  and  equations);  the  syntax  variables 
URDNUM  (a  measure  of  problem  length),  SENT  (the  number  of  sentences)^ 
NCMQS  (a  variable  relating  the  presence  of  numbers  in  the  question 
sentence),  and  FR£P  (the  number  of  prepositions)  from  the  1973 
Krushinski  study;  and  four  additional  syntax  variables  (NUMERL, 
QUENL,  LGREL,  and  LGMXST)  were  computed  for  28  word  problems. 
LGREL  was  defined  as  a  measure  of  the  numerical  relationships  in 
the  problem,  and  LGMXST  was  defined  to  be  the.  nimiber  of  words  in 
the  longest  sentence  of  the  problem  statement.    The  problem  set 
consisted  of  one  consecutive- integer  problem,  two  distance  problems, 
three  age  problems,  four  angles-of-triangles  probless,  four  direct 
variation  problems,  and  seven  miscellaneous  problems. 

Two  tforwlation  variables,  three  syntax  variables,  three  ccHth- 
metic  variables,  and  four  equation  variables  entered  the  regression 
equation  on  the  first  12  steps,  accounting  for  over  96  percent  of 
the  variance  in  proportion  correct.    The  variable  LGMXST  had  the 
highest  correlation  with  the  observed  proportion  correct,  with  an 
r2  value  cf  .2962.    The  variables  LGREL  and  NDMQS  entered  the 
1 egression  equation  in  the  eighth  and  twelfth  steps  respectively. 
The  study  indicates  additional  support  for  the  effect  of  syntax  / 
variables  of  length,  although  the  definition  of  length  in  this  stu^y 
is  different  from  that  used  in  previous  studies.    Perhaps  the  most/ 
encouraging  aspect  of  this  investigation,  however,  is /the  relatively 
high  value  for  r2  at  the  sixth  step  (.8040).    This  re^slt  suggests 
real  potential  for  the  use  of  the  linear  regression  model  with  prob- 
lems of  this  type. 

In  a  second  study  conducted  the  same  year.  Cook  (1973b)  inves- 
tigated the  relationships  of  Al  variables  to  problem  difficulty 
using  19  algebraic  word  probleas  selected  from  the  National  Longi- 
tudinal Study  of  Mathematical  Abilities  Y  and  Z  Test  Batteries. 
All  problems  selected  required  the  set-up  and  solution  of  linear 
or  quadratic  equations,  in  one  variable.    The  syntax  variables 
investigated  included  those  from  the  previous  study  except  PREP, 
QUENL,  and  NUMQS.    A  new  variable,  LGNUTiJD  (a  count  of  1  for  each 
word  that  occurred  after  the  first  number  and  before  the  last 
number  in  the  problem  statement)  was  also  added. 

The  results  showed  one  arithmetic i  one  translation,  three 
equation,  and  one  syntax  variable,  SENT,  entering  on  the  first 
six  steps  of  the  regression  equation.    Three  other  syntax  varia- 
bles (LGREL,  LGNIM),  and  WRONUM)  entered  the  regression  equation 
on  the  ninth,  tenth,  and  twelfth  steps  respectively.  Although 
the  variable  LG>KST,  which  entered  the  regression  equation  first 
in  the  last  study,  was  one  of  the  last  to  enter  in  this  study, 
the  continued  presence  of  variables  of  length  in  all  but  a  few 
studies  is  a  strong  indication  that  this  variable  plays  ansiu^or- 
tant  role  in  problem  difficulty,  and  deserves  continued  systematic 
investigation. 
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Jcnsson  (1974)  applied  the  lin«#r  rcgrcstioa  aodel  in  an  «3iplor- 
atory  investigation  iesigned  to  identify  which  variables  strongly 
influence  the  relative  difficulty  of  judging  simple  dedii3tiVB  csrgu- 
ments  in  verbal  form.    A  simple  deductive  argument  was  defined  to 
be  a  chain  of  reasoning  involving  tvo  premises  and  a  conclusion. 
Combining  results  and  sv^estions  from  previous  studies  with 
research  on  logic  development,  Jansson  defined  12  variables  which 
included  the  syntax  variable  WORD  and  the  new  ones  listed  in  Table 


Three  tests  of  class  and  conditional  reasoning  were  used. 
(Class  reasoning  is  of  the  form  "All  P*s  are  Q*s."  Conditional 
reasoning  is  of  the  form  "If  P  then  Q.")    On  each  item, -the 
student  was  required  to  decide  if  the  coinclusion  was  valid  or 
invalid,  or  if  there  was  not  enough  information  to  decide.  The 
number  of  items  ranged  from  22  to  AO. 

On  two  of  the  three  tests,  the  variable  NEGFl  entered  the 
regression  equation  on  the  second  step,  with  an  average  r2  value 
of  .73.    The  variables  WORD  and  NEGP2  also  entered  consistently 
in  the  first  six  steps.    Although  the  positions  of  each  varia- 
ble changed  on  each  test,  a  relatively  high  amount  of  variance 
in  the  proportion  correct  was  accounted  for.    Further  evidence 
for  the  effects  of  length  variables  (the  variable  WORD)  was 
obtained,  as  well  as  new  evidence  for  variables  reflecting  the 
frequencies  of  liegations. 

The  results  of  the  Jansson  and  Cook  studies  are  encouraging. 
r2  values  in  all  three  studies  are  respectable,  and  the  repeated 
occurrence  of  many  of  the  same  variables  lends  support  to  the 
effects  of  syntax  variables  in  many  types  of  verbal  problems. 

Our  discussion  throughout  has  focused  on  verbal  problems  of 
a  routine  nature.    The  question  remains  as  to  how  syntax  variables 
affect  the  difficulty  of  non-routine  verbal  problems.  Unfortu- 
nately, there  is  almost  no  research  on  the  role  of  S3mtax 
variables  in  non-routine  problems.    It  seems  reasonable  to 
conjecture  that  a  complex  syntax  will  make  any  type  of  verbal 
problan  more  difficult  to  solve.    Howtwer,  non-routine  problems 
tend  to  require  higKer  cognitive  processes^ for  solution,  and 
therefore  other  categories  of  task  variables,  such  as  structure 
variables,  may  play  a  more  important  role. 

Critique  of  the  Linear  Regression  hodel 

The  linear  regrespion  model  previously  discussed  has  shown 
promise  as  a  research  tool  to  identify  which  task  variables 
affect  problem  difficulty.    Thp,  technique  is  based  on  the 
assumption  that  the  relationship  between  selected  task  variables 
and  problem  difficulty  is  linear.    While  the  results  of  some 
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-Table  2.5   DefiniHona  of  VeLHables  Desanbing  Simptg  Deductive  Argiontnta 


1.    WRDPli     A  coune  of  1  for  each  word  in  che  first  premise, 

2«    WF1/P2;    The  ratio  of  the  nutaber  of  words  in  premise  1  to 
the  ntmber  of  vords  in  premise  2. 

3.    WRDL;       The  average  word  length  in  number  of  letters  in 
the  total  argument. 

^*    NEGPli     The  number  of  negations  in  the  first  premise. 

5,  yEGP2;     The  ntM>er  of  negations  in  the  second  prsnise. 

6.  NEGC;       The  total  number  of  negations  in  the  conclusion 

of  the  argument, 

TOTNGS ;    The  total  number  of  negations  ±a  the  entire 
argument. 
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studitts  suggest  that  a  Ilntsr  modsl  fits  Che  dmtm  rMSonably  vmllt 
it  is  not  cleu*  that  a  different  model  would  not  fit  the  da^a 
better. 

Since  the  linear  regression  model  was  first  apfilied  to  verbal 
problems  in  mathematics »  it  has  ^llen  short  of  being  an  accept-- 
ably  precise  technique  for  predicting  prob^^-solving  behavior. 
This  may  be  due  to  the  inappro^riat^^ss  j^f  the  linear  model  in 
explaining  the  relationship  of  task  variables  to  problem  dlff itulty, 
or  to  the  lack  of  methodological  paradigm?  and  inconsistencies  in 
the  use  of  the  model*    Furthermore^  research  in  problem  solving  has 
shown  that  a  large  variety  of  task  variables  (content t  coipitextf 
syntax*  structure*  ^^c«)*  as  well  as  subject  ami  situation  var la*-  , 
bles^  have  an  influence  on  problem  solving*    It  is  unreasonable  to 
eacpect  that  a  model  which  does  not  take  all  of  these  variables 
into  jnccount  will  be  able  to  predict  accurately  problem*solving 
success  across  subject  populations  and  across  problem  types.  In 
a  study  dealing  with  only  one  category  of  t&sk  variable*  say 
variables  of  syntax*  the  total  amount  of  variance  accounted  for 
in  the  proportion  correct  may  reasonably  be  much  less  than  100 
percent*    If  it  does  approach  100  percent*  this  may  be  due  to 
inadvertent  correlations  in  the  problems  themselves  between  syntax 
variables  at^  other  task  variables  Xt^^  below)*    The  real  value  of 
the  linear  regression  model*  then*  may  t3e  in  its  use  to  determine 
the  relative  lisportance  of  major  categories  of  variables*  or  the 
relative  importance  of  specific  variables  within  a  particular  cate- 
gory*   Thus,  the  development  of  a  canplete  linear  regression  model 
may  not  be  a  valuable  undertaking* 

Another  concern  with  the  linear  regression  model  xs  the  lack 
of  independence  of  the  variables  that  have  been  investigated* 
Althoi^h  some  ^riables  are  independent  of  each  other  In  terms 
of  the  method  used  to  quantify  them,  they  are  pf ten  not*  independent 
conceptually.    For  example,  the  length  variable  is  clearly  related 
to  a  number  of  variables  which  also  are  quantified  by  elemental 
counts.    It  is  also  very  probably  correlated  with  such  ncn-syntax 
variables  as  the  number  of  givens  and  the  number  of  steps  to  solu- 
tion*   The  significance  in  the  regression  equation  of  the  length 
variable  alone  does  not  convey  a  great  deal  of  information  in 
helping  to  understand  the  problemrsolving  process  or  contributing 
to  the  development  of  a  model  of  problem-solving  behavior*  The 
important  question  here  is,  "I^hat  particular  aspects  of  problem 
length  ma?ce  it  important  in  the  problem-solvit^  process?**  Ques- 
tions of  this  nature  have  not,  as  yet,  been  addressed  in  linear 
regression  st:udies*     It  is  important  to  create  problem  sets  in^ 
which  particular  syntax  variables  are  intentionally  held  constant 
and  others  intentionally  varied,  in  order  to  approach  such  questions. 
It  is  also  important  to  note  that  the  linear  regression  model  makes 
no  provision  for  interactions  among  the  variables*    These  can  be 
incorporated  only  by  defining  new  task  variables  as  (non-linear) 
functions  of  previously  defined  variables,*^  and  then  carrying  out 
a  new  linear  regression. 
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Thft        of  the  jrtgrttMioa  mod«l  ««  aqI  iadicftto)!^ of  ibm  r^lativft 

Importance  of  specific  variables  could  also  hm  improved,  j.  Xnvestiga*-* 
tions  using  comparable  populations  would  tie  helpful  in  refining  the 
regression  coefficients  to  form  a  mddel  tnat  is  acceptable  for  a 
particular  population.    More  comprehensive  studies  acrosf  grade 
levels  could  help  to  establish  which  variables  are  the  i^Bt  impor- 
tant for  e^ch  level  of  student  develops^nt.    This  informiition  would 
be  moat  useful  in  designing  instructional  material.    The!  uiie  of 
similai^  probl^  sets  by  diffc^rent.  researchers  would  p^rmjlt  greater 
replicabi^lity  of  findings « 

Additional  applications  of  the  lineair  regression!  model  itself 
odght  include  the  use  of  d if  fer en t  d^p^nian^  variableS^  (such  as 
latency  of  response)  and  the  proportion  of  the  use  ofj  a^correct 
method^  in  addition  to  the  proportioti  of  correct  ansWers.  ''Differ* 
ent  criteria  for  establishing  the  importance  of  each  variable  should 
also  be  examined*  such  as  the  si^eiof  the  regression j coefficient, 
the  size  of  the  partial  correlation  coefficient,  the j order  of  entry 
into  the  regression  ec^ation,  the  contribution  to  th^  total  vari- 
ance in  the  proportion  correct »  and  size  of  the  drop  in  'caused 
by  removing  the  variable  from  th^  regression  equatio^. 

To  sumnarizey  the  linear  regression  model  is  valuable  ^or 
identifying  task  variables  aesoaiated  with  problem  difficulty, 
but  yields  little  information  on  how  the  variable  in  question 
affects  the  difficulty  of  the  problem. 


Syntax  Variables  and  Instigation 


It  seems  reasonable  to  expect  that  instruction  designed  to 
help  children  with  syntax  and  semantics  could  reduce  the  diffi- 
culty of  many  problems.    Research  on  this  hypothesis  has  been 
conducted  for  many  years.    A  number  of  studies  shoved  that 
instruction  in  the  interpretation  of  specific  mathematical  terms 
produced  significant  gains  in  problem-solving  ability  (Dresher, 
1934;  Johnson,  1944).,   Fewer  studies  have  been  directly  concerned 
with  instruction  in  ssmtax.    In  one  study.  Sax  and  Ottina  (1958) 
demonstrated  that  specific  instruction  in  syntax  resulted  in 
improvement  in  mathematics  achievement  for  seventh-  graders  who 
had  no  previous  training  in  mathematics  in  their  earlier  school- 
ing. 

At  this  point,  it  should  be  emphasize  that  any  discussion 
of  training  in  syntax  must  include  a  discussion  of  reading  instruc- 
tion, for  it  is  clear  that  the  ability  to  understand  the  meanings 
qf  words  and  the  syntax  of  written  statements  is  essential  in 
learning  to  read  all  types  of  material  (Aiken,  1972).  However, 
as  Henney  (1971)  notes,  students  often  find  reading  mathematics 
to  be  different  and,  in  general,  more  difficult  than  reading 
other  materials.    Spencer  and  Russell  (1960)  have  pointed  out 
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that  sttxdents  ^Ei>erieace  difficulty  in- rutting  «ritlm«tie  Mterial 
because:    (1)  the  names  of  cettsjLn  oaterials  are  confusing;  (2) 
number  languages  which  are  patterned  diff-erently  from  the  decimal 
system  are  used;  (3)  the  laxiguage  of  express^  fractions  and  ratios 
is  complicated;  <4)  charts  and  other  diagrams  are  frequently  con- 
fusing; and  (5)  the  reading  of  computational  proceduras  requires 
specialised  skills. 

The  question  of  ^whether  reading  instructi$?:i,  particularly 
reading  instruction  in  mathematics,  can  have  a  positive  effect 
on  the  ability  to  understand  mathematics  and  mathematics  prob- 
lems  has  only  recently  bee^  investigated.  ^Perhaps  due  to  emphasis 
in  the  modern  mathematics  programs  of  the  early  1960s  on  increased 
use  of  symboliffin  and  verbal, explanations,  a  number  of  studies  were 
conducted  to  determine  the  ^f  ectiveiwss  .of  reading  instruction  on 
mathematical  achievement  and\probl^  solving.    Gilmary  (1967) 
found  that  elementary  school  \children  in  an  experimental  group 
who  received  Instruction  in  bi?th  reading  and  arithmetic  gained 
one-third  of  a  grade  more  on  the  Metropolitan  Achievement  Test- 
Arithmetic  than  did  a  control  group  which  received  instruction 
in  arithmetic  only.    The  results  were  even  more  pronouncad,  favor- 
ing the  experimental  group,  when  differences  in  I.Q.  were  controlled 
statistically. 

* 

Howeve^,  in  a  later  study^  Henney  (1969)  tested  the  effects 
of  18  lessons  on  readit^  verbal  problems  with  179  fourth-grade 
students.    Approximately  half  of  this  group  receive  the  lessons 
over  a  nine-week  period.    During  the  same  time  period  on  alter- 
nate days,  the  other  half  of  the  students  studied  and  solved 
verbal  problems  in  any  way  that  they  chose,  under  the  supervision 
of  the  same  teacher.    The  results  showed  significant  gains  for 
both  groups  over  the  nine-week  period,  but  ru)  significant  differ- 
ences were  found  between  the  groups  on  the  post test. 

A  few  recent  studies  have  examined  specific  instructional 
techniques.    Earp  (1969)  noted  that  verbal  problems  which  have 
a  high  conceptual  density  factor  include  three  types  of  symbolic 
meanings— verbal,  numerical,  and  literal—within  a  single  problem 
task.    He  maintains  that  three  kinds  of  reading  odjustmentQ  are 
required  (that  is,  adjustments  from  the  reading  pattern  used  in 
ordinary  English  prose):     (1)  adjustment  to  a  slower  rate  than 
with  narrative  materials;  (2)  varied  eye  movements,  including 
some  regressions;  and  (3)  reading  with  an  attitude  of  aggressive- 
ness and  thoroughness. 

A  number  of  suggestions  for  helping  students  read  word  prob- 
lems have  emerged  from  the  literature.  Earp  (1970),  for  example, 
has  suggested  five  steps  in  reading  verbal  problems; 

(1)  Read  first  to  visualize  the  overall  situation. 

(2)  Read  again  to  get  the  speaifia  facts. 
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i  (3)   Note  difficult  ifocahiZwfy  mod  eoae«ptSt 

(4)  Reread  to  help  plan  the  solution. 

(5)  Reread  the  probles-to  cheok  the  procedure  and  solution* 

The  effectiveness  of  the  use  of  the  above  five  steps  was  tested  In 
the  study  by  Barnett  (1974)  described  in  the  previous  section. 

Several  other  att^pts  have  been  made  to  design  instructional 
procedures  to  help  children  read  mathematics  materials.  Taschov 
(1969)  suggests  a  remedial-preventive  program  in  reading  mathexoa- 
tics.    Students  are  first  given  a  Group  Informal  Reading  Inventory 
to  determine  which  students  have  difficulty  with  mathematical 
reading.    In  the  second  phase t  a  five-step  program  called  the 
Directed  Reading  Activity  in  Algebra  is  giv^  to  each  child.  The 
five-stei)  DRA  consists  of:    (1)  readiness,  (2)  guided  silent  read- 
ing»  (3^)  questions,  (4)  oral  reading  when  needed,  and  (5)  applica- 
tion. /While  this  program  does  not  provide  instruction  in  specific 
syntax  variables,  the  exposure  and  practice  with  reading  mathematics 
materials  can  help  students  learn  to  cope  with  the  more  difficult 
s5mtax  structure  found  in  verbal  problems. 

Another  program  offers  more  specific  instruction  in  process- 
ing S3mtsctic  structure.    Dahmus  (1970)  suggests  a  "direct-pure- 
piecemeal-complete"  (DPPC)  approach  to  solving  verbal  problems. 
In  this  method,  the  student  is  encouraged  to  translate  the  data 
presented  in  the  problem  into  mathematical  sentences,  by  concen- 
trating on  a  few  words  at  a  time.    He  or  she  gradually  learns  to 
put  together  the  "piecemeal"  mathematical  statements  into  equations, 
and,  finally,  into  systems  of  equations.    It  is  clear  that  the 
ability  to  translate  data  in  problem  statements  Into  mathematical 
symbols  is  one  of  the  most  important  aspects  of  general  problem- 
solving  ability.     It  seems  that  it  is  also  one  of  the  mdst  diffi- 
cult abilities  to  cultivate.    Several  procedures  similar  to  the 
one  above  have  been  suggested,  but  it  is  not  yet  clear  that  any 
of  these  procedures  are  effective  across  a  variety  ^f  student, 
populations  and  problem  types. 

In  conclusion,  two  points  should  be  noted.    First,  the  ability 
to  process  English  syntax  is  crucial  to  reading  ability.  The 
studies  discussed  above  suggest  that  instruction  in  syntax  results  ^ 
in  improved  reading  comprehension.    Secondly,  the  ability  to  read 
and  the  ability  to  engage  successfully  in  mathematical  problem 
solving  are  directly  related*    As  Aiken  notes, 

,  .  .  .  instruction  in  reading  in  general  or  the  reading 
of  mathematics  in  particular  improves  performance  in 
the  latter  subject.    It  seems  reasonable  that  attempt- 
ing to  cultivate  the  skill  of  reading  carefully  and 
analytically  in  order  to  note  details  and  understand 
meanings,  thinking  about  what  one  is  reading,  and 


si 

tramilatixis  what  is  read  into  spacimi  aynOiols  liould  inprove 
{Hfitformance^  on  many  typmf  of  mathaBUitlcal  probXaaa*  (Aiken, 
1972,       18)  ' 

What  la  not  clear  at  this  point  la  the  relative  Imporumce  of  the 
various  syntax  variables  to  the  design  of  Instructional  material. 
It  Is  hop^  that  future  research  vlll  address  this  question  through 
coordinated  Investigations  to  vary  systematically  Individual  syntax 
variables  In  a  variety  of  verbal  problem  settings. 

2*    The  Classification  and  Definition 

of  Syntax  Variables? 
A  Verbal  Information  Processli^  Model 

<  ■  i 

In  the  previous  section,  a  number  of  Investigations  of  the  role 
of  syntax  variables  In  verbal  problem  solving  have  been  considered. 
It  may  now  be  productive  to  examine  in  tiore  detail  how  syntax  para- 
meters are  Incorporated  Into  the  hierarchy  of  task  variables  intro- 
duced in  Chapter  I  (Figure  1.1).    The  purpose  of  that  hierarchy  is 
to  suggest  the  relationship  between  Polya*s  stages  of  problem  solv- 
ing and  the  types  of  task  variables, and  between  the  types  of  task 
variables  and  the  levels  of  task  analysis.    Here  we  shall  consider 
syntax  variables  with  respect  to  the  detailed  sequence  of  processes 
used  by  the  problem  solver. 

Figure  2,1'proposes  a  verbal  information  processing  model  on 
which  the  present  section  is  based.    The  model  magnifies  a  portion 
of  Figure  1.1,  expanding  the  "understanding  the  problen"  stage  des- 
cribed by  Polya.    We  shall  then  redefine  the  more  significant  syntax 
variables  discussed  in  the  literature  and  examine  them  in  relation 
to  the  proposed  model. 

When  the  problem  solver  is  confronted  with  a  problem  statacnent, 
he  or  she  enters  a  translation  or  verbal  pvooesaing  stage,  which  can 
be  thought  of  as  divided  into  two  parts.    During  the  deaoding  sub- 
stage,  the  problem  solver  interprets  the  problem  statement.  This 
is  followed  by  an  encoding  substage,  where  the  data  contained  in 
the  problem  statement  are  transformed  into  a  usable  form  (for 
example,  mathematical  sentences)  that  assists  with  the  problem 
solution.    This  process  of  decoding  and  encoding  enables  the  prob- 
lem solver  to  translate  the  original  words,  phrases,  numerals,  and 
symbols  into  meaningful  expressions,  before  proceeding  to  the  com- 
putational stage  of  problem  solving. 

It  is  in  the  decoding  substage  that  the  problem  solver  must 
process  syntactic  and  semantic  information;  thus,  syntax  variables 
are  expected  to  affect  the  verbal  problem-solving  process  at  the 
surface  level,  during  the  decoding  substage.    We  suggest  that  this 
substage  may  be  usefully  thought  of  as  composed  of  three  separate 
processes  which  interact  with  each  other  as  the  problem  solver 
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Figure  2.1   Problmn  Synt^  and  Information  Prootssing 
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rcads  through  the  problaa  ttAtdBtnt:    recall  fron  long-^Uim  mmor^y, 
storage  in  and  recall  from  ahort-tepm  mmoTy^  and  veoTganiaation 
o£  Information. 

♦ 

As  each  w>rd  or  phrase  in  Che  problem  statement  is  encounter^, 
the  problem  solver  imist  recall  and  ccmpreheiu)  its  meaning  in  its 
grammatical  context t  drawing  on  long-term  memory.    Complicated  or 
unfamiliar  grammatical  structures  may  make  this  recall  and  compre- 
hension more  difficult.    Lengthy  problems  contain  more  words »  more 
grammatical  structures^  and  often  quantitatively  more  information, 
necessitating  greater  use  of  recall  and  comprehension  from  long-* 
term  m^ory.    The  formats  of  symbols  or  numerals  which  are  tmusual 
or  unfamiliar  may  cause  momentary  pauses  in  language  processing » 
pending  recognition  (access  to  long-term  monory)  or  conversion  to 
more  familiar  formats* 

Concomitantly  with  recall  and  comprehension,  the  problem 
solver  may  store  selected  items  of  information  in  short-term  memory 
for  future  use.    It  should  be  noted  here  that  for  the  purpose  of 
examining  task  variables,  the  term  "short-term  memory"  refers  to 
storage  of  information  contained  in  the  problem  statement  at  hand, 
while  "long-term  memory"  refers  xo  knowledge  possessed  prior  to 
encountering  the  given  probl^.    The  usage  of  these  terms  is  there- 
fore slightly  different  frOTi  that  found  in  the  psychological  liter- 
ature. 

As  the  problem  solver  reads  the  problem  statement,  information 
may  be  stored  in  a  variety  of  ways,  as  illustrated  in  the  following 
example: 

2.Z   Mb.  Fuller  drives  due  north  for  100  kilometers, 
and  then  due  east' for  SS8  kilcmeters  to  Intern- 
national  Airport.    She  then  takes  a  plane  whiah 
flies  in  a  straight  line  book  to  Hbt  home  where 
she  started  her  trip*    How  many  miles  did  the 
plane  fly  (with  respect  to  the  ground)  between 
International  Airport  and  Ms^  Fuller ^s  home? 

Reading  this  problem  will  elicit  information  from  long-term  memory, 
and  produce  a  number  of  mental  images  which  are  stored  in  short- 
term  memory »    These  images  may  be  augmented  as  more  Information 
is  processed.    For  some  problem  solvers,  "due  north         and  then 
due  east"  may  produce  an  image  of  a  right  triangle.    The  numbers 
"100"  and  "358"  may  be  stored  as  numerals,  or  even  added  to  the 
triangle  image  as  labels.    Mathematical  terms  such  as  "kilometers" 
may  also  be  stored  in  short-term  memory,  along  with  the  relation- 
ships between  items  of  data  and  quantifiers.    For  other  problem 
solvers,  the  words  "due  north        and  then  due  east"  may  suggest 
a  perpendicular  relationship  of  two  vectorc,  without  generating 
the  clear  mental  image  of  a  triangle.    This  relationship  may  or 
may  not  trigger  the  recall  of  the  Pythagorean  Theorem  from  long- 
term  memory.    Lr  is  also  possible  that  the  presence  of  the  numbers 
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lOC^*  and  ^358^  could  b«  not«d  i&  «hort-t«ni  u»mty^  but  tioc  eh* 
actual  mxrabers  thasselvas^ixi  this  situation^  the  problas  aolvar 
night  acan  tl»  problem  statesuint  again  to  pick  out  ^ha  mmbcira 
when  they  are  later  ne^iNl  in  a  oathematicaX  equation* 

Consider  a  second  example: 


2.4   Five  oak  trees  dropped  37^  S6m  108^  87 s  and  25 

aaome  resp^tively  on  Monday^  and  4S,  53^  68^  40^ 
and  38  aaome  reepeatively  on  Tuesday*    Based  on 
this  group  of  five  oak  trees^  what  is  the  average 
mmber  of  a<^ms  dropped  by  an  oak  tree  during 
this  Uia^day  period? 


In  this  problem  it  is  likely  that  many  problem  solvers  would  not 
actually  form  and  store  mental  images  of  the  action  specified  in 
the  problem  statement**^i.e. ,  acorns  being  dropped  by  oak  trees. 
Some  items  of  information  might  be  stored  directly,  such  as  the 
key  word  ^'average."    The  presence  of  numbers  such  as  "37,  56, 
might  be  noted,  without  their  actual  values  being  stored*  The 
term  "five"  might  be  stored  as  a  word,  or  more  ^ikely  as  the 
translated  numeral  "5*"    In  short,  it  is  clear  that  the  kinds 
of  information  which  are  stored  in  short-term  memory,  and  the 
form  of  the  information  stored,  will  vary  widely  from  individual 
to  individual. 

Again,  some  generalizations  about  th\^  effects  of  syntax 
variables  can  be  made.    Lengthy  problems  which  contain  many  items 
of  information  may  place  considerable  demand  on  short-term  memory 
The  problem  solver  may  have  difficulty  keeping  track  of  all  the 
data  or  deciding  which  items  will  be  needed  and  should  be  stored, 
Grassiatical  structure  variables,  such  as  the  number  of  pronouns, 
may  place  additional  demands  on  short-term  m^ory,  since  the 
problem  solver  must  remember  to  which  noun  each  pronoun  refers. 

Finally,  in  many  problms  the  data  may  be  presented  in  a 
sequence  which  requires  reorganization  as  the  information  is 
stored,  into  more  usable  or  recognizable  forms.    The  position 
of  the  question  sentence  may  influence  how  the  given  information 
is  initially  stored  in  short-te^fe  memory,  hnd  whether  or  not 
subsequent  reorganization  takes  place.    Thus  the  model  in  Figure 
2.1  includes  "reorganization"  processes  as  a  third  and  crucial 
component  in  the  decoding  substage.    The  reorganization  process 
may  take  place  before  the  data  are  stored  in  short-term  manory 
or,  as  more  information  is  accumulated,  whenever  it  becomes 
useful  to  rearrange  the  information  in  short-term  memory. 
Reorganization,  as  well  as  recall-comprehension  and  storage,  is 
not  necessarily  a  conscious,  willful  action  on  the  part  of  the 
problem  solver;  it  may  take  place  in  a  rapid,  nearly  automatic 
fashion. 
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A£tftr  Ittttrpcfttiiig  and  4«codiog  the  probXw  st«t«i«nt,  the 
problem  solver  may  begin  «  structural  analysis  of  the  task,  attempt- 
ing to  encode  the  relevant  data  into  a  representation  suitable  for 
solution  by  algorittmic  procedures.    During  or  after  this  encoding 
substage,  the  problem  solver  may  discover  a  contradiction,  error, 
or  difficulty;  or  insufficient  information  may  prevent  the  comple- 
tion of  the  encoding  process.    Any  of  these  happenatances  may 
necessitate  a  return  to  the  decoding  substage,  where  thm  problem 
solver  will  reread  and  reprocess  the  problem  statiuaent  to  correct 
any  discrepancies,  reorganize  away  any  difficulties,  and  store 
additional  needed  information.  ' 

Thus  the  verbal  processing  stage  is  characterized  by  dynamic 
mental  activity,  involving  a  great  deal  of  movssent  between  the 
decoding  and  encoding  subs cages.    Within  the  decoding  substage, 
there  is  similarly  considerable  movement  among  recall-comprehension, 
reorganization,  and  short-term  memory.    These  three  processea  occur 
dxcpivg  the  act  of  reading  the  problem  statement,  not  necessarily  in- 
any  particular  order  after  the  entire  statement  has  been  read. 

During  the  decoding  substage,  syntax  variables  influence  the 
amount  and  complexity  of  the  processing  that  is  required.    It  is 
clear  that  content  and  context  variables,  discussed  in  Chapter  III, 
will  influence  this  substage  as  well.    For  example,  familiarity 
with  the  meanings  of  mathematical  terms  facilitates  recall- 
comprehension  txcm  long-term  memory,  as  well  as  storage  in  and 
access  to  short-term  memory. 

The  following  problems  illustrate  certain  qualitative  aspects 
of  the  verbal  information  processing  model. 

2.  S    If  the  hypotenuse  of  an  isosoelea  right  triangle 
ia  26  m,  what  is  the  sum  of  the  lengths  of  the 
two  legs? 


In  Problem  2.5,  interpretations  of  the  mathematical  terms 
"hypotenuse,"  "isosceles."  "right,"  "triangle,"  "cm,"  and  "legs" 
may  be  recalled  from  long-term  memory,  and  reorganized  to  form  a 
mental  image  of  the  overall  situation.    Alternatively,  some  of 
these  terms  may  trigger  the  recall  f rtan  long-term  memory  of  the 
Pythagorean  Theorem.    Many  of  these  terms,  and  others  such  as 
"16"  and  "sum,"  may  be  stored  in  short-term  memory  and  used  later 
in  the  encoding  stage.    Since  the  problem  cannot  be  solved  directly 
from  the  Pythagorean  formula  by  treating  the  hypotenuse  as  the 
unknown  variable,  some  reorganization  of  the  data  will  eventually 
be  necessary.    In  this  problem,  mathematical  aontent  variables 
(mathematical  topic,  key  words,  and  mathematical  vocabulary) 
directly  and  Importantly  affect  the  decoding  substage.  With 
respect  to  syntax  variables,  the  problem  length  is  comparatively 
short,  and  the  major  complexity  of  grammatical  structure  is  the 
nesting  of  the  prepositional  phrases  in  the  question  sentence. 
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2.e  B«th  UvsB  on  th«  aotmop  of  a  aquopM  oity  blockM  and 
her  /Wend  Nanoif  Uvea  on  an  adjacent  eomev  of  ttw 
same  block.    Nanoy^s  fHand  Sue  lives  on  the  other 
oomer  adjaeent  to  Nanay.    The  l^th  of  the  diagonal 
fpom  Beth^s  house  to  Sue^a  house  is  280  meteps.  How 
far  does  Beth  hsxoe  to  walk  to  Sue'^s  house  if  she  muat 
atop  to  pick  up  Nanoy  on  her  way?  T 

Although  Problem  2. 6  requires  the  same  oatheoatlcal  procedures 
as  Problem  2.5,  its  syutasc  is  more  complex.    The  very  first  indepen- 
dent clause  contains  nested  prepositional  phrases.    >fany  of  the 
words  which  must  b£  recalled  from  long-term  memory  are  relational 
terms ^(duch  as  "adjacent") «  which  must  be  interpreted  in  their 
proper  syntactic  context.    This  problon  also  contains  several, action 
verbs  which  must  be  processed  and  stored  for  use  during  the  encoding 
stage.    The  pronouns  "she"  osid  "her"  may  cause  mc^    tary  pauses 
while  the  problem  solver  looks  back  or  recalls  I  jrt-term 
meaory  the  nouns  which  they  modify.    Some  of  tht  .  .nnical  maphe-  ^ 
matical  vocabulary  is  absent,  which  might  for  this  problem  delay 
the  needed  access  to  the  Pythagorean  Theorem  in  long-term  memory. 

Problem  2. 7  represents  one  version  of  a  well-known  non-routine 
problem*    Its  structure  will  be  examined  in  more  detail  in  Chapter 
IV. 


2. 7  Three  missionaries  and  three  cannibals  are  pn  one 
bank  of  a  riv^^  with  a  rowboat  that  wilt  hold  at 
most  two  people.  How  can  they  cross  to  the  other 
side  of  the  river^  in  such  a  manner  that  mission- 
aries are  never  outnumbered  by  cannibals  on  either 
riverbank? 


Again  in  this  problem,  interpretations  of  terms  such  as  "mission- 
aries," "cannibals,"  "rowboat,"  "outnumbered,"  etc.,  may  be 
recalled  from  long-term  memory •    Although  the  problem  can  be 
solved  without  actually  understanding  the  meanings  of  the  words 
"missionaries"  or  "cannibals,"  knowledge  of  these  terms  may  per- 
mit more  effective  storage  of  the  rule  that  cannibals  must  never 
outntmiber  missionaries*    This  rule  must  be  held  in  short-term 
memory,  and  probably  accessed  several  times  during  the  course  of 
problem  solving* 

Figure  2.1  proposes  a  rather  naive,  idealized  version  of  the 
process  of  decoding  the  probl^  statement,  which  we  have  examined 
partially  and  qualitatively  for  a  few  problems.    In  the  remainder 
of  this  section  we  shall  discuss  in  detail  five  categories  of 
syntax  variables  which  have  been  studied  in  the  literature  in 
the  previous  section,  and  attempt  to  understand  using  the  model 
Iww  they  are  most  likely  to  affect  problem  difficulty.    In  some 


cftSMt  this  will  guide  us  towards  prs€«rr«d  dttfinltions  or  suggssttd 

redefinitiptia  o£  the  variables  for  purposes  of  research. 

L^l^  Variables 

Table  2«2  contains  a  list  of  18  variables  of  length  which  have 
been  investigated  in  the  literature.    Let  us  discuss  these  variables 
with  respect  to  the  decoding  processes  in  Figure  2.1, 

r  Lengthy  problems  usually  contain  more  items  of  information  and 
more  information  not  directly  related  to  the  problem  solution.  As 
the  problem  len^h  increases »  greater  stress  may  be  placed  on  short^ 
term  memory*  ^If  the  problem  solver  is  not  able  to  hold  all  of  the  ^ 
information  in  an  accessible  form  in  short*-term  memoryt  repeat^ 
processing  of  the  problem  statement  may  be  necessaryt  or  additional 
reorganization  may  be  required  simply  for  the  purpose  of  retaining 
the  information.    The  effort  to  try  to  "hold"  all  of  the  present 
information  may  result  in  a  loss  of  direction^  or  foster  a  feeling 
of  confusion  or  frustration. 

Problem  length  hfs  been  studied  by  means  of  the  number  of  words » 
phrases »  or  sentences  in  the  problem  statement,  as  well  as  by  means, 
of  the  number  of  characters  or  letters  and  the  number  of  syllables. 
It  seems  apparent  that  the  number  of  character «  letters,  or  sylla- 
bles ought  not  to  affect  directly  the  stress  on  short*term  mmory, 
since  words  and  phrases  are  usually  remembered  without  the  separate 
and  distinct  processing  of  each  individual  character  or  syllable. 
Thus  the  variables  LETTRS,  CHRCTR,  and  SYLBLS  probably  do  not 
directly  describe  stress  on  short-^term  memory.    Similarly,  it  is 
extremely  rare  for  units  as  small  as  individual  characters  or 
symbols  to  be  reorganized  during  the  course  of  ptoblem  solving, 
or  individually  to  evoke  recall  from  long-'term  memory  and  compre- 
hension.   Thus,  the  verbal  processing  model  suggests  that  these 
variables  are  igappropriate  for  the  prediction  of  problem  diffi- 
culty, being  associated  with  it  only  by  virtue  of  their  correlation 
with  other  length  variables. 

The  variables  WORDS,  LENGTH,  WRDNUM,  WRDGTS,  and  WRDSYM  are  all 
versions  of  word  counts,  with  various  combinations  of  symbols, 
digits,  and  numerals  added  for  completeness.    Length  variables 
of  this  type  are  appropriate  for  the  prediction  of  problem  diffi- 
culty under  the  assumption  that  each  word  represents  a  syntactic 
and  semantic  processing  unit  which  can  be  stored  in  short*term 
memory  or  evoke  recall  from  long-term  memory.    It  is  evident  that 
this  assumption  is  a  kind  of  approximation,  for  in  many  cases  it 
is  a  phrase  which  functions  as  a  unit  in  this  sense  (the  variable 
WORDS  takes  this  into  account  to  the  extent  of  assigninj^  a  count 
of  "1"  to  a  group  of  words  which  would  appear  in  the  dictionary  as 
a  single  entry).    From  the  standpoint  of  simtactic  and  semantic 
units  of  processing,  it  seems  most  appropriate  to  count  each  numeral 


6.B  " 


as  equivalent       a  single  word  (rather  than  to  count  each  digit  or 
to  "count  the  number  of  words  in  the  word  form  of  the  numeral)*  Stol^ 
larly  it  would  seem  m)st  appropriate  to  count  each  symbol  (such  as  $) 


Of  ten.  but  not  always,  a  problem  with  siany  sentences  is  more 
difficult  than  a  problem  with  only  one  or  two  sentences.  This 
variable  (SENT)  is  not  simply  another  way  of  rjunt^  words,  but 
is  based  on  the  assumption  that  each  sentence  con^4lns  at  least 
one  complete  idea,  action  sequence,  or  organizational  relation- 
ship.   Indeed,  the  problem  solver  may  treat  the  ends  of  whole 
sentences  as  natural  places  to  pause  (even  momi^tarily)  to  reflect 
on  what  has  been  read.    The  new  idea  may  then  be  reorganized  and 
integrated  with  other  ideas  €>^action  sequences  from  other  sen- 
tences, before  more  material  is  read*    Thus,  SENT  would  be  expected 
to  affect  problem  difficulty  principally  through  the  increased  load 
on  the  reorganization  of  information. 

However,  inversely  related  to  the  "number  of  sentences" 
variable  SENT  is  the  "average  sentence  length"  variable  SENTLN. 
If,  indeed,  sentences  are  considered  to  be  the  appropriate  units 
for  reorganization  of  information,  it  is  reasonable  to  expect  that 
the  longer  the  unit,  the  more  items  of  information  it  may  contain, 
the  greater  the  load  on  short-term  memory  prior  to  reorganization, 
and  the  more  complex  the  reorganization  that  is  necessary.  Carry- 
ing this  idea  one  step  farther,  the  LCMXST  variable  is  defined  on 
the  assumption  that  a  t)roblem  may  be  as  difficult  as  its  longest  . 
srn>tence. 


the  variable  LGIJUITD  is  the  length  variable  that  reflects 
the  "distance"  between  the  first  and  last  numeral  in  the  problem 
statement.    The  rationale  for  this  definition  rests  op  the  assump- 
tion that  it  may  be  more  difficult  to  solve  a  problaa  when  the 
data  are  spread  far  apart,  since  in  this  situation  it  is  nore 
likely  that  the  problem  solver  will  lose  track  of  how  the  data 
fit  together.    This  definition  is  appealing  in  terms  of  the 
verbal  processing  model,  bee;  ^.s^  it  refers  directly  to  the 
reorganization  process  in  its  rationale. 

Finally,  the  average  word  length  variable  AVGWDt  is  intended 
to  be  indicative  of  overall  word  comprehension.    The  ability  to 
recycle  and  process  words  with  many  letters  develops  gradually 
as  the  child  matures;  thus,  this  variable  may  affect  problem 
difficulty,  particularly  for  young  children,  by  placing  greater 
strain  on  the  recall /comprehension  process.    For  older  children 
and  adults  the  effect  is  likely  to  be  much  less  pronounced, Lor 
in  some  cases  negligible. 


To  summarize,  the  verbal  processifig  HK^del  (Figure  2.1)  sui^gests 
the  following  hypotheses  with  respect  to  length  variables:  (a) 
variables  describing  the  number  of  words  and/or  symbols  affect 
problem  difficulty  due  to  the  Increased  load  on  short-term  memory; 


as  a  single  word. 
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(b)  variables  depcribing  average  vord  length  or  ^vocabulary  difficulty 
affect  problem  difficulty  due  to  the  increased  load  on  long«*tenn 
memory  and  comprehension;  (c) ^variables  describing  the  number  of 
sentences  and  the  degree  of  separation  of  data  within  the  problem 
affect  problem  difficulty  due  to  the  increased  load  on  the  reorgan- 
isation of  information;  while  (d)  variables  describing  the  number 
of  letters  or  characters  are  inappropriate ,  being  associated  with 
problem  difficulty  only  by  virtue  of  their  correlation  with  the 
length  variables • 

Gpcffmatiaal  Stniatupe  Vca'iabtes 


Although  problem  length  i^s  been  showi  to  be  an  important  para- 
meter in  the  study  of  problem  difficulty,  length  variables  rre  the 
most  superficial  of  the  syntax  variables.    We  now  turn  our  attention 
to  syntax  variables  which  reflect  the  grammatical  complexity  of  prob- 
Ian  statements. 

Variables  describing  the  numbers  and  types  of  clauses  and  phrases 
are  included  in  Table  2.3.    In  terms  of  the  verbal  processii^  model » 
variables  such  as  the  number  of  main  clauses  (MAINCL),  the  number  of 
wbordinate  clauses  (SUBCL),  and  the  number  of  prepositional  phrases 
^PREPHR)  would  principally  affect  the  process  of  reorganization  of 
jjaformation.    Main  clauses^  containing  subject  and  verb,  represent 
the  main  idea  or  main  action  sequences  in  the  problem  statement. 
Subordinate  clauses  represent  ideas  which  are  secondary  in  a  gram- 
matical sense,  although  not  necessarily  in  a  mathasatical  sense* 
The  problem  solver  is  hypothesized  to  process  smaller  "units"  such 
as  words  into  short-^term  manory  and  reconstruct  larger  "units" 
through  ret    ^anization.    With  this  interpretation,  the  fact  that 
variables       a  as  MAINCL  and  SUBCL  do  not  enter  nearly  as  importantly 
as  LMGTH  (see  Table  2*4)  into  the  regression  equation  seems  to  imply 
that  the  increased  difficulty  of  longer  problem  statements  results 
from  greater  load  on  short-term  memory,  rather  than  from  greater  need 
for  the  reorganization  of  inf ormation*     It  should  also  be  noted  that 
an  increase  in  the  nisnber  of  clauses  may  be  associated  with  increased 
mathematical  complexity,  which  is  not  a  syntax  variable  but  will 
obviously  affect  problem  difficulty. 

The  following  two  problems,  at  two  different  levels  of  diffi- 
culty, illustrate  this  last  point. 

2,8    (  The  Ea$ter  Bunny  hid  10  dozen  eggs  )  but  (  the 
ahildren  could  only  find  20  of  thm.  )    (How  many 
egg$  were  left?  ). 

2^9    (  Larry  Bonearushen  weighed  420  pounds^  )    (He  ate 

IS  pounds  of  ahoaolates.  )    If  ((  he  gained  8  pounds,  )) 
(by  what  percent  did  he  inarease  hia  body  weight?  ) 


tn  the  above  examples ^  single  parentheses  indicate  oain  clauses* 
double  parentheses  indicate  subordinate  clauses »  aa4  prepositional 
phrases  are  underlined.    The  counts  for  these  two  priSblems  are 
shown  below. 

Variable  Problem  2.8       Problem  2.9 


3 

3 

SUBCL 

0 

1 

(number  of  words  in 
the  main  clauses) 

20 

22 

SUBLEN 

(number  of  words  in 
sub.  clauses) 

0 

4 

CLAUSE 

(total  number  of  clauses) 

3 

4 

PREPHR 

1 

The  variable  counts  above  can  also  be  used  to  generate  other 
variables,  particularly  those  involving  ratios.    For  example,  AVGCLS 
(average  main  clause  length)  can  be  computed  by  taking  the  ratio  of 
WDMAIN  to  MAINCL;  i^e.,  AVGCLS  »  20/3  -  7  for  Problem  2.8  and  22/3  - 
7  for  Problem  2.9. 

While  the  values  of  the  variables  for  Problem  2.9  are  higher 
than  for  Problem  2.5,  the  greater  difficulty  of  Problem  2.9  can  be 
accounted  for  without  reference  to  these  variables.    For  example, 
Problem  2.  9  contains  irrelevant  numerical,  information  and  utilizes 
the  concept  of  percent,  while  Problem  2.8  does  not J 

Parts  of  speech  variables  ate  also  defined  in  Table  2.3.  As 
the  problem  solver  reads  through  the  problem  statement,  the  mean- 
ings of  nouns  and  verbs  must  be  recalled  from  long-term  memory, 
and  those  that  appear  important  in  reaching  a  solution  must  be 
retained  in  short-term  memory*    Adjectives  and  adverbs  may  provide 
the  context  to  help  the  problem  solver  decide  which  nouns  and  verbs 
are  Important;  however,  it  is  often  the  case  that  they  are  distrac- 
tors  which  do  not  supply  useful,  information,  but  merely  increase 
the  length  of  the  problem  an^  increase  its  complexity.  Consider 
the  following  two  problems:  / 

f 

2. 10  The  brown  horse  can  run  5  miles  per  hour  faster 
than  the  btaak  horse,  which  can  run  10  miles  per 
hour  faster  than  the  old  grey  mare.    If  the  old 
grey  mare  can  run  at  10  miles  per  kour,  haw  fast 
aan  the  brown  horse  run? 

2. 11  The  large,  green  spotted  dragon  ran  quickly  up  to 
the  aastle  and  demanded  that  the  fair  damsel  be 
given  to  him  to  eat.    Sir  Dull,  the  boring  Knight, 
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kilted  five  of  He  last  eleven  dxKigona^  whits  Sir 
Oseop  kitted  e^m^of  hie  last  IS  dragons.  Based 
on  his  record^  which  knight  has  the  greater  prob-^ 
ability  of  killing  the  Uxrge  ^re^  S^on? 

In  Problem  2.10,  the  adjectives  "brown,"  "black,"  and  "grey"  are 
necessary  to  distinguish  the  horses  frcm  each  other.    While  the  adjec** 
tive  "old"  is  not  necessary  it  does  help  to  reinforce  the  fact  that 
the  grey  mere  is  the  slowest.    The  adverb  "faster"  helps  describe  the 
action  of  the  problem  and  provides  an  item  of  information  essential 
to  the  problem's  structure.    Again  it  ±9  apparent  that  there  is  con- 
siderable interaction  among  the  task  variable  categories  of  syntax, 
context,:  j^d  structure.'  In  Problem  2.21,  the  adjectives  and  adverbs 
"large,"  "green,*'  "spotted,"  "fair,"  "boring,"  and  "quickly"  provide 
no  usefil. information  and  place  greater  strain  on  stort-term  memory 
unnecessarily o    These  adjectives  and  adverbs  do  not  interact  with 
the  problem  structure.    They  may,  however,  serve  a  useful  purpose  ^ 
in  stimulating  the  probl«a  solver's  interest  in  the  problem  (see 
Chapter  III). 

In  view  of  the  two*  situations  illustrated  in  the  above. problems, 
it  is  difficult  even  to  decide  in  which  direction  the  correlation 
between  the  variables  ADVERBS  and  ADJECTIVES  and  probleiii  difficulty 
will  be.    Here  again,  we  find  the  major  llmitl&tions  of  the  linear 
regression  model. 

Segalla  (1973)  attempted  to  quantify  a  number  of  somewhat  sub- 
jective aspects  of  problea  statements.    To  measure  the  "richness" 
of  a  problem  statement,  he  hypothesized  that  a  high  NOUN  TO  ADJECTIVE 
RATIO  would  be  a  characteristic  of  more  difficult  problems,  since 
the  problem  statement  would  tend  to  be  barren  of  information.  How- 
ever, it  is  just  as  possible  that  a  problem  with  a  low  NOUN  TO 
ADJECTIVE  RATIO  would  contain  many  unnecessary  descriptors  which 
would  function  as  distractors,  making  the  problem  more  difficult. 
This  variable  therefore  seems  inappropriate  to  a  verbal  processing 
model.  \ 

A  particularly  interesting  variable  studied  by  Segalla  is  the 
PRONOUN  TO  NOUN^RATIO.    This  variable  is  a  measure  of  the  indirect- 
ness of  a  problem.     In  statements  which  contain  many  pronouns  but 
few  nouns,  it  is  difficult  to  remember  which  nouns  are  referred  to 
by  which  pronouns.    This  places  strain  on  sh<)rt-term  memory,  slowing 
down  verbal  processing  and  necessitating  rereading.    More  movement 
among  the  three  processes  in  Figure  2.1  may  be  necessary.  Problem 
2.2,  for  example,  has  a  high  "indirectness"  index,* 

Thus  far,  we  have  considered  syntax  v^riablea  that  describe 
only  the  surface  structure  of  sentences.    However,  Rudd ell  (1964) 
noted  that  variables  which  employ  element  counts,  such  as  the 
LENGTH  variable  or  any  of  the  "parts  of  speech"  variables,  have 
been  successful  in  accounting  for  only  26  to  51  percent  of  the 
variance  in  reading  comprehension  scores.    It  is  apparent  that 
a  syntax  variably  which  reflects  more  of  the  organizational 


cc^lctxlty  of  language  structure  might  account  for  a  algniflcant  portlcm 
of  the  variance  in  problem  difficulty.    In  1970 «  Loftua  deflo^a  such  a 
variable »  based  on  a  measure  df  "depth"  proposed  by  Yngve  (1960),  In 
the  Yngve  mc^el*  each  sentence  is  broken  dovn  into  its  constituent  parts 
by  a  binary  rewrite  rule.    In  the  resulting  "phrase  structure  tree  dia- 
gramt"  a  number  is  assigned  to  each  vord«  reflecting  the  level  of 
"exsbeddedness"  of  the  word  in  the  sentence,    Thes^  *^ngve  numbers"  -are 
determined  by  the  number  of  left  branches  leading  to  each  word  in  the ' 
sentence.    Figure  2,2  illustrates  the  ^^hrase  structure  tree  diagram"  ^ 
for  the  sentence  "The  best  students  are  always  very  punctual," 

Yngve  hypothesizes  that  this  concept  of  depth  Is  a  measure  of  the  * 
number  of  constituents  of  t[he  sentence  that  the  reader  mimt  keep  in 
short-^term  memory  when  considering  each  word.    In  this  particular 
example 9  the  reader  must  recall  that  "best"  preceded  the  noun 
"students"  and  the  verb  phrase  "are  always  very  punctual",  and  therefore 
it  receives^  depth  pf  "2".    However,  after  reading  the  word  "best"  the 
reader  will  usually  anticipate  a  noun  and  a  predicate  to  follow,  since 
this  is  a  familiar  pattern  in  English  language  structure.    The  depths 
of  the  words  "students"  and  "are"  are'  therefore  not  as  great  as  the 
depth  for  "best." 

The  validity  of  the  use  of  Yngve *s  measure  has  been  supported  in 
several  studies,  and  Yngve  himself  was  successful  in  applying  his  model 
to  algebraic  sentences.    However,  his  results  ^ere  not  nearly  as  valid 
when  applied  to  ordinary  sentences  in  English.    Rohrman  (1968)  and 
Ferfetti  (1969)  noted  difficulties  associated  with  coding  the  depth 
of  a  sentence,  and  the  results  of  their  investigations  do  not  support 
the  Yngve  hypothesis.    One  problem  is  that,  for  some  sentences; ,  more 
than  one  structure  tree  may  be^jossible,  resulting  in  a  different  mean 
depth  for  each.    Since  there  does  not  exist  an  explicit  set  of  rules 
for  determining  the  numbers  assigned  to  the  words  of  a  sentence,  the 
question  of  reliability  becomes  significant. 

Although  the  difficulties  cited  above  ii^ly  that  the  Yngve  measure 
of  de^th  may  be  of  questionable  value  in  recall  tasks,  Loftus  (1970) 
and  Segalla  (1973)  attempted  to  show  that  the  Yngve  hypothesis  may 
have  some  value  in  determining  the  relationship  of  syntax  structure 
to  word  problem  difficulty.    In  each  of  these  studies,  the  investi^ 
gators  overcame  the  problems  of  ambiguous  sentences  and  inter- 
experimenter  reliability  by  choosing  sentences  carefully  and  compart- 
ing their  "sentence  trees"  with  those  obtained  by  experts  in  psychos- 
linguistics.    In  each  case,  the  results  for  each  problem  correlated 
well  with  those  obtained  by  the  original  researchers. 

The  syntax  variable  DEPTH  can  be  defined  as  it  was  in  the  Loftus 
study  by  the  following  procedure:    (1)  compute  the  mean  of  the  Yngve 
numbers  for  each  sentence  in  the  problem;  and  (2)  the  highest  value 
of  this  set  of  Yngve  "means"  is  taken  as  a  measure  of  syntactic  com*- 
plexlty,  DEPTH,  of  the  problem.    The  procedure  for  computing  this 
variable  is  Illustrated  with  the  following  example.    The  reader  is 
invited  to  quantify  the  DEPTH  variable  for  this  problem  and  compare 
the  results  with  those  obtained  by  Loftus. 
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Figure  2.2    Ccmputation  of  Xngve  timbers 


The  best  students 


The 


The 
(2) 


The  best  gcudents  are  alvava  very  punctual. 

\ 

are  always  very  punctual 

/  ■.■„.i..„, 
1 1  \ 

alvays  vexy  punctual 

I  \  I 

away       very  punctual 


\ 

best  students  are 


/ 

best 

(2) 


students 


(1) 


are 

TlT 


(2) 


•  (1) 


(0) 


74 


2.12   Jim  has  40  bottles.    I^n  has  30  bottles^  They 

have  how  many  bottlas  togethex"?         '  ^ 

In  the  first  sentence,  the  Yngve  numbers  are  1,  1,  1,  0,  yielding  a 
mean  of  ,75.    The  third  sentence  is  characterized  by  the  Yngve  nisnbers 
1,  I9  3,  2,  I9  0,  with  a  mean  of  1.33.    The  number  1,33  Is  therefore 
taken  as  the  measure  of  DEPTH  for  th^s  problra. 

It  is  clear  from  this  procedure  that  the  definition  of  the  DEPTti 
variable  is  based  on  the  assumption  that  a  problem  is  as  complex  as 
its  most  complex  sentence.    This  notion  of  "embeddedness"  is  essen- 
tially based  on  short-term  meouDry,    It  would  seem,  however,  that  DEPTH 
represents  only  one  dimension  of  grammatical  complexity,  since  it  does 
not  reflect  the  types  of  wDrds  present  in  the  probl^  statement « 

Another  technique  for  representing  syntactic  complexity  has  been 
suggested  by  Botel,  Dawkins,  and  Granowski  (1973),    Their  formula  for 
computing  syntactic  complexity  is  based  on  a  theory  of  transforma- 
tional grammar  in  which  complex  sentences  are  considered  to  be 
derived  from  changing  and  combining  underlying  structures  such  as 
simple  sentences.    Like  the  Yngve  measure,  the  Bdtelt  Dawkins,  and 
Granowski  formula  yields  a  numerical  coefficient  for  each  sentence, 
but  the  latter  formula  is  more  reliable  and  inclusive.    Methods  for 
computing  the  syntactic  complexity  coefficient  and  implications  for 
researchers  are  discussed  in  detail  by  Goldin  and  Caldwell  in  Chapter 
VI.  .  ^ 

To  summarize,  thg  verbal  processing  model  stiggests  the  following 
hypotheses  with  respect  to  grammatical  structure  variables:  (a) 
variables  describing  the  number  of  clauses  and  prepositional  phrases 
affect  problem  difficulty  due  to  the  increased  load  on  the  reorgani- 
zation of  information;  (b)  the  effects  of  different  parts  of  speech 
depend  on  whether  the  information  is  essential  or  inessential  to  the 
problem  solution  and  thus  no  clear  effect  is  anticipated?  and  (c) 
variables  describing  syntactic  complexity  (e.g.,  DEPTH)  affect  prob- 
lem difficulty  due  to  the  increased  load  in  short-term  memory. 

Variables  Related  to  Numerals  and  hkithematiaal  Symbols 

It  is  obvious  that  in  mathematical  problem  solving  the  numbers 
and  symbols  contained  in  the  problem  statement  are  of  great  impor- 
tance, since  these  are  the  data  that  learners  must  manipulate  to 
reach  a  solution.    What  is  not  so  obvious  is  the  relationship,  if 
any,  of  the  syntax  of  the  numbers  and  symbols  to  problem  difficulty. 
A  step-wise  linear  regression  analysis  of  the  effects  of  the  form 
of  numbers  and  symbols  has  not  been  done  in  any  of  the  major  studies 
that  have  employed  this  technique. 

Syntax  variables  describing  the  number  of  digits,  numerals  and 
symbols  have  already  been  considered  as  components  of  various  length 
variables.    The  question  remains  as  to  which  form  of  these  variables 


7s 


4 


-60- 


is  likely  to  most  atfect  problem  difficulty  based  on  Figure  2,1. 
Most  problem  solvers  are  exposed  to  Qumbers  in  nimeral  form  much 
more  often  than  in  English  form.    In  the  encoding  stage  of  verbal 
processing,  numerals  (and  not  English  words)  are  placed  together 
in  mathematical  sentences.    It  would  seem  therefore  that  word  prob*- 
lems  which  contain  numbers  in  numeral  form  may  require  less  process- 
ing, and  are  more  readily  recognizable.    Numbers  in  word  form  must 
be  recalled  and  translated  into  numerals  before  they  can  be  used  in 
the  later  stages  of  the  problem-solving  process. 

The  relationship  of  symbol  form  to  probl^  difficulty  may  like- 
wise depend  on  the  extent  to  which  the  problem  solver  is  familiar 
with  the  symbols  used.    If  a  particular  symbol  is  n^  to  the  problem 
solver,  recall  of  its  meaning  may  take  longer  and  storage  in  short-* 
term  memory  may  be  slower  than  if  the  symbol  had  appeared  in  the 
problem  in  written  form.    In  actual  practice,  however,  the  symbols 
used  in  linear  regression  studies  (Buch  as  $  and  %}  have  been 
familiar  to  the  problem  solvers. 

Several  number  and  symbol  form  variables  can  be  defined  by  taking 
combinations  of  the  variables  in  Table  2.6  CTripp,  1972).    For  example, 
consider  the  following  problem: 

2.13   At  a  sales  three  children  received  a  20%  discount 
on  the  purchase  of  a  gift  far  their  teacher.  If 
tJw  gift  cost  the  chitS*en  S  dollars j  how  much 
was  its  original  price? 


The  word  "three"  is  a  number  that  appears  in  word  form,  so  the  count 
for  NURD  is  1,    "10"  and  "5"  are  numbers  that  appear  in  the  problem 
statement  in  numeral  form,  so  the  count  for  WORAL  is  2.    The  symbol 
"%"  was  used  in  the  problem  statement  to  replace  the  word  "percent," 
yielding  a  WOSBL  count  of  1.    Conversely,  "dollars"  is  a  word  in  the 
problem  statement  that  replaces  the  symbol  "$",  so  SYMRD  receives  a 
count  of  1. 

The  definitions  of  these  four  variables  Indicate  that  NUKD  and 
WORAL,  as  do  WOSBL  and  SYHRD,  measure  the  same  factors  but  in 
opposite  directions. 

To  summarize,  the  verbal  processing  model  suggests  that  variables 
describing  the  form  of  numerals  and  symbols  will  affect  problem  diffi- 
culty based  on  the  familiarity  of  the  form  to  the  problem  solver,  and 
the  similarity  of  the  form  to  the  form  required  for  a  mathematical 
equation. 
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Table  2,6   Variables  Dsa^'hing  Ntenb^r  and  Symbol  Poms 

1.  NURD:       A  count  of  1  for  each  number  in  word  forts 

which  must  be  used  to  solve  the  problem  or 
serving  as  a  distractor. 

2.  WORAL:      A  count  of  1  for  each  number  in  numeral  form. 

3.  W05BL;     A  count  of  1  for  each  word  in  symbolic  form 

4.  StHBDi      A  count  of  1  for  each  symbol  in  word  form. 
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Vaanablea  Deaaribing  the  Question  Sentence 

An  important  part  of  any  problem  statement  Is  the  sentence  or 
phrase  that  contains  the  question  to  be  answered.    If  the  problem 
solver  does  not  understand  the  question,  the  problem  will  be  mean- 
ingless.   Teachers  have  noted  that  students  often  find  the  correct 
answer  to  the  wrong  problem;  that  ist  their  calculations  are  correct 
but  their  answer  is  not  what  was  asked  for  in  the  problem  statement. 
Syntax  variables  describing  the  form,  length,  and  position  of  the 
question  sentence  or  phrase  have  been  defined  in  order  to  observe 
the  effects  on  problem  difficulty  of  variations  in  question  sentence. 
One  kind  of  variable  is  the  length  of  the  question  sentence.  From 
the  standpoint  of  the  verbal  processing  model,  there  is  no  obvious 
reason  to  treat  the  length  of  the  question  sentence  differently  from 
any  other  sentence  length, 

A  few  researchers  have  suggested  that  certain  types  of  problems 
may  be  more  difficult  if  the  question  sentence  contains  one  or  more 
numerals  than  if  no  numerals  are  present  in  that  sentence.    It  is 
possible  that  the  presence  of  numerals  would  distract  the  problem 
solver  from  identifying  the  goal  in  the  question  sentence,  encour- 
aging instead  the  immediate  processing  of  this  information. 

A  third  type  of  variable  in  this  category  relating  to  the  organ- 
isation of  information  is  that  of  sequence.    In  problems  which  con- 
tain several  sentences,  difficulty  may  be  influenced  by  whether  the 
question  sentence  appears  first  or  last  in  the  problem  statement. 
Similarly,  for  one-sentence  problems  the  question  may  be  asked  before 
or  after  the  data  are  presented.    It  is  not  clear  whether  the  question 
functions  as  an  advanced  organizer  when  presented  in  the  beginning  of 
a  problem.    If  it  does,  it  may  help  the  problem  solver  determine  the 
relevance  of  data  and  assist  in  storage  in  short-term  memory  and  in 
reorganization.    It  is  also  possible,  however,  that  the  ^'distance^* 
of  the  question  from  the  end  of  the  problem  may  cause  the  problem 
solver  to  lose  sight  of  the  exact  nature  of  the  task. 

The  previous  discussion  suggests  the  definitions  in  Table  2.7. 

The  reader  is  invited  to  consider  the  following  examples  with 
respect  to  QUKNL  and  QUESQ.    For  determining  QUNLC,  we  shall  consider  the 
entire  problem  as  the  question  sentence.    The  counts  for  the  above 
variables  will  change  if  the  variables  are  defined  with  respect  to 
the  "question  phrase"  rather  than  the  "question  sentence," 


2.14    How  many  more  dollars  will  John  need  if  a  bike  aoeta 
$50  and  he  has  already  saved  $35? 

2.25    John  has  $35.    He  wants  to  buy  a  bike  that  costs  $50. 
How  many  more  dollars  does  he  need? 
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Table  2.7   VariabZea  Desca'ibing  the  Queetion  Sentence 


1.  NUMQSs      A  count  o£  1  for  each  word  in  the  question 

sentence  (a  similar  variable  can  be  defined 
for  the  nyxaber  of  words  in  the  "question 
phrase**  for  single  sentence  problems. 

2.  QUEKL:      A  coxxat  of  1  if  the  question  sentence  (or 

phrase)  contains  a  numeral.    A  count  of  0 
otlffirvlse. 

QUNLC:      Another  variable,  QUNLC*  can  also  be  defined, 
with  a  count  of  1  for  each  numeral  in  the 
question  sentence. 

3.  QUESQ:      A  count  of  1  if  the  question  sentence  (or 

phrase)  appears  before  the  presentation  of 
the  data.    A  count  of  0  if  the  question 
sentence  (or  phrase)  appears  at  the  end  of 
the  problem  statement  (or  follows  the  pre- 
sententatloti  of  the  d^ta) . 
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2,26  If  a  blcsk  of  wood  is  3  inokes  long  by  7  inahes  wide 
by  S  inehea  thickM  what  is  its  staffaos  otmi  in  sqmre 
inches? 

2.17   In  how  many  yeasps  will  Mps,  Bt^own  be  S  times  as  old 
as  her  daughter?   Mrs*  Brown  was  20  on  her  daughter's 
second  birthday. 


Problem  QUENL  QUSLC  QUESQ 

2.14  1  2  1 

2.15  0  0  0 

2.16  1  3  0 
2,1?                        I  1  1 


To  siUBmarlze,  from  the  standpoint  of  verbal  processing  it  would 
be  escpected  that  NUKQS  should  have  no  particular  effect  that  has  not 
been  already  incorporated  under  length  variables,  and  the  QUENL  and 
QUESQ  may  affect  the  problem  difficulty  by  making  easier  or  more 
difficult  the  process  of  reorganization  of  information. 

Sequence  Variables 

The  sequencing  of  information  in  problem  statements  has  long 
been  knovn  to  contribute  to  problem  difficulty.    Problems  with  data 
presented  in  the  same  order  as  they  will  be  used  to  reach  a  solution 
tend  to  be  easier  than  those  in  which  the  data  are  out  of  order. 
Data  in  tiie  proper  order  facilitate  understanding  of  the  relation- 
ships in  the  problem  statement  and  allow  the  problem  solver  to  con- 
struct relational  mathematical  expressions  with  minimum  reorganiza- 
tion. 

In  recent  years,  a  number  of  researchers  have  used  some  form 
of  ORDER  variable  in  linear  regression  studies  (Loftus,  1970; 
Segalla,  1973;  Bamett,  1974).    This  variable  has  been  defined  both 
as  a  dichotomous  variable  and  as  a  whole-number-valued  variable, 
as  in  Table  2.8. 

Brennan  (1972)  has  suggested  a  different  version  of  an  ORDER 
variable.    The  ORDERS  variable  in  Table  2.8  reflects  the  position 
of  the  question  statement  with  respect  to  the  data  interval.  This 
variable  is  similar  to  question  sentence  variables  discussed  pre- 
viously. 

The  following  examples  illustrate  the  three  ORDER  variables. 

2.18    A  businesswoman  was  getting  23  miles  per  gallon  of 
gasoline.    Changing  her  epark  plugs  reduced  this  by 
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T^lc  2.8  Sequence  Vetriables 


ORDERl; 


0RDER2; 


0RDER3: 


A  count  of  0  is  given  i£  the  ntnabers  in  the 
statement  of  the  problem  appear  in  exactly 
the  same  order  as  they  are  needed  for  solving 
the  problem,  and  a  count  of  1  otherwise. 

The  minimum  number  of  permutations  required 
to  change  the  sequence  of  the  numbers  in  the 
statement  of  the  problem  to  the  sequence 
customarily  required  to  solve  the  problem* 

A  count  of  1  Is  given  if  the  data  Interval 
is  interrupted  by  the  statement  of  the 
question,    A  count  of  0  Is  given  if  the 
data  Interval  is  not  interrupted  by  the 
question  statement.     (The  data  interval  has 
its  end  points  on  the  first  and  last  numerals.) 
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20  percent,    HoueveTf  a  eco'buretop  tum^up  inoTnased 
that  by  S  percent.    What  was  her.  nm^s  mileiige? 

2,19  A  gxvaer  bought  1?  dozen  peara  for  $4,6S,    If  S  dozen" 
spoileda  at  what  price  per  dozen  must  he  sell  the 
remaining  pears  to  make  a  profit  equal  to  S/S  of  the 
total  eoet? 

Problem  ^  ORDERI  0BDER2  08DER3 

2.28  0  0  0 

2,25  1  2  1 

Note  that  in  Problem  2.19    the  nuo^ral  $A«65  must  be  i»ov6d  £rom  the 
second  position  of  the  four  it&sis  of  infomation  (17 «  $4«65t  3»  3/5) 
to  the  fourth  position »  since  it  is  used  last  in  the  problem.  There*^ 
fore  9  the  count  for  the  0RDEI12  variable  is  2< 

Order  Variables  are  not  exclusively  syntax  variables »  since 
they  involve  Qomparison  of  the  sequencing  of  information  in  the- 
problem  statement  with  the  ideal  sequence  from  the  standpoint  of 
mathematical  structure.    They  may  affect  the  reorganization  process 
in  the  decoding  stage t  but  their  effects  may  also  be  due  to  effects 
of  problem  structure  on  problem  solving,  thus  extending  beyond  the 
scope  of  the  translation  stage, 

3.    The  Effects  of  Syntax  on  Problem-Solving  Processes: 
Recommendations  for  Research 


The  effects  of  variation  of  problem  syntax  on  the  pToceBses  used 
by  probl^  solvers  haye  been  studied  very  little  (an  exception  is  the 
study  by  Hayes  and  Simon, ^975.  describing  effects  of  syntax  and  semantici 
on  the  representations  created  by  subjects) «    Given  two  problems  with 
the  same  mathematical  structure,  let  us  hypothesize  about  how  varia- 
tions within  each  of  the  categories  of  syntax  variables  might  affect 
problem^solving  processes.    In  a  previous  section,  the  role  of 
variables  of  length  was  discussed  with  respect  to  the  verbal  pro- 
cessing model.    The  point  was  made  that  lengthy  problems  can  place 
stress  on  short-term  memory  in  the  decoding  stage.    We  might  there- 
fore expect  problem  solvers  to  depend  less  on  short-term  memory  in 
lengthy  problems  than  in  short  problems*    It  seems  reasonable  to 
hypothesize  that  the  changes^ in  processes  used  might  include:    the  ; 
increased  use  of  paper-and-pencil  techniques  to  record  information; 
the  greater  use  of  diagrams,  tables,  and/or  graphs  to  help  organize 
the  data;  and,  perhaps,  the  increased  use  of  algebraic  labels  for 
unknown  quantities.    Reading  patterns  might  vary  following  an  initial 
reading  of  the  problem  statement  (such  as  a  greater  tendency  to 
reread  part  or  all  of  the  problem,  or  increased  skimming  of  the 
problem  statement  to  pick  up  individual  items  of  information) ,  It 
might  b^  particularly  interesting  to  investigate  the  effects  of  the 
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appeaxwwe  o.f  a  lengthy  problem  oa  the  proceaaea  uaed  to  aolve  it. 
That  la,  do  the  processes  uaed  to  aolve  «  lengthier  problem  change 
due  to  the  actually  greater  amount  of  language  proceaaing  neceaaary, 
or  doea  the  mere  appearance  of  a  long  problem  influence  how  the  prob* 
lem  aolvar  approachea  it? 

Varying  the  number  of  sentencea  (the  SENT  variable)  while  keeping 
the  content,  context,  and  mathecktica\  atructure  constant  might  alaoc 
produce  differences  in  the  proceaaea  uaed  to  aolve  yiovd  problema, 
aince  the  information  in  th^  proilem  atatement  would  be  contained 
in  different  size  organizational lunita.    For  example,  a  problem  with 
one  aentence  might  lead  the  problem  aolver  to  conatruct  a  single 
equation  incorporating  all  the^ relevant  data.    A  structurally  similar 
problem  with  several  sentences  (eWch  containing  an  action  sequence  or 
information  item)  might  lead  the  problem  solver  to  construct  several 
small  equations  or  mathematical  relationships  ^before  combining  them 
into  a  single,  all-encompassing  equation. 

Many  of  the  above  comments  on|  the  possible  relationship  of  varia- 
tions in  length  to  solution  processes  apply  to  grammatical  structure 
variables  as  well.    Faced  with  a  problem  having  complex  grammatical 
structure,  tl\e  problem  solver  is^j^kely  to  show  increased  use  of  the 
same  aids  to  short-term  memory  as  iki  the  case  of  lengthy  problems. 
However,  a  more  Interesting  questioK  to  ask  is  whether  there  is  a 
relationship  of  the  number  or  fprm  ^f  the  equations  developed  by  the 
problem  solver  tc  the  amount  of  action  ^as  measured  by,  say,  the 
VERBS  variable) ,  or  to  any  of  the  ot^er  grammatical  structure  varia- 
bles defined  in  Table  2.3.  \ 

The  point  was  made  earlier  that  Ithe  'position  of  the  question  in 
a  problem  task  may  influence  the  storage  of  data  in  short-term  memory. 
If  the  appearance  of  the  question  sentence  at  the  beginning  of  a  problem 
statement  acts  as  an  advanced  organizer,  this  may  be  reflected  in  the 
fom  of  mathematical  sentences  used  by  the  problem  salver.    Recent  develop 
mepts  in  instruments  of  protocol  analysis  could  be  of  great  value  in  de- 
termining the  relationship  of  the  position  of  the  question  to  the  form  of 
equation  and  method  of  solution  employed. 

Speculating  on  possible  changes  in  process  as  a  result  of  changes 
.  \n  number  and  symbol  formats  is  somewhat  difficult.    If  the  ""formats  of 
these  two  aspects  of  a  probl^  statemeno  are  unfamiliar  to  the  problem 
solver,  it  is  possible  that  he  or  she  wifl  write  information  expressed 
in  one  form  in  a  more  familiar  form.    Fct  example,  if  the  numbers  are 
presented  in  a  problem  task  in  English  fckm,  the  problem  aolver  may 
write  them  in  numeral  form  while  reading  through  the  problem  statement, 
as  an  aid  to  short-term  memory, 

^  ,       ■     I        .  \  \ 

Changes  in  the  sequence  of  data  are  likely  to  influence  the 
sequence  type  or  length  of  the  equations  develc^ed  by  the  problas 
solver.     Information  obtained  by  investigations  of  this  relationship 
may  lead  to  a  better  understanding  of  the  nature  pf  the  reorganization 
subatage  of  the  verbal  processing  phase.  \ 
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In  order  to  investigate  the  effects  of  syntax  on  problem^solving 
processes  as  suggested  in  this  section «  a  reliable  methbd  of  record-* 
ing  and  classifying  such  processes  is  evidently  needed*  Chapter 
VIII, B  of  this  book  may  be  an  important  step  in  developing  ^uch  a 
method . 


4«  Conclusions 

In  the  previous  discussion*  an  attempt  has  been  made  to  (1) 
establish  the  importance  of  syntax  variables  as  a  special  class  of 
task  variables  related  to  verbal  problem  solving  in  mathematics;  (2) 
examine  the  current  state  of  knowledge  based  on  linear  regression  in 
syntax  variable  research;  (3)  suggest  a  verbal  processing  model 
compatible  yith  the  general  problem-solving  model  shown  ;^n  Chapter 
1 9  which  may  help  explain  the  role  of  synjtax  in  the  verbal  processing 
phase;  (4)  suggest  some  categories  and  subcategories  of  syntax  varia- 
bles for  future  research;  and  (5)  propose  some  possible  extensions  of 
syntax  variables  research  to  look  at  problem-solving  proaesses  as  the 
dependent  variables. 

The  identification  of  the  five  major  categories  of ^syntax  varia- 
bles (Lengthy  Grammatical  Structure*  Numerals  and  Symbols*  Quei^tion 
Sentence*  lind  Sequence)  is  based  on  the  research  to  date^  particularly 
those  studies  that  have  employed  the  linear  regression  model*  While 
this  technique  has  made  a  valuable  contribution  to  the  identification 
of  specific  syntax  variables  that  may  contribute  to  verbal  problem 
difficulty*  it  may  be  time  to  progress  beyond  it. 

A  purpose  of  this  book  is  to  demonstrate  that  describing  task 
variables  by  means  of  various  categories  is  a  useful  procedure  that 
should  help  researchers  gain  information  about  the  interrelationships 
of  different  attributes  of  problem  tasks.    The  relationship  of  specific 
syntax  variables  to  the  other  characteristics  of  verbal  problem  tasks 
discussed  in  the  following  chapters  needs  intensive  study  across  age 
and  ability  groups.    Of  particular  importance  are  studies  that  attempt 
to  determine  directly  the  role  of  syntax  variables  in  the  deco^ding  pro'^ 
cess  at  the  first  stages  of  problem  solving. 

A  commitment  to  the  development  of  new  research  and  methodologl*- 
cal  paradigms  on  the  part  of  researchers  is  of  paramount  importance. 
In  the  opinion  of  this  author,  significant  advancement  in  the  field 
of  problem-solving  research  will  only  be  possible  if  results  can  be 
replicated  and  extended  by  coordinated  series  of  investigations. 
Such  efforts  imply  a  commitment  to  coim!U)n  definitions*  notation* 
shared  problem  sets*  and  similar  subject  populations.    The  various 
components  of  the  verbal  processing  model  suggested  in  Figure  2.1 
may  provide  an  organizational  framework  for  a  portion  of  these 
efforts. 


III. 

Content  and  Contejct  Variables  in  Problem  Tasks 


by 

Normasi  Webb 
University  of  Wisconsin 
Madison,  Wisconsin 

# 

One  purpose  of  this  chapter  is  to  identify  different  dimensions 
across  which  the  content  and  context  of  a  task  can  vary.    The  cate-^ 
gorization  scheme  is  designed  to  be  used  by  teachers  and  curricultmi 
specialists  to  analyze  the  range  of  problem-solving  experiences 
children  are  receiving ,  or  should  be  receiving,  in  school* 

A  second  purpose  Is  to  clarify  the  role  which  content  and  con^ 
text  variables  play  in  problem-solving  research.    It  is  essential 
that  content  and  context  variables  be  well  defined  to  Increase  the 
validity  and  the  generalizabllity  of  research  findings.    Small  varia- 
tions in  the  content  or  context  of  a  task  can  result  in  large 
variations  in  the  solution  process,  and  consequently  In  the  findings 
of  a  study.    The  categorization  scheme  for  content  and  context  varia- 
bles should  help  researchers  in  designing  research,  selecting  problems, 
and  interpreting  their  findings.    Brownell  apd  Stretch  (1931)  caution, 

...the  act  of  solving  verbal  problems  in  arithmttic  is 
exceedingly  complicated  and  . . .  investigations  which 
oversimplify  the  process  and  attempt  to  measure  a  single 
aspect  of  It  without  regard  for  other  aspects  are  certain 
to  secure  only  partially  valid  results  and  to  misrepre- 
sent the  true  situation  (p.  74). 

The  content  of  a  problem  is  the  mathematical  substance  of  the  task. 
The  four  main  subdivisions  of  content  variables  to  be  discussed  in 
this  chapter  are:     (1)  variables  describing  the  mathmatiaat  topic, 
(2)  variables  describing  the  field  of  apptiaation^  (3)  variables  describ 
ing  the  eemantia  content,  and  (4)  variables  describing  the  problm 
elements.  Here  "semantic  cor).tent"  refers  to  the  meanings  of  critical 
words  or  phrases  in  the  prob^lem  statement,  such  as  keywords  or  technical 
mathematical  vocabulary.    "Problem  elements"  are  phrases  in  the  problem 
statement  which  contain  essential  items  of  information  such  as  glvens, 
allowed  operations,  and  goals. 

Where  content  refers  to  "substance  of  a  problem,**  the  context 
refers  to  the  form  of  the  problem  statement •    "Form"  is  interpreted 
very  generally  to  includes     (1)  variables  describing  the  problem 
embodiment  or  representation,  (2)  variables  describing  the  verbal 
context  or  setting,  and  (3)  variables  describing  the  information 
format. 
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Certain  boundaries  have  been  set  in  this  chapter  between  content/ 
context  variables  and  other  categories  of  task  variables.  » Both  syntax 
variables  and  content /context  variables  describe  the  probl&n  statement. 
Content  and  context  variables  tend  to  be  classif Icatory  in  nature, 
and  describe  the  types  of  words,  elements,  operations,  and  applica^ 
tions  of  the  task.    Syntax  variables  tend  to  be  quantitative  measures 
describing  the  problem  statement •    Content  and  context  variables 
deocribe  surface  characteristics  that  ^can  be  observed  directly  from 
the  problem  statement  or  its  Immediate  surroundings.    Structure  varia- 
bles describe  the  underlying  mathematical  characteristics,  of  the  tasks, 
in  contrast  to'  its  surface  characteristics. 

In  developing  the  categorization  of  task  variables,  we  must  take 
account  of  certain  difficulties.    Often  a  very  fine  distinction  deter^ 
mines  the  placing  of  a  variable  in  one  or  another  category*  Sotoe 
variables  which  we  consider  to  be  context  variables,  and  thus  ^ntr^n- 
$ic  to  the  task,  are  very  similar  to  some  situation  variables  which 
are  external  to  the  task.    Even  among  the  categories  of  task  variables, 
ambiguity  can  arise «    For  example,  we  shall  consider  "problem  type"  as  a 
content  variable.    However,  this  is  distinguished  from  certain  struc- 
ture variables  by  a  thin  line.    If  the  "tjrpe"  of  the  problem  can  be 
identified  from  the  problem  statement^  without  mathematical  processing, 
then  the  problem  type  is  a  content  variable.    However,  if  the  problem 
"type"  is  identifiable  only  after  beginning  to  solve  the  problem  mathe- 
matically, then  it  is  a  structure  variable.    The  point  is  that  any 
categorization  scheme  for  task  variables  is  somewhat  arbitrary:  its 
value  comes  from  the  extent  to  which  it  helps  identify  possible  con- 
founding factors  and  provides  a  means  of  comsminication. 

The  next  section  reviews  some  research  that  is  related  to  content 
and  context  variables.  Sections  2  and  3  delineate  the  proposed  class- 
ification scheme  for  these  variables. 


1 .    Review  of  Research  Related  to  Content  and  Context  Variables 


In  this  section,  research  will  be  reviewed  which  illustrates  the 
major  questions  that  have  been  asked  concerning  context  and  content 
task  variables. 

Content  variables  have  been  investigated  both  directly  and 
indirectly,  depending  upon  the  purpose  of  the  study.  "Mathematical 
topic"  has  not  often  been  regarded  as  a  variable  to  be  manipulated. 
For  example,  Lucas  (1972)  investigated  the  teaching  of  problem  solving 
using  calculus  as  the  content  and  Kantowskl  (1974)  has  worked  with 
high  school  students  using  geometry.    In  these  studies  the  mathematjL- 
cal  topic  was  fixed  a  priori  and  problem-solving  behavior  studied 
within  the  topic  area. 

Studies  that  have  considered  the  generalization  of  heu^.'stic  pro- 
cesses acroB3  tasks  have  sometimes  used  "mathematical  topic"  as  an 
independent  variable  to  study  the  effects  of  Instruction.  Wilson 
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(1967)  gave  high  school  students  Instruction  in  heuristic .processes 
on  tvo  different  kinds  of  tasks »  algebra  and  logic;  he  then  tested 
their  ability  to  solve  problems  on  these  topics^  their  use  of 
different  levels  of  strategy  on  each  task*  and  their  ability  to 
solve  a  transfer  task  in  geometry.^  Be  concluded  that  the  different 
levels  of  heuristic  processes  loay  comp learnt  each  other ,  since 
superior  problem-solving  performance  resulted  when  different  levels 
of  heuristic  processes  were  demonstrated  in  the  two  training  tasks. 
Heuristic  processes  demonstrated  on  one  task  tended  to  be  used  on 
successive  tasks*    A  similar  type  of  study  was  done  by  Smith  (1973) 
to  investigate  the  effect  of  giving  advice  on  task-specific  heuris- 
tic  processes  as  opposed  to  general  heuristic  processes «    He  gave 
college  students  three  prograsxsaed  booklets  to  study ,  e^ch  on  a 
different  mathoiiatical  topic:    finite  geometry.  Boolean  algebra* 
and  symbolic  logic.    The  task-specific  group  did  better  on  the  logic 
and  Boolean  algebra  tasks.    The  general  heuristic  process  group  did 
not  solve  more  transfer  problems,  and  did  not  solye  them  faster. 

Both  of  these  studies  investigated  a  fundamental  pedagogical 
issue:    teaching  specific  means  of  solving  probl^s  in  each  content 
ar^a  vs,  teaching  general  means  of  solving  problems  that  can  be  ap- 
plied to  problems  from  different  content  areas. 

Krutetskii  (1976)  developed  problem  sets  that  varied  problem 
type  in  order  to  study  the  ability  of  children  to  generalize.    He  found 
that  capable  pupils  tended  to  generalize  the  problems  before  solving 
them,  on  the  basis  of  a  grasp  of  the  general  features  of  the  structure 
of  the  problems.    Most  capable  pupils  were  able  to  recall  the  type  and 
the  general  character  of  the  operations  of  a  proble^m  they  had  solved, 
but  not  the  problem's  specific  data  or  numbers.    Less  capable  pupils 
tisually  recalled  only  specific  data  or  numbers. 

In  most  of  Krutetskii *s  series,  problems  from  more  than  one 
mathematical  topic  were  used.    The  topics  included  arithmetic, 
alj^ebraic,  geometric,  logical,  and  general  mathematics  problems. 
The  names  of  the  problem  series  that  varied  content  or  context 
variables  are  as  follows  (see  Table  5.3,  Chapter  V  for  more  detail): 

-  Problems  with  an  unstated  question 

-  Problems  with  incomplete  information 

-  Problems  with  surplus  information 

-  Problems  with  interpenetrating  elements 

-  Systems  of  problems  of  a  single  type 

-  Systems  of  problems  of  different  types 

-  Problems  with  terms  that  are  hard  to  remember 

The  first  three  series  were  used  to  study  the  characteristics  of  infor«* 
mation-gatherlng  by  mathematically  capable  pupils.    Each  of  these  series 
had  a  high  loading  on  a  single  factor  labeled  '^formalized  perception  of 
mathematical  material." 
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Uslxig  some  of  the  same  problems  as  Krutetskil»  Silver  (1978) 
examined  student  perceptions  of  "relatedness**  among  mathematical 
word  problemis.    He  administered  a  card-sorting  task  to  one  group  of 
eighth-grade  st^udents  and  later  to  a  second  group.    The  card-sorting 
task  consisted  of  24  verbal  prpbliems  varied  systematically  along  two 
dimensions,  rndthematioal  struetia^  and  contextual  details.  Students 
vere  instrv^cted  to  form  groups  of  problems  that  they  judged  to  be 
"mathematically  related"  and  to  explain  their  basis  for  categoriza- 
tion.   The  students  appeared  to  use  four  general  problem  similarity 
dimensions — (a)  mathematical  structure,  (b)  contextual  details t  (c) 
question  form,  and  (d)  pseudostructure.    The  latter  dimension 
referred  to  associations  among  problems  based  on  the  presence  of  a 
com&on  measurable  qtiantity,  such  ps  a^e,  weight,  or  time«  Silver's 
four  dimensions  are  similar  to  those  identified  by  Char toff  (1976) 
in  administering  a  card^sorting  task  of  algebra  verbal  problems  to 
500  students  ranging  from  seventh  graders  to  college  freshmen. 
Chartoff  also  identified  four  dimensions-** (a)  how  the  problems  are 
solved,  (b)  the  contextual  setting,  Cc)  comparison  with  a  generic 
problem  of  the  same  type,  and  (d)  the  question  posed  by  the  problem. 
Chartoff *s  third  dimension  corresponds  to  Silver's  "pseudostructure," 

The  population  used  by  Silver  was  composed  of  students  in  regular 
eighth-grade  classes,  in  contrast  to  the  very  capable  students  predom- 
inantly described  by  Krutetskii.    However,  the  results  are  very  similar 
in  that  the  stPuature  dimension  tended  to  dominate  students*  percep- 
tions of  problem  rela&edness.    On  the  other  hand,  it  was  not. uncommon 
for  students  in  the  Silver  study  to  associate  problems  using  the  pseudo- 
structure  dimensions.    Further,  a  negative  relationship  was  found 
between  mathematical  ability  and  the  tendency  to  associate  problems 
according  to  their  contextual  details. 

The  distinction  between  "typing"  ptoblems  by  their  mathematical 
structure  and  by  their  pseudostructure  needs  to  be  developed  further. 
In  general,  Krutetskii  used  the  term  "problem  type"  to  group  problems 
having  similar  mathematical  structures.    In  our  scheme  of  analyzing 
task  variables,  such  a  classification  would  represent  a  "structure" 
variable  rather  than  a  "content"  variable.    The  pseudostructure,  as 
defined  by  Silver,  refers  to  the  concept  of  "problem  type"  as  a 
content  task  variable,  since  the  classification  of  the  problem  can 
be  done  strictly  from  the  problem  statement.    Some  of  the  classifi- 
cations of  problem  type  by  pseudostructure  Include  "age"  problems, 
"work"  problems  and  "coin"  problems.    Much  of  the  problem-solving 
experience  students  recelv<>  in  school  Involves  working  problems 
grouped  by  problem  type. 

During  a  part  of  the  Mathematical  Problem  Solving  Project  at 
Indiana  University/ elementary-age  students  were  asked  to  select 
problems  they  would  like  to  solve.    The  criteria  tised  to  select  the 
problems  were  observed  to  be  very  superficial,  such  as  the  name  of 
the  person  mentioned  in  the  problem  or  the  length  of  the  problem 
statement.    Rarely  did  students  select  problems  on  t^e  basis  of 
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problem  complexity  or  difficulty  level.    Uhen  given  a  choice  between 
problems  stated  with  a  few  words  and  a  picture  or  those  stated  only 
with  words 9  students  selected  the  former  more  often  than  the  latter* 
For  example,  a  problem  like  2^2  was  chosen  xr^re  often  than  There 
are  other  factors  involved,  but  one  suspects  that  Che  differences  in 
semantic  content  are  among  the. reasons  the  students  fotmd  J. 2  to  be 
more  interesting  and  require  less  outside  help* 


J.J!    Use  each  number  from  1  to  8  once  to  fill  in  the  small 
squares  so  that  no  too  mmbers  that  follow  in  order 
(such  as  4  and  S)  are  in  squares  that  touch. 


3.2    A  bowl  has  24  pieces  of  fruit.    Some  are  oranges  and 
some  are  grapefruit.    It  has  twice  as  many  oranges  as 
grapefruit.    How  many  oranges  are  in  the  bowl? 


Studies  of  the  "semantic  content"  of  mathematical  problems  have 
examined  mathematical  vocabulary  and  the  use  of  "key  words,"  Kane 
(1968,  1970)  argues  strongly  that  mathematical  English  and  ordinary 
English  differ  on  at  least  four  factors; — the  level  of  redundancy  of 
words >  the  unique  denotation  of  names  of  mathematical  objects ^  the 
importance  of  adjectives,  and  the  flexibility  of  gramtear  and  syntaxt 
He  questions  the  validity  of  the  use  of  standard  readability  formulas 
to  assess  the  readability  of  mathematics  textbooks  and  problems* 

Nesher  and  Ter.bal  (1975)  identify  three  ways  that  research  studies 
have  dealt  with  verbal  cues  and  their  relationship  to  attaining  solu- 
tions of  arithmetic  problems p    One  group  of  studies  emphasizes  the  need 
for  training  in  specialized  mathematics  vocabulary  (Dahmus,  1970;  Lyda 
and  Duncan,  1967;  Vanderlinde,  1964 ^  Willmon,  1971) •    Other  studies 
(Jerman  and  Rees,  1972;  Loftus,  1970)  view  verbal  cues  as  a  factor  in 
determining  the  relative  difficulty  of  verbal  arithmetic  problem 
solving*    Following  this  line  of  investigation,  a  distinction  is  made 
between  verbal  cues,  words  that  cue  for  specific  mathematical  opera- 
tions, and  dis tractors  or  potential  verbal  cues  which  are  not  in  fact 
cues  for  operations ,    In  a  third  approach,  Paige  and  Simon  (1966) 
raise  the  question  of  exactly  how  verbal  cues  affect  the  transition 
from  the  verbal  formulation  to  a  mathematical  expression. 
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Each  of  the  three  types  of  studies  Is  concerned  vith  hov  the  task 
variable  of  "key  words*'  may  affect  problem-solving  performance.  How- 
ever, research  findings  do  not  always  stdistantiate  the  importance  of 
key  words,  particularly  in  relation  to  problem  difficulty.    Kesher  and 
Teubal  found  that»  for  first  graders,  key  words  actually  deterred 'fipiK^ 
ing  the  correct  operation  rather  than  facilitating  the  process.  QSrtiie 
three  groups  of  studies,  they  felt  the  third  grottp  held  the  most  pfrom- 
ise,  where  verbal  cues  are  studied  as  they  affect  the  transition  nrom 
a  verbal  formulation  to  a  mathematical  expression.    Lofttis  kept  track 
of  verbal  cues  in  the  word  problems  such  as  "and"  for  addition,  "leHj* 
or  a  comparative  for  subtraction,  and  "each'^  for  multiplication.  She^^ 
found  that  such  cues  did  not  enter  as  a  significant  regression  effect 
once  other  variables  with  larger  multiple  correlates  were  entered  into 
the  equation.    These  other  variables,  in  order  of  importance,  were: 
operations,  sequence,  length,  depth,  and  conversion. 

More  studies  have  investigated  context  variables  than  content 
variables.    The  majority  of  these  studies  have  considered  the  effects 
of  different  settings  on  problem  difficulty  or  problem-solving  perfor- 
mance.   In  general  the  findings  are  inconclusive:    the  setting  of  a 
problem  makes  a  difference  in  some  studies,  while  in  others  the 
variation  of  setting  has  no  effect.    Mbst  of  the  studies  have  been 
restricted  to  standard  word  problems  similar  to  those  found  in  text- 
books.   Little  is  known  about  the  variation  of  context  on  the  diffi- 
culty of  nonroutine  problems. 

A  classic  study  on  the  effects  of  unfamiliar  settings  on  problem 
solving  was  done  by  Brownell  and  Stretch  (1931) •    More  important  than 
the  findings  of  this  study  is  the  approach  taken  by. the  researchers. 
They  sought  not  only  to  determine  what  the  effects  were,  but  also  to 
understand  why  and  how  they  occurred.    The  undertaking  was  to  study 
whether  the  success  of  children  in  solving  arithmetic  problems  is 
conditioned  by  the  familiarity  or  lack  of  familiarity  in  the  settings 
described  In  the  problems.    In  particular,  it  was  asked  whether 
unfamiliarity  of  setting  causes  a  loss  of  efficiency  in  the  under- 
standing of  the  arithmetic  involved  in  the  problem,  in  computation, 
or  in  both. 


"Familiar"  was  defined  as  included  in  iinmediate  personal  exper- 
ience, as  opposed  to  experiences  secured  through  pictures  and  reading* 
Brownell  ^-^d  Stretch  took  the  position  that  there  may  be  degrees  of 
unfamiliarity  and  used  four  varieties  of  the  same  problem  with 
successive  versions  designed  to  make  the  setting  more  "unfamiliar*" 
The  first  version  was  designed  to  be  a  situation  from  the  students* 
immediate  experience.    The  setting  of  the  fourth  version  was  a 
situation  that  was  probably  unknown  to  the  students,  and  included 
some  nonsense  terms* 

An  arithmetic  problem  was  assumed  to  have  five  separate  features: 
(1)  certain  numbers,  (2)  one  or  more  operations,  (3)  one  or  more  verbal 
clues  to  the  operations (s)  ("How  many  .  .  .  tORether"),  (4)  a  setting  or 
situation,  and  (5)  the  language  (words,  sentence  structure)  necessary 


to  bind  together  the  preceding  four  parts «  The  first  three  features 
are  content  variables,  '^setting**  is  a  context  variable,  and  sentence 
structure  fall^  under  the  heading  of  "sjm tax  variables"  (see  Chapter 
II) «  In  studying  the  setting  of  problems,  Brownell  and  Stretch  kept 
the  oth^r  four  variables  constant*  An  example  of  a  problem  and  its 
variations  is  the  follovit^: 

2.3    Thex^e  are  34  Boy  Scouts  in  Diok^s  troop.    Each  saout 
ia  to  bring  3  of  hie  old  toys  to  school  to  give  to 
poor  children  in  the  town.    The  Scout  f&zster  says 
that  altogether  91  toys  have  been  brought.    How  many 
are  there  yet  to  be  brought?    (47  wordb) 

Soldiers  grooming  cavalry  horses. 

(3  X  34)  -  91  (47  words) 

Refining  plant;  tank  cars  of  oil  in  the  yards. 

(3  X  34)  -  91  (47  words) 

Hindu  village,  with  bimlecks  and  to2*os. 

(3  X  34)  ^  91  (47  words) 

(Brownell  and  Stretch,  1931,  p.  19) 

The  tests  wer  .i^stered  to  fifth-grade  students  with  each  child 

solving  all  .  ^eisions  of  each  problem.  A  Latin  square  design 
was  used  to  ensure  that  the  tests  were  taken  in  different  orders. 
The  number  of  children  used  in  the  analyses  was  256 « 

Just  by  considering  the  number  of  problems  scored  correctly,  a 
significant  increase  in  difficulty  was  found  as  the  familiarity  of 
the  probl^ns  decreased*    Brownell  and  Stretch  examined  the  data 
further  to  try  to  explain  these  results,  and  found  them  to  be 
deceiving.    There  was  little  change  in  the  accuracy  of  computation 
as  problems  became  more' unfamiliar .    The  children's  choices  of  oper- 
ations varied  considerably  across  problems  hav^g  the  same  ntmiber 
relationships,  even  when  there  were  no  changes  in  t^e  familiarity 
of  the  setting.    Unfamiliarity  of  setting  is  not  universal  in  its 
effect  on  problem  solvers.    From  65  percent  to  80  percent  of  the 
children  were  unaffected  by  changes  in  the  familiarity  of  settings. 
The  unfamiliarity  of  the  setting  had  the  mst  effect  on  the  least 
skilled  children,  in  their  choice  of  operations  and  their  computation t 
The  final  conclusion  by  Brownell  and  Stretch  was  that  problems  are  not 
made  unduly  difficult  for  children  by  unfamiliar  settlxigs,  except 
under  a  limited  set  of  conditions. 

Trsvers  (1967)  contrasted    social-economic,"  "mechanical- 
scientific »"  and  "abstract"  problem  settings,  and  found  only  a  slight 
relationship  between  students'  preferences  and  the  types  of  problems 
they  were  successful  in  solving.    Scott  and  Lighthall  (1967)  examined 
Che  possible  relationship  betv^en  "higher  needs"  (e.g.,  love  and 
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belonglngness)  and  ^*ldv  needs**  (e.g«9  food  and  shelter)  In  the  settings 
of  arithmetic  problems »  and  the  background  of  sttidenta;  they  found  no 
statistically  significant  relationship.    Cohen^(1976)  investigated 
''outdoor,'*  computational,  and  '^scientific**  settings  with  regard  to 
problem  difficulty,  by  testing  over  200  eighth  graders.    Results  indi- 
cated that  '*area  of  student  interest**  alone  was  not  sufficient  to 
predict  the  type  of  problem  on  which  they  would  be  most  successful. 

Another  dimension  of  context  variables  is  the  presentation  of 

the  tasks,  the  forms  of  which  can  be  varied  considerably  in  problem- 
solving  research.    Some  examples  include:    (a)  oral;  Cb)  pictorial | 
(c)  with  physical  equiimient  and  apparatuses  (particularly  with  younger 
children);  (d)  in  game  forms  or  as  **twenty  questions**;  and  (e)  in  a 
written  verbal  form,  sometimes  even  on  overhead  projectors  with  strict 
time  limitations. 

In  spite  of  the  variety  of  options,  research  that  has  been  done 
on  different  forms  of  task  presentations  has  been  predominantly 
restricted  to  verbal  problems,  and  conflicting  results  have  been 
reported.    Multiple-choice  word  problems  from  the  Y  and  Z  population 
of  NLSMA  which  were  presented  with  an  accurate  picture  were  less 
difficult  than  the  sas^  set  of  problems  presented  with  prose  only 
jbr  with  a  distorted  picture  (Sherrill,  1970;  Webb  and  Sherrill,  1974), 
/These  results  were  not  supported  in  a  study  by  Kulm  et  al«  (1972),  who 
/presented  50  tasks  on  overhead  transparencies  and  used  five  different 
/  stimulus  situations:    '* textbook,**  "student-generated,**  **pictorlal,** 
"textbook  and  pictorial,'*  and  ** student-generated  and  pictorial.**  In 
this  study,  students  were  limited  to  one  minute  to  read  the  problem, 
followed  by  three  minutes  to  solve  the  problem*    Students  were  most 
effective  on  the  textbook  version  of  the  problems  and  least  effective 
on  the  ''textbook  and  pictorial"  version. 

Kennedy,  Eliot  and  Krulee  (1970)  included  both  number  problems 
and  word  problems  in  their  investigation  of  error  patterns  in  the 
problem-solving  formulations  used  by  28  high  school  juniors.  Examples 
of  a  number  problem  and  a  word  problem  as  given  by  these  authors  are: 

2.4  3y^4      _  4y+d 

a      '  4 

3.5  A  man  is  three  times  as  old  as  his  son.    Eleven  years 
from  now  he  will  be  only  twice  as  old  as  his  son.  How 
old  is  the  son  at  present? 

In  general  the  number  problems  offered  little  difficulty  for  the  sub- 
jects of  this  study.    The  word  problems,  however,  were  considerably 
more  difficult  for  the  less-able  students,    Rosenthal  and  Resnick 
(1971)  also  found  word  problems  to  be  more  difficult  than  number 
problems  in  research  involving  63  elementary  students. 
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Another  study  chat  looked  at  varying  ^hjs  form  of  preaentatlon 
used  four  problem-solving  test  forms  to  compare  advantaged  and  dlaad* 
vantaged  second  and  fourth  graders  (Houtz,  1973) .    The  four  forms 
varied  from  ''abstract**  to  three  Increasingly  '^concrete*'  forms.  The 
abatiHXCt  form  contained  written  stateo^nts  of  the  problems*    The  pia^ 
ture  book  form  had  drawings  representing  the  problem  placed  in  the 
test  booklets  above  the  response  alternatives*    A  third  form  had 
slides  made  of  the  drawings  and  used  these  In  depicting  the  problems* 
Finally,  the  model  form  Included  three-dimensional  full*-color  models 
of  the  drawings*    The  three  concrete  forms  resulted  in  a  higher  level 
of  performance  than  the  abstract  form  for  both  the  advantaged  and  the 
disadvantaged  children*    The  model  form  did  not  result  in  the  highest 
level  of  performance,  and  appeared  to  result  in  a  decrease  in  the 
level  of  performance  of  the  non^whlte  children  In  the  study* 

Loftus  (1970)  Investigated  "structural  variables"  that  affect 
problems-solving  difficulty,  using  word  problems  with  a  small  group 
of  disadvantaged  sixth-grade  students*    One  variable  identified  was 
how  a  problem  was  embedded  in  a  set  of  "like"  and  "different"  prob*- 
lems.    A  word  problem  was  found  to  be  more  difficult  to  solve  when 
it  was  of  a  different  type  from  the  problem  preceding  it.  This 
variable  that  Loftus  identified  as  "structural"  fits  the  definition 
of  a  aontext  variable  since  it  relates  to  how  the  problem  is  presented* 

This  sampling  of  studies  that  have  investigated  content  and  con*« 

text  variables  provides  illustrations  of  the  kinds  of  questions  that 
can  be  asked,  rather  than  a  definitive  description  of  the  effects  of 

content  and  context  variable  manipulation*    These  studies  are  repre- 
sentative in  that  no  strong  results  emerge.    More  studies  like  that 
of  Brownell  and  Stretch  are  needed,  making  an  effort  to  understand 
not  only  if  there  is  an  effect,  but  also  why  there  is  an  effect. 


2.    The  Classification  and  Definition  of  Content  Variables 


The  two  categories  of  task  variables  which  refer  to  the  main 
essence  of  mathematical  problems  are  content  and  structure  variables* 
Content  variables  describe  the  substance  of  the  task,  while  structure 
variables  describe  the  models  that  represent  the  solution  process  of 
the  task.    The  analysis  of  content  variables,  then,  is  Important 
because  of  their  direct  link  to  the  mathematical  aspects  of  the  tasks. 

Table  3.1  provides  an  overview  of  the  classification  of  content 
variables  proposed  in  this  chapter* 

Problem  Classifiaation  by  Mathmatioal  Topic 


Our  discussion  of  mathematical  topic  is  divided  into  two  parts: 
classification  by  subject  area  and  classification  by  problem  type. 
The  subject  area  of  a  task  is  typically  a  field  of  mathematics. 
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TAblc  3*1   A  Sumopy  of  Content  Task  VaHablBa 

1,  Kathematlcal  topic  of  the  task 

A«    Subject  area  cXaftaif icationa 

broad    arithmetic  narrw    ratio  and  proportion 

algebra  binomial  theorem 

geometry  quadratic  formula 

analysis  etc« 
etc, 

B.    Traditional  ^'problem  types** 

rate  problems 
age  problems 
iMney  problems 
mixture  problems 
etc» 

These  classifications  usually  imply  reference  to  mathematical 
information  vhich  may  not  be  explicitly  stated  in  the  problem^ 
such  as  the  quadratic  formula,  the  equation  '^distance  -  rate  x 
time'*  or  the  monetary  value  of  coins, 

2,  Field  of  application  of  the  task  (if  relevant) 

biolo^ 
chemistry 
physics 
etc, 

A  problem  may  require  the  use  of  specific  mathematical  relation- 
ships understood  to  hold  vithin  the  field  of  application.  For 
example^a  physics  problem  may  require  application  of  the  lav  of 
conservation  of  momentum  in  order  to  obtain  a  relevant  equation. 

3,  Semantic  content  of  the  problem  statement 

A\    Key  words 

greater  than 
reduced  by 
altogether 

etc,  / 

Particular  verbal  clues  often  (but  not  always)  suggest  sped" 
flc  mathematical  operations.    Verbal  clues  may  sometimes  be 
misleading, 

B,    Mathematical  vocabulary 
average 

root  of  an  equation 
polynomial 
etc. 

Technical  mathematical  terms  may  appear  in  the  problem  whose 
Interpretation  is  Important  for  solution. 
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Table  3.1  (aontimed) 


4.    Varlabl^ii  describing  the  problem  elements 

A.  Given  information 

given  conditions  or  numerical  information 
conditions  iiaplied  but  not  explicitly  a^^^Ci^ 
hints 
etc, 

B,  Goal  information 

number  of  required  items  of  goal  information 
goals  implied  but  not  explicitly  stated 
problems  "to  find**  vs*  problems  **to  prove** 
etc* 

5«    Mathematical  equipment  available  for  the  task  (if  applicable) 

calculator 
compass 
protractor 
etc. 
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Krutetskil  chose  to  use  problems  representing  the  five  broad  subject 
areas  of  arithmetic^  algebra,  geometry,  logic,  and  general  mathe- 
matics^   Within  each  of  his  problem  series^  he  included  items 
representing  different  subject  areas*    For  example,  two  problems 
from  Krutetskii*s  series  III  (problems  with  surplus  information), 
representing  different  subject  areas,  are  given  below  (the  super*- 
fluous  information  is  underlined): 

Arithmetic  Test 

3.6   In  a  stare^  24  saaka  of  potatoes  weigh'  S  kg  and  S 
kg  each,  with  more  in  the  former  ikart  in  the  latter^ 
The  weight  of  all  the  S^kg  sacks  wasr  equal  to  the 
weight  of  all  the  S-^kg  saaks^    Sow  mch  did  eaah 
weigh? 

Geometry  Test 

% 

3.  7    Given  an  isoaetes  triangle ^  with  one  aide  2  am, 

another  10  am,  and  the  third  equal  to  one  of  the  two 
given  ones.  Find  the  third  saale.     -„  ^ 

^   (Krutetskil,  1976,  pp.  110- 

The  Identification  of  a  broad  subject  area  classification  for 
many  probleios  is  straightforward.    The  following  five  tasks  are  from 
a  book  of  problems  for  junior  and  senior  high  school  students;  each 
has  an  obvious  classification  (Hill,  1974).  ,  ' 

3. 8    Find  all  real  numbers  x  such  that 


3.9  Given  a  regular  tetrahedron^  find  the  ratio  of  the 
volume  of  the  inscribed  sphere  to  that  of  the  air-^ 
oymsaribed  sphere. 

3.10  Find  the  ni4Jr^er  of  terminal  zeros  in  the  standard 
numeral  for  100!    (100  factorial) 

3^11  Fifty  tickets  nurribered  consecutively  frm  1  to  SO  are 
placed  in  a  jar^  and  two  of  them  are  drawn  at  random 
(without  replacement).    What  is  the  probability  that 
the  difference  of  the  two  numbers  drawn  is  10  or  less? 

tf  , 

3.12  Given  the  equation  ain  x  ,  determine  the  number 

of  solutions. 

Hill  classified  these  problems  respectively  in  the  domains  of 
algebra,  geometry,  number  theory,  p^robabiiity,  and  trigonometry. 
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The  classification  of  these  problems  can  be  obtained  by  considering 
the  givens,  the  possible  operations ,  and  the  goals  that  are  explicit 
in  the  statement  of  the  problem  or  assumed.     It  is  not  necessary  to 
solve  each  problem  in  order  to  classify  it, 

Krutetskii  and  Hill  both  used  traditional  subject  areas  which 
can  be  found  in  most  standard  textbooks  to  classify  the  content  of 
problems •    However,  these  classifications  are  not  the  only  way  to 
partition  the  domain  of  mathematics.    For  example »  in  the  Unified 
Mathematics  Program,  the  table  of  contents  lists  the  following 
topics:    Finite  Number  Systems,  Operational  Systems,  Mathematical 
Mappings,  The  Integers,  Multiplication  of  Integers,  Lattice  Points 
in  a  Plane,  Sets  and  Relations,  Theory  of  Numbers,  Rational  Numbers, 
Probability  and  Statistics,  Transformations  in  a  Plane,  and  Using 
Rational  Numbers  (Fehr,  Fey,  and  Hill,  1972), 

A  prooleffi  task  does  not  always  fall  clearly  into  a  single  sub- 
ject area.    The  statement  of  the  task  may  be  in  general  terms,  so 
that  the  solution  can  be  derived  by  using  methods  from  different 
mathematical  subject  areas.    Thus  a  task  may  be  labeled  as  "arith-* 
metic"  or  "algebra"  depending  upon  how  the  problem  is  expected  to 
be  solved.     In  this  situation  the  problem  task  is  categorized  as 
belonging  to  a  particular  subject  area  based  upon  the  mathematical 
structure  of  the  task  and  what  processes  are  to  be  used  to  find  the 
solution.     This  distinction  is  important  in  co  lidering  subject  area 
classification  as  a  content  variable  rather  than  a  structure  variable. 
Subject  area  as  a  content  variable  is  based  upon  the  problem  statement 
— the  givens,  the  stated  operations,  and  the  goals  of  the  task.  For 
example,  consider  Problem  3^12*     The  subject  area  classxf ication  of 
this  task  is  geometry,  since  the  givens  are  all  elements  of  a  figure, 
the  goal  is  to  find  a  geometric  element  in  terms  of  three  others,  ^nd 
the  implicit  operations  and  needed  properties  are  mostly  within  the 
domain  of  geometry.     The  solution,  however,  has  the  appearance  of  an 
algebraic  relation. 


Find  angle  e  in  terms  of  angles  and 

:Webb,  1976) 
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Next  consider  Problem  2^14: 

3.14    A  hax^vel  of  honey  weighs  50  pounds.    The  same  barrel 
with  kerosene  in  it  weighs  SS  pounds.    If  honey  is 
twiae  as  heavy  as  kerosene^  how  much  does  the  empty 
barrel  weigh? 

(Webb,  1976) 

For  those  who  have  studied  algebra,  the  most  obvious  way  to 
solve  Problem  J. 14  is  to  set  up  simultaneous  linear  equations  and  to 
solve  them  using  algebraic  rules  of  procedure,    Pre'-algebra  students 
are  more  likely  to  solve  the  problem  using  trial-and-error  and  com- 
putations.   One  possible  solution  is  to  double  the  weight  of  the 
barrel  full  of  kerosene  and  then  subtract  the  weight  of  the  barrel 
full  of  honey.    Whether  this  task  is  classified  as  an  arithmetic 
task  or  an  algebraic  task  depends  upon  some  knowledge  of  the  mathe- 
matical experience  of  the  students  and  their  approaches  to  solving 
the  task.     In  this  case,  to  say  that  ^.he  subject  area  of  Problem  3.14 
is  "algebra"  refers  more  to  the  structure  of  the  task  and  one  effi- 
cient way  of  solving  it  than  to  the  content  of  the  task. 

The  degree  of  specificity  of  the  mathematical  topic  of  a  task 
will  depend  upon  the  purpose  of  the  task.     If  a  goal  of  a  researcher 
is  to  seek  a  contrast  or  variation  in  approaches  resulting  from  solv-* 
ing  algebra  problems  as  opposed  to  geometry  problems,  then  the  tasks 
can  be  chosen  to  accomplish  that  goal.     This  implies  varying  the 
global,  traditional  subject  areas.     However,  If  a  teacher  is  struc*- 
turing  experiences  for  the  students  in  order  to  cover  a  variety  of 
algebra  tasks,  then  more  refined  subject  area  stratifications  need 
to  be  used,  such  as  "quadratic  equations,"  "exponents,"  etc. 

Another  means  of  adding  specificity  to  the  mathematical  topic 
of  a  task  is  by  identifying  the  pi'^oblem  type,     "Problems  of  a  similar 
type"  commonly  refers  to  a  set  of  problems  that  can  be  solved  by 
using  the  same  algorithm.     Students  are  taught  how  to  recognize  a 
certain  type  of  problem  and  then  how  to  apply  an  appropriate  algo- 
rithm.   "Rate  problems"  and  "work  problems"  are  two  such  problem 
types  that  most  students  encounter  sometime  during  their  first  year 
of  algebra.    As  a  content  task  variable,  the  term  problem  type  will 
be  used  more  generally  and  will  refer  to  a  class  of  problems  with 
similar  attributes  of  the  problem  statement  but  not  necessarily 
solvable  by  the  same  algorithm.    This  definition  corresponds  to  what 
Silver  labeled  "pseudostructure ."    Problems  of  the  same  "type"  often 
draw  on  specific  mathematical  formulas  or  relationships  which  are 
not  explicit  in  the  problem  statement  (such  as,  4^^^^^^^      rate  x 
time)?  these  may  be  essential  to  the  translation  of  the  problem 
statement  into  a  mathematical  representation. 

Formally,  the  el^'vents  of  a  problem  are;  the  givens,  the' stated 
or  implied  operations  that  transform  one  or  mor^  expressions  into  one 
or  more  new  expressions,  and  the  goal  or  goals.    The  problem  statement 
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generally  includes  a  full  or  partial  specification  of  the  givens,  the 
operations,  and  the  goal(s).    For  two  problems  to  be  of  the  same  prob- 
lem type,  the  givefis  and  the  goal  as  desarn^bed  in  the  problem  statement 
must  be  "similar"  and  from  the  same  mathematical  content  area.    As  an 
illustration,  examine  these  two  problems: 

2. 15  A  spherical  balloon  is  inflated  with  gas  at  the  rate 
of  100  ft^/min.    Assuming  that  the  gas  pressure 
remains  constant^  how  fast  is  the  radius  of  the 
balloon  increasing  at  the  instant  when  the  radius 

is  3  ft.  ? 

3.16  Water  is  withdrawn  from  a  conical  reservoir  8  ft*  in 
diameter  and  10  ft.  deep  (vertex  down)  at  the  constant 
rate  of  S  ft^/min.    Haw  fast  is  the  water  level  fall^ 
ing  when  the  depth  of  water  in  the  reservoir  is  6  ft.? 

(Thomas,  1969,  p,  112) 

Each  problem  statement  specifies  the  shape  of  the  container,  the 
dimensions  of  the  container,  and  the  rate  at  which  an  amount  of  fluid 
is  changing •     The  goal  in  each  problem  is  to  find  the  instantaneous 
rate  at  which  a  specified  dimension  is  changing.    "Calculus"  is  the 
mathematical  topic  of  these  problems,  with  "related  rates"  being  the 
problem  type  in  the  traditional  sense.     The  above  problems  are  very 
easy  to  recognize  as  being  similar  and  of  the  same  problem  type  in 
the  sense  defined  here.    The  important  thing  to  note,  however,  is 
that  these  are  examples  for  which  two  problems  can  be  of  the  same 
type  as  we  have  defined  it,  but  for  which  no  common  solution  algorithm 
exists.     Thus,  as  a  content  variable,  "problem  type"  is  not  a  suffi^ 
aient  condition  for  ascertaining  the  structure  of  a  problem.  To 
determine  the  type  of  a  problem  just  by  considering  the  surface  char- 
acteristics of  the  problem  can  be  misleading  for  the  solution  process. 
In  conducting  research  or  providing  instruction  on  problem  solving, 
both  surface  and  structure  characteristics  are  important.    Hence,  in 
contrasting  problems,  or  varying  problems  according  to  type,  two  task 
variables  are  simultaneously  involved:     the  type  of  the  problem  deter- 
mined from  the  problem  statement,  which  is  a  content  variable,  and  the 
algorithmic  method  of  solution,  which  is  a  structure  variable, 

Problem^^  Classification  by  Field  of  Application 

Many  Interesting  mathematical  problems  are  derived  from  real- 
life  situations,  or  from  disciplines  other  than  mathematics.  .  The 
"mathematical  topic"  of  pfhese  problems  does  not  adequately  describe 
the  content  of  the  problem*    Thus  a  second  major  diisension  of  content 
variables  is  the  "applied  field"  of  the  task,  which  is  the  disci- 
pline or  real-life  situation  from  which  the  task  arises.  This 
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dimension  cannot  be  used  to  describe  every  task,  since  many  problems 
are  "purely"  tnath^atical,  and  contain  no  reference  to  an  applied 
field. 

Genuine  applied  problems  add  a  new  dimension  to  problem-solving 
instruction  and  research.    In  its  most  general  characterization, 
applied  problem  solving  requires  the  building,  development  and  test- 
ing of  a  mathematical  model.    Four  steps  in  a  model-building  process 
given  by  Maki  and  Thompson  (1973)  are  illustrated  in  Figure  3.1.  The 
original  task  arises  from  a  "real  world"  situation  where  observa- 
tions are  made  and  questions  posed.    Initially  the  task  is  general, 
global,  and  not  necessarily  well-defined.    The  next  step  is  to  make 
the  task  as  precise  as  possible  by  making  certain  idealizations  and 
approximations.    In  this  step  irrelevant  information  is  identified, 
and  significant  poijits  are  considered.    The  terminology  that  is  used 
still  reflects  real  things,  "but  the  situation  may  no  longer  be  com- 
pletely realistic."    The  third  step  is  to  convert  the  real  model  into 
a  mathematical  model  in  which  the  real  quantities  are  represented  by 
symbols  and  mathematical  operations.    Now  the  task  is  in  such  a  state 
that  appropriate  mathematical  ideas  and  techniques  can  be  used  to 
reach  the  conclusions  and  predictions  (step  4).     To  complete  the 
cycle,  results  are  compared  to  the  original  situation  to  verify  that 
the  conclusion  (solution)  is  in  agreement  with  the  "real  world"  task. 
If  not,  the  cycle  begins  again. 

A  distinction  needs  to  be  made  between  genuine  applied  problems 
and  those  problems  that  are  merely  embedded  in  a  story  or  which 
merely  borrow  words  from  a  discipline  other  than  mathematics  or 
from  real-life  situations.    For  the  latter  type  of  task,  the"  disci- 
pline or  real-life  situation  provides  a  context  for  the  task,  but 
cannot  be  considered  as  a    bona  fide    applied  field. 

An  illustration  of  this  distinction  is  given  by  Pollak  (1978). 
He  discusses  five  different  forms,  three  of  which  have  an  applied 
field. 


1)    Problems  with  immediate  use  of  mathematics  in  everyday  life: 

2.27    A  boy  has  24  ft.  of  wive  fenae  to  make  a  rectangular 
pen  for  his  pet  rabbit.    He  plans  to  use  all  the 
fenae  in  making  the  pen.    Could  he  make  a  pen  12  ft, 
long  and  12  ft.  wide? 

Why  or  why  not?    Could  he  make  a  pen  8  ft,  long  and 
3  ft,  wide?    How  about  8  ft.  long  and  4  ft,  wide? 
Give  five  examples  of  lengths  and  widths  he  could 
use  for  his  pen.     (Applied  Field:    real-life  situation.) 
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Figure  3.1    Four  Steps  of  the  Mcdel'^Building  Proaesa  (Maki  &  Thompson, 
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2)  Problems  that  use  words  from  everyday  life  and  pretend  to  be 
applications; 

3.18  An  electric  fan  is  advertised  as  moving  33? S  cubic 
feet  of  air  per  minute.    How  long  will  it  take  the 
fan  to  change  the  air  in  a  room  27  ft.  by  25  ft,  by 
10  ft.?    (Assume  all  old  air  must  be  removed  first.) 
(This  problem  does  have  an  applied  field.) 

3)  Problems  of  Whimsy  — use  of  words  from  daily  existence  or  from 
another  discipline,  when  it  is  quite  clear  no  real  application 
is  intended: 

3. 19  A  bee  and  a  lump  of  sugar  are  located  at  different 
points  inside  a  triangle.    The  bee  wishes  to  reach 
the  lump  of  sugar ^  while  traveling  a  minimum  distance, 
under  the  requirement  that  it  must  touch  all  three 
sides  of  the  triangle  before  coming  to  the  sugar. 
What  is  the  shortest  path?    (No  applied  fielc.) 

4)  Genuine  applications  in  real  life*. 

3,  20    What  is  the  best  way  to  get  from  here  to  the  airport? 
(Applied  field:    real-life  situation.) 

5)  Genuine  applications  to  other  disciplines v 

3. 21  A  body  moves  without  friction  over  a  horizontal 
table.    If  its  initial  velocity  is  4  ft*  per  second, 
how  far  will  it  travel  in  12  seconds?    What  if  there 
is  friction?    (Applied  field:  physics.) 

(Pollak,  1978,  pp.  233-238) 

The  problems  having  an  applied  field  are  those  that  have  (a)  imme-- 
diate  use  in  everyday  life;  (b)  genuine  application  in  real  life;  or 
(c)  genuine  application  to  another  discipline  such  as  physics,  com- 
puter science,  anthropology,  social  science,  business,  or  economics. 
The  "applied  field"  of  the  task  is  then  the  discipline  (other  than 
mathematics)  or  the  real-life  application. 

Applied  problems  have  both  an  applied  field  and  a  mathematical 
topic  classification.    For  example; 

3.22  What^^t^-^^^^kelihood  of  a  couple  having  a  heme*- 
philiac  so^K^j^en  it  is  known  that  the  wife^s  two 
brothers  are  both  afflicted  with  the  disease? 
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(This  situation  is  dspiated  below, ) 


O 


f~|  male 
Q  female 
^affl'  ted 


The  applied  field  of  this  task  is  genetics^  while  the  subject  area 
of  the  task  is  probability. 

The  toathematical  topic  of  an  applied  problem  is  not  always 
apparent  from  the  problem  statement  alone.    Problem*  J •  2C?  is  stated 
very  generally,  and  could  be  answered  without  any  mathematical  con-- 
slderations  at  all;     the  best  way  to  get  to  the  airport  may  be  by 
private  automobile,  since  all  public  means  of  transportation  are  not 
in  operation  due  to  a  strike,  and  the  distance  to  the  airport  pre- 
cludes walking  or  taking  a  bicycle.     If  a  quantitative  criterion  is 
set  to  determine  the  best  way,  then  this  will  establish  the  mathe- 
matical topic  of  the  task*     Some  applied  problems,  due  to  their 
breadth,  may  fall  in  more  than  one  mathematical  subject  area. 

Recently,  more  emphasis  is  being  given  to  applied  problems  in 

instruction,  as  evidenced  by  the  algebra  series.  Algebra  Through 
Applications  with  Probability  and  Statistics  (Usiskin,  ly/b;,  ETven 
in  this  series,  however,  several  problems  are  merely  embedded  in  a 
context  from  a  real-life  situation  or  other  discipline  and  do  not 
have  a  genuine  applied  field  content.    However,  there  are  many  prob- 
lems which  do  come  from  real-life  situations,  as  illustrated  by  the 
following: 

2.23    Monthly  eleatria  rates  for  a  residence  in  Illinois 
(as  of  Aprils  1974}  were  as  fallows  (quoted  from 
Cormonwealth  Edison  pamphlet): 
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Monthly  charge  $0.95 

1st  100  kt^  hrs.  of  use  .0285  per  hr. 

Next  226  JcJ  hrs.  of  use  .0282  per  kJ^  hr. 

Ooev  325  h)  hrs.  of  use  .0279  per  W  hr. 

Tax  is  added  to  this  and  adjustments  are  made  if  the 
price  of  energy  to  Cormomjealth  "Edison  changes.  What 
would  be  the  monthly  charge  for  ehoh  mount  of  energy? 

5.     100  kw  hours  6.    200  ktJ  hours 

7.     400  kL:  hours  8.     700  hp  hours 

(Usiskin.  1976,  p.  191) 


Applied  problems  as  used  in  problem-solving  research  laay  evoke 
different  behaviors  and  solution  processes  from  those  evoked  by  prob- 
lems in  pure  mathematics.    Knowledge  of  specific  mathematical  rela- 
tionships which  pertain  to  an  applied  field,  such  as  equations  of 
motion  in  physics,  may  be  necessary.    There  may  be  an  increased  com- 
plexity in  the  translation  process,  and  several  alternative  solutions 
may  exist.    Because  of  their  special  nature,  applied  problems  deserve 
special  attention  in  research  and  in  the  teaching  and  learning  of 
mathematics.    A  greater  understanding  of  this  content  variable  would 
facilitate  the  increased  use  of  applied  problems  in  instruction. 

Semantic  Content  Variables 

The  third  major  category  of  content  variables  in  Table  3,1  des- 
cribes the  meanings  of  the  mathem^itzical  words  and  phrases  that  form 
the  statement  of  the  problem.    This  dimension  we  shall  call  "semantic 
content,"  and  divide  it  into  two  parts  for  discussion— Jcet/  vords  and 
mathematical  vocabulary.     This  dimension  is  used  to  describe  the 
semantics  of  natural  and  technical  language  that  may  affect  problem- 
solving  performance. 

Natural  language  is  related  to  problem-solving  performance  through 
the  large  number  of  written  problems  students  face  during  their  mathe-- 
matics  experiences  in  school.    Such  problems  require  comprehension  of 
the  written  statement  and  translation  of  the  problems  into  mathematical 
expressions  that  model  the  mathematical  structure  of  the  problem.  Of 
course,  very  complex  and  difficult  problems  can  be  stated  using  a  few 
easily  understood  words;  for  ev ample: 

3.24    Show  that  it  is  impossible^  using  a  compass  and 
straightedge t  to  trisect  an  angle. 

On  the  other  hand,  trivial  mathematical  problems  can  be  embedded  in 
lengthy  or  seraantically  complex  statements.    The  words  used  to  state 
a  problem  do  not  necessarily  reflect  the  structural  ctsmplexity  of 
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che  problem,  but  do  affect  the  comprehension  and  translation  of  the 
problem  statement.  Performance  on  word  problems  thus  is  influenced 
by  a  combination  of  linguistic  and  mathematical  abilities. 

Key  words  have  been  given  a  great  deal  of  attention  over  the 
years  in  solving  computational  word  problems,*    Students  are  taught 
to  use  certain  words  such  as  "less,"  "more/'  "each»"  "gained,"  and 
"altogether"  as  verbal  nues  for  specific  operations.    Loftus  (1970), 
however,  found  that  the  verbal  cue  variable  did  not  have  a  signifi- 
cant regression  effect  on  problem  difficulty  for  a  group  of  sixteen 
disadvantaged  sixth-grade  students  solving  arithmetic  problems.  The 
verbal  cues  that  were  used  were  "and"  for  addition,  "left"  for  sub- 
traction, and  "each"  for  multiplication. 

The  benefit  of  using  "key  words"  as  an  approach  to  instruction 
is  open  to  question.    Nesher  and  Teubal  (1975)  point  to  the  fact 
that  the  same  words  appear  at  times  as  valid  cues,  and  at  other 
times  as  distractors  with  a  meaning  contrary  to  the  most  common 
usage.    For  a  group  of  approximately  120  students  toward  the  end  of 
first  grade,  they  found  that  a  greater  percentage  of  students 
answered  the  problem  correctly  when  a  key  word  was  given  that 
corresponded  to  its  usual  operation,  than  when  a  key  word  was  given 
that  did  not  correspond  to  its  usual  operation.    Eighty-seven  percent 
of  the  children  who  attempted  an  addition  problem  which  used  "more" 
as  a  verbal  cue  answered  the  problem  correctly.    Only  62  percent  of 
the  children  answered  correctly  a  similar  addition  problem  which  used 
"less"  as  a  verbal  cue'.    The  two  addition  problems  were: 

"More"  as  a  verbal  cue 

3. 25  The  milhnan  brought  on  Sunday  4  bottles  of  milk  more 
than  on  Monday*    On  Monday  he  brought  7  bottles.  Hod 
many  bottles  did  he  bring  on  Sunday? 

"Less"  as  a  distractor 

2.26  The  milkman  brought  on  Monday  7  bottles  of  milk. 
That  was  4  bottles  less  than  he  brought  on  Sunday, 
How  many  battles  did  he  bring  on  Sunday? 

(Nesher  and  Teubal,  1975,  p.  51) 

Placing  too  large  an  emphasis  during  instruction  on  the  identification 
of  key  words  in  word  problems  can  thus  mislead  students. 


*These  are  words  from  natural  language  which  common lyvt^ave  a 
specific  mathematical  Interpretation.  >^ 


-90- 


Figure  3.2    MiaintsrpT&tatian  of  'Prohtem  3,28 

•      •  • 
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Figure  3.3    Correct  interpretation  of  Problem  3,28 
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Here  is  another  example: 

3,2?    Tuo  piles  of  ccal  are  in  a  yard;  pile  A  his  IS  tons 
and  pile  B  has  12  tons*    A  truck  takes  ouaz/  alt  but 
5  tons  of  the  coal  from  pile  A.    A  second  truck  takes 
away  all  but  4  tons  from  pile  B.    How  muck  coal  is 
left  in  the  yard? 


The  key  words  in  this  problem,  "take  away"  and  "left,"  all  naively 
suggest  a  subtraction  problem,  but  the  correct  operation  is  addition* 
This  type  of  problem  is  useful  in  investigating  whether  students  areV' 
focusing  on  the  superficial  characteristics  of  the  problem  (rote  '  \ 
transit*  ion  of  key  words)  or  are  able  to  comprehend  the  meaning  of 
the  proolem  statement  and  select  the  correct  mathematical  represent 
tation« 

Up  to  now  we  have  been  discussing  key  words  as  either  verbal 
cues  or  possible  distractors.    Another  important  type  of  word  is 
one  which  is  essential  to  the  meaning  of  the  problem,  but  which 
does  not  suggest  an  operationt    This  type  of  word  will  be  called  a 
critical  word.     The  critical  words  of  the  following  problem  are 
underlined, 

5.  28    During  the  first  three  years  of  grotJth^  a  tree  gmws 
only  its  trunk.    Dui'ing  the  fourth  year  the  trunk 
divides  and  grows  into  two  main  branches.  During 
the  fifth  year  and  every  year  thereafter ^  it  cjrows 
two  new  branches  £n  each  old  branch.    How  many  new 
branches  are  grown  during  the  eighth  yeai'  of  growth? 
How  many  new  and  old  branches  does  the  tree  have  after 
eight  years  of  growth? 


As  the  task  is  wor^ded,  it  is  very  easy  for  someone  to  misinterpret  ^ 
the  problem  and  assume  that  as  the  trunk  divides  into  two  branches, 
so  vill  the  branches •    The  word  "divides"  can  create  a  "mind-set" 
for  the  remainder  of  the  problem.    The  word  "on"  is  crucial  to  the 
meaning  of  the  problem. 

A  misinterpretation  of  the  problem  is  a  "tree  diagram"  with 
eiach  branch  dividing  in  two  (see  Figure  3.2).    The  correct  inter- 
pretation has  the  two  new  branches  growing  on  the  existing  branches » 
so  that  where  there  was  only  one  branch  before,  there  are  three  (see 
Figure  3*3). 

A  critical  word,  such  as  "on"  in  problem  3.28^  is  essential  to 
understanding  the  mathematical  relationships  described  in  the  prob- 
lem*   One  means  of  investigating  critical  words  and  the  comprehension 
of  word  problems  is  the  Cloze  procedure*    When  using  this  procedure. 


(Weaver ) 


(Gimmestad,  1977) 
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a  number  of  words  of  the  problem  are  replaced  by  blanks,  anywhere  from 
only  one  word  to  every  fifth  word  being  omitted*    '^he  student  is  asked 
to  fill  in  the  correct  words.    A  good  indication  of  how  students  com- 
preh^and  Problem  3^28  can  be  obtained  by  replacing  the  word  '*on"  with 
a  blank,  and  asking  the  student  to  fill  it  in. 

The  second  part  of  our  discussion  of  semantic  content  concerns 
mathematical  vocabulary «    Natural  language  words  used  in  uhe  problem 
statement  have  their  standard  meaning  as  they  are  used  in  everyday 
life,  while  mathematical  language  refers  to  words  that  take  on  special 
meaning  as  they  are  being  used  in  a  mathematical  contex^L.    The  word 
"function,"  for  example,  in  mathepiatlcs  means  mapping  from  one  set  fo 
another;  the  common  meaning  of  "function"  is  the  specific  action  or 
use  of  a  thing,  such  as  the  "function"  of  the  brain* 

Even  when  the  words  in  the  statement  of  a  problem  assume  their 
ordinary  meaning^  Kane  (1968)  argues  that  reading  mathematics  texts 
or  problems  requires  a  special  ability,  different  from  that  required 
to  read  ordinary  prose.    However,  mathematical  vocabulary  is' partic- 
ularly important  in  problem-solving  research  studies  that  use  a 
control  group  which  has  not  been  exposed  to  a  particular  form  of 
instruction.    When  presenting  unfamiliar  problems  to  control  groups, 
differences  in  performance  may  be  due  to  a  lack  of  familiarity  with 
the  mathematical  vocabulary  in  the  problems,  rather  than  to  differ- 
ences in  the  ability  to  carry  out  mathematical  operations.    Thus  .it 
may  be  relatively  easy  to  produce  an  "effect"  on  measured  problem- 
solving  ability  in  an  experimental  group,  merely  by  the  introduction 
of  technical  mathematical  vocabulary. 

Variables  Desarihing  the  Problem  Elements 

A  fourth  category  of  confent  variables  concerns  the  problem 
elements.    The  "elements"  of  a  problem  correspond  to  the  three  types 
of  information  of  which  formal  problems  are  normally  composed:  givens, 
operations,  and  goals.    The  attributes  of  each  set  of  elements  provide 
another  means  of  describing  the  content  of  the  problem.    Are  all  of 
the  givens  stated  explicitly,  or  are  some  conditions  implied  but  not 
explicitly  stated?    What  are  the  given  conditions  or  items  of  numeri- 
cal information?    Are  the  givens  related  conjunctively  (and)  or  dis- 
junctively (or)?    What  operations  are  stated  or  implied  by  the  problem 
statement?    The  goals  of  a  mathematical  problem  can  likewise  be  class- 
ified.   One  important  classification  of  goals  is  into  the  categories 
"to  find"  or  "to  prove."    "To  find"  goals  can  be  classified  further 
by  describing  that  which  is  to  be  found.    The  list  below  gives  some 
examples  of  how  the  goals  of  problems  "to  find"  can  vary. 
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A  nuxnber  as  the  goal : 


2.29    Find  a  four^digit  number  which  is  an  exact  square, 
and  such  that  its  first  two  digits  are  the  soffne  and 
also  its  last  tuo  digits  are  the  same, 

(Shklarsky  et  al.,  1962,  p.  27) 

A  set  of  nuTtibers  as  the  goal: 


S.SO    Find  five  positive  whole  numbers  a,  b,  a,  d,  and  e 
suck  that  there  is  no  subset  with  a  3wn  divisible 
by  5. 

(Posamentler  and  Salklad^  1970) 

A  process  as  the  goal : 

3.21    Three  cannibals  and  three  missionaries  are  on  the  bank 
of  a  river.    All  of  them  want  to  oross  the  river^  but 
they  have  only  one  bodtt  thxit  holds  two  people.  How 
can  they  all  get  across  the  river  without  ever  having 
the  cannibals  outnumbering  the  missionaries  on  either 
side  of  the  river? 


An  expression  as  the  goal: 

3.32    In  quadrilateral  ABCD,  ^  and  ^  are  each  equal  to  t, 
and  ^  ABC  -^A  -f  4^^7.    Express       in  terms  of  t. 


A  construction  as  the  goal: 


2.  S3    Given  a  line  AB,  construct,  when  possible,  a  point  P 
in  AB  such  that  the  sum  of  the  squares  an  AP  and  PB 
is  equal  to  the  area  of 'a  given  square^    When  is  it 
impossible? 

*  (Durell,  1960,  p.  28) 

A' geometric  figure  as  the  goal: 


3:34    Draw  a  rectangle  with  a  perimeter  of  81  cm  and  with 
the  maximum  possible  area. 

A  logical  conclusion  as  a  gbal: 

S,3S    Twelve  persons  were  traveling  and  brought  a  dozen  loaves 
of  breads   Each  man  brought  8  loaves,  each  woman  brought 
half  a* loaf,  and  each  child  a  quarter  of  a  loaf.  How 
many  men,  women  and  children  were  traveling? 

(Krutetskil,  1976,  p.  150) 
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Problems  "to  find"  can  also  be  partitioned  in  other  ways  by  con- 
sidering the  nature  of  the  goal.     In  the  following  problem,  the  goal 
is  to  find  the  configuration  of  coins  that  satisfies  the  conditions: 

3.36    Judy  has  32  aoir^  with  the  total  value  of  $2.00.  She 
does  not  have  any  nickels.    What  coins  does  she  have? 

This  differs  from  the  following  problem,  where  the  goal  is  to  exhaust 
all  of  :he  possibilities  that  meet  the  conditions; 

3.S7    Find  the  number  of  ways  in  which  20  U.S.  coins  consisting 
of  quarters^  dimes  and  nickels  can  have  a  value  of  $3.10. 

(Webb,  1976) 

Even  though  both  problems  "to  find*'  can  be  classified  as  money  problems 
the  nature  of  the  goal  varies.    Such  a  distinction  is  particularly 
important  when  selecting  problems  which  are  more  likely  to  be  solved 
using  one  approach  than  another.    Problem  3.36  is  well  suited  for  a 
"guess  and  test"  approach,  since  the  conditions  are  explicitly  speci- 
fied and  it  is  easy  to  generate  possible  sets  of  coins •    The  solution 
can  be  verified  by  ensuring  that  the  set  contains  32  coins,  does  not 
have  any  nickels,  and  totals  $2.00.    Guessing  and  testing  is  one 
approach  for  Problem  3.37  as  well,  but  will  generally  not  lead  to  a 
solution  without  additional  refinement.    The  problem  solver  needs  to 
develop  some  means  of  analysis  to  ensure  that-  all  of  the  possibilities 
have  been  exhausted* 

Problems  "to  prove"  vary  in  a  similar  fashion.    Such  problems  can 
have  as  their  goals  proofs  of  theorems,  lemmas,  statements,  or  expres- 
sions.   This  categorization  of  goals  is  to  be  distinguished  from  the 
classification  of  problems  by  possible  type  of  proof ^ — direct,  indirect, 
inductive,  reduc^io  ad  absurdum — which  would  represent  a  structure 
classification* 

Mathematical  Equipment 

Other  categories  of  content  variables  exist,  *?uch  as  the  type  of 
equipment  required  for  the  task.     In  this  category,  problems  could  be 
classified  in  accordance  with  the  requirement  for  use  of  mathematical 
materials,  such  as  a  calculator  or  straightedge  and  compass.  The 
content  variables  given  here,  and  summarized  in  Table  3.1,  are  not 
exhaustive.    The  more  important  areas,  those  that  appear  most  often 
in  instruction  and  research,  have  been  identified. 


3.     The  Classification  and  Definition  of  Context  Variables 


The  context  of  a  task  refers  to  circumstances,  surroundings,  for- 
mats and  instructions  that  are  included  as  part  of  the  task  and  which 
Influence  the  understanding  of  the  task.    The  distinction  we  make 
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between  context  variables  and  situation  variables  (which  are  not  task 
variables)  Is  that  context  variables, are  intrinsic  to  the  task,  and 
not  descriptive  of  the  external  environmental  circumstances  In  which 
the  problem  is  solved.    On  the  other  hand,  the  content-context 
dichotomy  is  analogous  to  the  substance-form  dichotomy.    Whenever  , 
a  problem  is  given,  choices  are  made  about  the  form  of  the  problem* 
It  may  be  presented  orally,  in  written  form,  or  plctorially.  The 
essential  informiation  of  the  problem  can  be  embedded  in  a  story. 
Hints  may  be  included  or  made  available*    Extraneous  non-mathematical 
information  may  be  included.    All  of  these  choices  determine  the  'con- 
text of  the  problem.  | 

This  section  describes  a  set  of  context  variables*  whihh  are 
summarized  in  Table  3.2.    Awareness  of  the  possible  variations  of 
problem  context  can  Improve  the  teaching  of  problem  solving!  and 
guide  the  development  of  sets  of  problem?  to  be  Used  in  the  etudy 
of  problem  solving # 

Problem  Embodiments  or  Eepresentations  • 


The  essential  elements  of  a  problem  are  the  givens,  the  opera- 
tions, and  the  goals.    The  most  succinct  statement  of  these  will  be 
called  the  kernel  of  the  problem.    Often  the  kernel  is  embedded  in 
a  verbal  statement  or  story  that  has  no  mathematical  relevance  to 
the  problem,  although  it  may  affect  motivation  as  well  as  overall 
problem  difficulty.     The  verbal  embodiment  of. the  problem  then  Is 
the  statement  that  is  used  to  present  the  essential  information  of 
the  problem.    Variations  in  the  verbal  embodiment  of  a  problem  are 
Illustrated  below.    The  simplest  version  of  the  problem  is  given 
first.     The  next  two  versions  increase  in  both  syntactic  complexity 
and  the  complexity  of  the  story  contert  that  is  described. 


Sum  Problem 

i 

3,38  Find  the  smallest  se 
every  integer  from  1 
the  set  or  a  sirn  of 


t  of  whole  numbers  such  that 

to  ?  is  either  an  element  of 
the  elements  in  a  subset. 


Modified  Golden  Chain  Problem 

3.39    A  wdman  hoc  a  chain  with  seven  gold  links.    She  would 
liJdB  to  take  a  seven^day  trip  by  carriage.  The 
dryver  has  agreed  to  take  her  for  one  link  of  the 
gcjld^n  chain  for  each  day^  payable  at  the  end  af  the 
d^.    If  it  costs  the  woman  five  dollars  to  have  a 
qeweler  open  one  link,  what  is  the  least  amount  of 
Money  she  would  have  to  spend  to  open  links  sol  the 
/driver  can  have  one  link  the  first  day,  two  links 
the  second  day,  and  so  on? 
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Table  3.2    A  Sicmary  of  Context  Task  Variables 


I,    Problem  embodiments  or  representations 

manipulative 

pictorial 

symbolic 

verbal 

etc. 


2.    Verbal  context  or  setting 

familiar  vs.  unfamiliar 
applied  vs.  theoretical 
concrete  vs.  abstract 
factual  vs.  hypothetical 
conventional  vs.  imaginative 
etc. 

The  verbal  context  or  setting  refers  to  such  extraneous 
non^mathematical  information  as  may  be  contained  in  the 
problem  statement. 


3.     Information  format 

presence  or  absence  of  hints 
multiples-choice  vs.  free-^answer 
etc. 
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Golden  Chain  Problem 


3^40    A  Chinese  prince  who  was  forced  to  flee  his  kingdom 

by  his  traitorous  brother  sought  refuge  in  the  hut  of 
a  poor  man.    The  prince  had  no  money ^  but  he  did  have 
a  very  valuable  golden  chain  with  s^ven  links ^    The  poor 
man  agreed  to  hide  the  prince ^  but  because  he  was  poor 
and  because  he  risked  considerable  danger  should  the 
prince  be  found,  he  asked  that  the  prince  pay  him  one 
link  of  the  golden  chain  for  each  day  of  hiding.  Since 
the  prince  might  have  to  flee  at  any  times  he  did  not 
want  to  give  the  poor  man  the  entire  chain;  and  since 
it  was  so  valuable,  he  did  not  want  to  open  more  links 
than  absolutely  necessary.    Whai^is  the  smallest  number 
of  links  that  the  prince  must  open  in  order  to  be  ^^r- 
tain  that  the  poor  man  has  one  link  on  the  first  day^ 
two  links  on  the  second  day,  eta^  ? 

The  inost  coinmon  form  of  embodiment  of  a  problem  is  a  story.  The 
general  opinion-  is  that  presenting  a  problem  as  part  of  a  story  will 
increase  the  level  of  interest  of  the  student  in  finding  the  solu-^ 
tion  to  the  problem.     In  some  cases,  this  backfires  and  the  embodi- 
ment actually  retards  interest  in  the  problem;  this  may  occur  if 
the  difficulty  in  extracting  the  relevant  information  is  ei^cessive. 

In  addition  to  purely  verbal  endjodiments,  problems  may  be  pre- 
sented in  manipulative,  pictorial,  or  symbolic  form.    For  example,  a 
problem  presented  in  a  manipulative  embodiment  might  include  a  physi- 
cal model  of  a  river,  a  dock  on  either  side,  one  ferryboat,  and  a 
number  of  cars.    The  problem  is  to  transport  the  cars  on  the  ferry 
to  the  other  side  of  the  river.    The  conditions  of  the  problem  can 
be  varied  by  changing  the  size  of  the  ferry  and  the  number  of  cars. 
The  goal  of  the  problem  can  be  varied  by  restricting  the  number  of 
trips  or  the  number  of  cars  allowed  on  the  ferry  boat  at  one  time, 
stipulating  that  the  smallest  possible  number  of  trips  is  desired • 

The  problem  is  a  partitioning  problem  for  younger  children.  The 
solution  may  be  found  by  manipulating  the  objects. in  the  model.  The 
conditions  of  the  problem  do  not  have  to  be  interpreted  exclusively 
from  the  verbal  problem  statement,  because  the  child  can  determine 
these  from  the  physical  objects  themselves,  being  limited  in  the 
number  of  cars  that  will  fit  on  the  ferry  boat  at  one  time,  or  by 
the  total  number  of  ears.'  Another  benefit  of  using  the  manipulative 
form,  besides  the  ease^ with  which  students  can  understand  the  prob- 
lem, is  that  an  observer  can  more  easily  describe  the  processes  that 
students  use  in  finding  the  solution.    It  is  very  easy  to  record  the 
trials  that  are  made  and  the  sequence  of  steps  that  is  followed. 

A  second  manipulative  problem  involves  a  cube  that  is  painted 
red  on  the  outside  and  is  divided  into  27  equal  cubes  as 'shown. 
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The  subject  is  asked  to  determine  how  tnany  small  cubes  are  painted  on 
4  sides,  3  sides,  2  sides,  1  slde%  and  0  sides.    If  a  real  cube  is 
placed  in  front  of  the  subject,  even  though  the  cube  cannot  be 
handled,  the  problem  can  be  considered  to  haVe  a  manipulative  com- 
ponent in  its  embodimentt    As  the  solution  of  the  problem  progresses, 
the  subject  may  be  allowed  to  look  at  one  of  the  smaller  cubes  as  a 
hint.    Which  small  cube  the  student  selects,  and  what  information  is 
derived  from  the  small  cube,  will  help  the  observer  determine  what 
the  student  is  considering  in  solving  the  problem. 

Manipulative  problems  are  not  restricted  in  theit*  appeal  to 
children  only.    The  problem  of  "ins^^tant  insanity"  is  a  good  example 
of  a  concretely  presented  problem  suitable  for  adults.    The  puzzle 
has  four  cubes  with  each  face  painted  with  one  of  four  colors.  The 
object  is  to  stack  the  cubes  so  thsit  exactly  one  of  the  four  colors 
is  showing  on  each  side  of  the  stack.     Even  though  the  problem  is 
presented  in  a  manipulative  embodiment,  adults  will  often  create  a 
symbolic  embodiment  to  solve  this  problem. 

A  third  type  of  problem  embodiment  is  the  pictorial.    As  an 
example,  problems  can  be  presented  pictorially  with  no  words  or  very 
few  words  accompanying  the  picture,  such  as  the  following: 

« 

«  ..... 
.  **  ««..  •  « 


The  pictorial  embodiment  is  generally  considered  to  be  a  more  abstract 
form  of  presenting  a  problem  than  the  manipulative  embodiment.  Con-- 
ceivably,  a  person  could  create  a  physical  model  of  the  problem  and 
solve  the  problem  manlpulatively .  ,  However,  it  is  more  likely  that 
traiislation  will  be  in  the  direction  of  a  more  abstract  (i.e., 
symbolic)  representation.    Pictorial  presentations  do  not  have  all 
of  the  advantages  of  manipulative  presentations,  but  they  do  reduce 
the  interaction  between  problem-solving  j)erformance  and  verbal  ability. 
At  the  same  time  other  variables  may  be  introduced  in  addition  to 
simply  that  of  presentation.    For  example,  pictorial  presentations  may 
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introduce  variables  of  spatial  relationships  as  well.    The  reader  is 
referred  to  studies  by  Moses  (1977),  Schonberger  (1976),  and  Fraud- 
sen  and  Ho  "'den  (1969)  for  examples  of  this  phenomenon. 

Finally  ve  have  the  symbolic  embodiment  t  which  is  the  most 
commonly  used.    This  category  includes  problems  presented  exclusively 
in  written  form,  or  by  using  s3nnbols  such  as  those  in  an  equation. 
This  is  the  most  abstract  of  the  forms  of  probl^  embodin^nt. 

The  three  forms  of  problem  presentation:    manipulative,  pictorial, 
and  verbal-symbolic,  parallel  the  three  forms  of  representation  used 
by.  children  to  store  and  retrieve  -  information  as  identified  by  Bruner 
(1966),    These  are:    enaative^  things  we  know  through  action;  iaonia^ 
things  that  depend  upon  visual  or  other  sensory  organization;  and 
symbolic^  representations  in  words  or  language,    Bruner  suggests  that 
intellectual  development  proceeds  with  the  development  of  each  of  these 
systems  until  all  have  been  mastered.'   Thus  we  expect  the  ease  of  work'- 
ing  within  a  particular  type  of  problem  embodiment  to  be  directly 
related  to  a  subject's  level  of  cognitive  development,  as  well  as  to 
variables  such  as  verbal  and  spatial  ability. 


Verbal  Context  or  Setting 

The  verbal  embodiment  of  a  problcan  can  have  different  character- 
istics with  respect  to  the  problem  so].ver.    One  dichotomous   set  of 
characteristics  is  the  abstract  versus;  concrete  embodiment,  discussed 
by  Goldin  and  Caldwell  in  Chapter  VI,    An  "abstract"  word  problem 
involves  a  situation  which  describes  c»nly  abstract  or  symbolic 
objects,  while  a  "concrete"  word  probl.em  describes  a  real  situation 
dealing  with  real  objects. 


Abstract 

3.42  There  is  a  certain  given  niTnber.    Three  more  than 
tiriae  this  given  number  is  equal  to  fifteen.  What 
is  the  value  of  the  given  fiwnber? 

Concrete 

3.43  Susan  has  some  dolls.    If  vhe  had  four  more  than 
tuiae  as  many,  she  would  hcrve  fourteen  dolts.  How 
many  dolls  (hes  Susan  really  have? 

A  slightly  different  version  of  the  alstract-concrete  dichotomy  was 
used  by  Krutetskll  in  one  of  his  series  of  problems.    The  problem 
set  consisted  of  prohlems  that  made  a  gradual  transformation  from 
"concrete"  to  "abstract,"  where  the  mcst  abstract  problem  used  only 
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variables  and  the  concrete  problem  uged  only  numbers.    The  problems 
in  between  included  both  variables  and  numbers.    The  two  extreme 
variants  of  a  problem  in  one  set  are  given  below; 

3.44  The  length  of  a  room  is  6       its  width  is  3  and 
its  height  is  3  m.    l/hat  is  the  volume  of  4  such 
rooms  ?    ( Conare te) 

5. 45  The  length  of  a  room  is     m^  and  its  width  and 
height  are  a  m  each.    What  is  the  volume  of  n 
such  rooms?  .  (Abstract) 

(Krutetskii,  1976,  p,  124) 

A  second  characteristic  of  the  etabodiment  of  a  verbal  problem, 
discussed  in  Chapter  VI ,  is  the  factual-hypothetical  dimension. 
Problem  3.42  illustrates  a  factual  problem  and  Problem  3.43  a 
hjrpothetical  one.    The  distinction  between  the  two  is  that  a 
factual  problem  merely  describes  a  situation,  while  a  hypothetical 
problem  suggests  a  possible  change  in  the  situation. 

Many  other  characteristics  of  verbal  problem  contexts  have 
already  been  mentioned  In  the  review  of  the  literature— familiar 
vs.  unfamiliar  contexts  (Brownell  and  Stretch,  1931),  social-economic 
vs.  mechanical  and  scientific  vs.  abstract  (Travers,  1967),  low  needs 
vs.  higher  needs  (Scott  and  Llghthall,  1967),  and  outdoor  vs.  computa- 
tional vs.  scientific  (Cohen,  1976).    The  preponderance  of  evidence  is 
that  most  of  these  variables  do  not  greatly  affect  problem  difficulty 
when  other  variables  are  controlled. 

Information  Format 


Another  dimension  of  problem  context  is  the  way  in  which  the 
problem  is  partitioned  when  it  is  presented.    Is  all  the  information 
given  at  once,  or  Is  only  part  of  the  information  given  initially^ 
with  time  allowed  for  processing  before  new  Information  is  given? 
Is  there  some  information  which  is  given  only  when  requested  by  the 
problem  solver?    Is  information  given  in  the  form  of  "hints"? 
Different  parts  of  the  problem  may  even  be  presented  in  different 
embodiments— manipulative,  pictorial,  or  verbal-symbolically . 

The  most  common  information  format  is  to  present  the  problem  as 
a  whole.  Including  sufficient  information  for  a  unique  solution.  The 
use  of  other  formats  may  depend  upon  the  purpose  of  the  problem.  For 
example,  if  the  purpose  is  to  study  how  a  child  uses  different  condi- 
tions of  the  problem,  one  condition  can  be  given  at  a  time.  For 
example, 

'3.46    How  many  chickens  and  pigs  are  there,  if  there  is 
a  total  of  50  legs? 

A  fourth  grader  working  this  problem  will  in  most  cases  discover  that 
there  are  many  solutions.    The  problem  becomes  one  of  organizing  the 
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Informatlon  and  defining  some  system  so  that  all  possibilities  can  be 
exhausted.  If  a  second  condition  such  as:  "There  are  twenty  heads" 
is  given,  the  child  can  use  the  information  already  derived,  together 
vith  the  new  condition,  to  obtain  a  unique  answer.  The  researcher  or 
a  teacher  may  acquire  more  information  in  this  way  about  the  problem- 
solving  procedure  used  by  the  child  than  if  both  conditions  had  been 
given  together.  "| 

"Hints"  are  another  way  of  varying  the  formats  of  problems. 
Some  studies  have  allowed  the  problem  solver  to  work  on  the  problem 
as  far  as  possible  alone,  and  then  have  given  hints  to  see  what  the 
problem  solver  does  vith  the  new  information.    Some  researchers  include 
hints  that  will  eventually  lead  to  the  solution,  to  ensure  that  the  sub- 
jects reach  a  solution  and  to  reduce  the  likelihood  of  frustration. 

Roman  and  Laudata  (1974)  constructed  a  CAT  program  to  instruct 
elementary  school  children  in  grades  4  and  5  on  word  problems.  They 
used  a  series  of  three  hints  to  help  identify  the  general  steps  taken 
in  solving  word  problems.    For  example: 

3,47  The  problem:  In  April  Harvey  held  some  toys^  Yester^ 
day J  he  divided  the  toys  into  45  boxes.  How  many  toys 
did  he  hold  in  April,  if  there  were  3  toys  in  each  box? 

First  hint:    Restate  the  question:    Find  the  number  of 
toys  Harvey  started  with*    Now  reread  the  problem, 
(identifies  the  unknown.) 

Second  hint:    Restate  the  question:    It  is  similar  to 
Harvey      toys  divided  into  45  boxes  given  3  toys  in 
each  box,     ?  -  toys  Harvey  started  with.    Nov  reread 
the  original  problem,     (Restatement  of  problem  in 
single  syntactic  /om^  omitting  superfluous  in/brma- 
tionJ 

Third  hint:    Translate  the  problem  vo  a  number  sen^ 
tenae:    ?  toys/45  boxes  -  3  toys  in  a  boxj  or  7/45  =5, 
^ow  solve  thk  number  sentence.     (A  mathematical  state^ 
ment  that  relates  the  variables  in  the  problem  to  an 
appropriate  number  sentence, ) 

(Roman  and  Laudata,  1974) 

Hints  can  provide  useful  information  not  only  for  the  problem 
solver  but  also  for  the  researcher  and  the  teacher.    How  the  hints 
are  being  used,  how  many  are  needed,  and  which  hints  provide  the  key 
to  solution  all  yield  useful  information  about  the  thought  processes 
students  are  using. 

In  this  section,  we  have  reviewed  three  categories  of  context 
variables  J    problem  embodiments,  characteristics  of  the  verbal 
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contexts  or  settings,  and  information  format «    In  Chapter  IX,  this 
classification  is  applied  to  derive  some  suggestions  for  the  iiK>re 
effective  teaching  of  problem  solving • 


4*  Summary 

In  this  chapter,  schemes  have  been  proposed  for  the  classifica- 
tion of  content  and  context  variables.    Content  is  taken  to  refer  to 
the  substance  or  meaning  of  the  problem  staten^nt,  while  context 
refers  to  the  form  or  Inessential  characteristics  of  the  problem. 
The  main  categories  proposed  for  content  variables  are:  Mathematical 
Topic,  Field  of  Application,  Semantic  Content,  Problem  Elements,  and 
Mathematical  Equipment.    The  main  categories  proposed  for  context 
variables  are:    Problem  Embodiment,  Verbal  Context,  and  Information 
Format* 

The  proposed  categories  are  not  exhaustive.    As  Tnore  research 
on  problem  solving  Is  perfonned,  and  as  research  Interests  change, 
new  categories  and  subcategories  may  have  to  be  added.    For  example, 
current  Interest  in  sex^related  differences  in  mathematics  education 
suggests  that  attention  will  be  paid  to  gender  in  describing  the 
verbal  context  of  problems.    To  list  all  possible  content  and 
context  categories  would  be  an  Insuperable  task.    The  classification 
schemes  described  here  provide  a  useful  framework  for  studying  the 
effects  of  varying  content  and  context  in  mathematical  problems • 


IV. 


Structure  Variables  in  Problem  Solving 

by 

Gerald  A.  Goldin 
Northern  Illinois  University 

DeKalb,  Illinois  ^ 


While  syntax^  content,  and  cont«ct  variables  principally  describe 
the  statement  or  embodiment  of  the  raroblem,  structure  variables  describe 
the  mathefliatical  properties  of  a  problem  representation  (see  Chapter  I, 
Fig,  1.1) •     In  order  to  derive  syptax  variables,  it  may  be  necessary  to 
carry  oift  a  linguistic  analysis  af  the  problem  statement;  in  order  to 
derive  content  and  context  variables,  one  may  classify  terms  in  the 
problem  statement  in  accordance/with  their  mathematical"  meanings  or 
one  may  classify  the  given  problem  embodiment  in  accordance  with  its 
characteristics*    These  variables  do  not  require  a  mathematical  analy- 
sis of  the  problem  for  their  definition.    By  contrast,  structure 
variables  are  those  which  aref obtained  only  by  means  of  some  such 
analysis,  / 

Structure  variables  ma^  depend  for  their  definition  on  the  partic- 
ular representation  of  the  problem  within  whlph  the  analysis  takes  place. 
For  example,  a  structure/variable  which  has  been  studied  fairly  exten-- 
sively  is  the  ^'number  ot  steps"  required  in  solving  a  problem.  However, 
this  number  will  obviously  depend  upon  the  method  of  problem  solution 
which  is  selected  as  the  standard.     In  addition,  it  will  depend- on  what 
one  chooses  to  call  a  "step**-- to  pass  from  the  equation  2x  +  3x  «  10 
to  the  equation  5x      10  might  be  thought  to  require  only  one  step;  or 
it  might  be  thought  to  require  two  steps  [2x  +  3x  -  10,  (2  +  3)x  *  10, 
5x  -  10];  or  even  more  steps  [2x  +  3x  -  10,  2x  +  3x  -  (2  +3)x,  (2  +  3)x 
■  10,  2  +  3  -  5,  5x  «  10] .    Is  there,  then,  such  a  thing  as  ^'intrinsic" 
problem  structure,  apart  from  the  particular  problem  solver? 

Certainly  different  problem  solvers  may  formulate  different  repre- 
sentations from  the  same  problem  statement.    There  may  be  a  wide 
variety  of  different  and  creative  approaches  to  gaining  insight  into 
a  problem,  including  reference  to  related  but  distinct  problems.  Rules 
of  procedure  may  be  open  to  interpretation,    Nevertheless,  it  is  the 
viewpoint  of  this  chapter  that,  given  a  set  of  well-defined  rules  or 
operational  procedures,  a  well-defined  structure  will  be  generated  that 
is  subject  to  formal  analysis.    Furthermore,  a  mathematical  problem 
translates  into  just  such  a  system  of  rules  of  procedure,  sometimes 
stated  explicitly  in  the  problem  and  sometimes  to  be  understood  from 
the  mathematical  framework  within  which  the  problem  is  presented.  This 
is  the  sense  in  which  we  interpret  problem  structure  variables  as  thsk 
variables* 
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When  rules  of  procedure  are  subject  to  more  than  one  interpretation t 
it  is  necessary  to  make  explicit  the  possible  interpretations ,  and  these 
become  part  of  the  description  of  intrinsic  problem  structure.    Likewise ^ 
when  different  representations  of  the  problem  may  be  obtained  through 
translation  of  the  problem  statement,  it  will  be  necessary  to  select  one 
or  more  of  them  for  analysis  in  order  to  obtain  problem  structure  varia- 
bles.   For  example,  if  asked  to  find  the  minimum  value  of  the  expression 
y  »  x2  -  2x  +  3,  a  first-year  algebra  student  might  construct  a  table  of 
values,  proceeding  by  systematic  trial*and-error  to  arrive  at  a  minimum 
value.    Another  possibility  is  to  draw  a  graph  of  the  function  y  •  x2  - 
2x  +  3  and,  from  a  visual  inspection,  determine  the  minimum*    A  calculus 
student,  having  available  additional  rules  of  procedure,  might  set  the 
derivative  equal  to  zero,  solve  for  x,  and  substitute*    Thus,  the  prob- 
lem might  be  represented  by  means  of  a  sequence  of  values  of  x  and 
corresponding  values  of  y;  or  by  means  of  a  graph,  or  by  means  of  a 
sequence  of  equations  beginning  with  ^  "  0»    But  the  existence  of  such 
different  representations  does  not  mean  that  intrinsic  problem  structure 
variables  are  impossible  to  define.    Rather  it  means  that  we  must  be 
explicit  about  our  choice  of  representation  in  performing  the  analysis. 
It  will  usually  be  desirable  to  consider  those  representations  most 
cotsmonly  employed  by  the  population  of  subjects  for  whom  the  problem 
is  Intended. 

In  this  chapter  we  shall  develop  and  apply  methods  of  state^ space 
analysis  to  define  and  examine  problem  structure  variables.    Some  of  the 
development  is  familiar  to  students  of  '^artificial  intelligence**  but  not 
in  general  to  mathematics  educators;  this  Includes  much  of  the  material 
at  the  beginning  of  Section  2,  which  is  included  for  completeness.  After 
introducing  the  basic  definitions,  we  shall  return  to  the  question  of 
characterizing  '^relatedness"  among  problem  representations.    We  shall 
also  discuss  the  sense  ir  which  algorithms  and  strategies  may  be  regarded 
as  part  of  the  "intrinsic'*  problem  structure. 

In  the  study  of  problem-solving  processes  and  the  teaching  of 
problem-solving  skills,  task  variables  are  usually  taken  to  be  the 
independent  varia51es~they  are  subject  to  the  control  of  the  researcher 
or  the  teacher  through  the  selection  or  creation  of  appropriate  problems^ 
Dependent  variables  of  interest  include  variables  describing  the  amount 
of  success  in  problem  solving  (problem  d::!  f  f  iculty)  ,  variables  describing 
the  employment  of  specific  processes  (patterns  of  behavior,  strategy 
scores) ,  and  variables  which  measure  the  learning  which  has  taken  place 
during  problem  solving  (transfer  to  related  problems).    Thus,  we  shall 
most  frequently  be  interested  in  defining  problem  structure  variables 
which  are  likely  to  influence  these  outcomes.    The  term  "complexity 
variables"  can  be  used  to  highlight  those  variables  expected  to  affect 
directly  the  problem  difficulty. 

Before  proceeding  with  the  development,  we  shall  briefly  survey 
some  of  the  research  related  to  problem  structure  variables. 
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1,    Revlev  of  Related  Research 


A  dramatically  increasing  body  of  research  employs  "artificial 
intelligence"  models,  or  mechanical  models,  to  describe  human  problem 
solving.    Some  of  this  research  is  oriented  toward  finding  the  moat 
efficient  algorithms  or  strategies  for  solving  problems  with  a  com- 
puter,  which  necessitates  the  formal  analysis  of  the  structure  of 
problem  representations  (Arbib,  1969;  Banerji,  1969;  Hunt,  1975, 
Nilsson,'  1971) »    Such  formal  analysis  is  reproduced  and  extended  in 
the  present  chapter,  from  the  standpoint  of  examining  task  structure 
variables  which  can  affect  the  outcomes  of  problem  solving. 

The  "state««space  representation"  of  a  problem  provides  the  basis 
for  much  of  our  formal  analysis  (Hunt,  1975;  Nilsson,  1971),    One  goal 
of  artificial  intelligence  research  has  been  to  program  high-speed 
computers  to  solve  problems  in  logic,  to  play  games  such  as  chess  and 
checkers,  or  to  make  decisions  in  specified  situations  to  obtain  the 
most  favorable  possible  outcome.    Thus,  an  entire  branch  of  the  field 
is  devoted  to  obtaining  efficient  search  algorithms^  by  means  of  which 
the  mechanical  problem  solver  can  "look  ahead"  in  the  state-space  or 
game  tree,  or  "foresee"  the  outcomes  which  are  possible  following  a 
particular  choice.    Nilsson  discusses  "breadth-first"  and  "depth-first" 
search  algorithms — roughly  speaking,  in  the  former  all  possible  contin- 
uations are  examined,  a  single  step  at  a  time;  in  the  latter,  a  single 
continuation  is  followed  to  its  end  before  another  one  is  tested.  In 
addition  there  are  search  algorithms  which  combine  features  of  both 
these  approaches.    Complications  arise  because  there  must  be  an  effi- 
cient means  for  the  mechanical  problem  solver  to  "remember"  which 
states  have  already  been  entered,  and  which  have  not. 

Since  for  most  problems  or  games  the  number  of  possible  branches 
rapidly  becomes  more  than  astronomical,  the  field  of  choice  must  some- 
how be  narrowed.    In  order  to  avoid  searching  to  the  very  end  of  every 
path,  a  value  may  be  assigned  to  each  state  based  on  information  avail- 
able in  that  state.    This  evaluation  flotation  represents  a  measure  of 
expectation  for  future  success.    An  example  of  this  technique  is  the 
use  of  "positional  judgment"  in  chess,  whereby  such  features  as 
"control  of  the  center"  and  "safety  of  the  king"  affect  the  desir- 
ability of  a  position.    Once  criteria  for  such  an  evaluation  have  beeii 
established,  the  search  algorithm  may  be  constructed  to  look  only  n 
moves  ahead,  to  calculate  the  evaluation  function  for  the  terminal 
states  reached,  and  to  make  the  choice  which  maximizes  the  terminal 
value.    Procedures  based  on  such  evaluation  functions  are  called  "hill- 
climbing"  by  Wickelgren  (1974),  and  form  an  important  component  in  his 
survey  of  problem-solving  methods.    In  a  competitive  game,  the  choice 
is  made  which  maximizes  the  minimum  value  (across  opponent's  moves)  of 
the  terminal  states  resulting  from  the  choice.    A  modification  of  this 
"minimax"  procedure  which  further  reduces  the  number  of  states  in  the 
search  is  to  select  only  a  narrowed  class  of  moves  whose  continuations 
are  to  be  investigated,  based  on  pre-'specif ied  criteria. 
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The  ''General  Problem-Solver"  of  Newell,  Shaw,  and  Simon  has  greatly 
influenced  the  field  of  artificial  intelligence,  as  well  as  providing  a 
take«-off  point  for  the  modelling  of  human  problem  solving  (Ernst  and 
Newell,  1969;  Newell,  Shaw,  and  Simon,  1960),    It  embodies  a  kind  of 
depth-first  search  algorithm  in  which  the  first  object  of  the  program 
is  to  identify  a  subgoal  state  which  might  eventually  lead  to  solution 
of  the  main  problem.    The  subgoal  state  is  chosen  to  be  "less  distant" 
in  some  suitable  sense  from  the  goal  state  than  is  the  Initial  state. 
When  such  a  subgoal  has  been  identified,  control  switches  to  the  task 
of  attaining  the  subgoal,  prior  to  returning  to  the  task  of  obtaining 
the  original  goal.    This  technique  is  to  be  applied  recursive ly ^  until 
a  string  of  attainable  subgoals  has  been  generated  that  extends  from 
the  problem^s  initiril  state  to  its  goal  state.    Thus  Newell,  Shaw,  and 
Simon  take  the  position  that  utilization  of  the  subgoal  and  subproblem 
structure  of  a  problem  is  fundamental  to  efficient  problem  solving.  In 
this  chapter,  we  shall  utilize  these  concepts  in  defining  some  of  our 
task  structure  variables. 

The  geometry  theorem-proving  machine  of  Gelemter  (1959,  1960) 
utilizes  the  "syntactic  symmetries"  of  a  problem  to  facilitate  the 
state-space  search.    When  the  program  has  succeeded  in  reaching  a 
particular  state,  it  proceeds  to  generate  those  states  which  are 
syntactical 7.y  equivalent  to  the  state  that  was  r*  iched— that  is,  equiv- 
alent by  permutation  of  syntactically  equivalent  elements  in  the  problem 
statement.    This  procedure  eliminates  the  necessity  of  reproducing  all 
of  the  equivalent  paths^  and  is  more  efficient  in    ituations  where 
symmetry  exists.    Nilsson  also  discussec  states  in  the  problem  state- 
space  which  a|^  equivalent  by  symmetry.     In  this  chapter,  we  make 
extensive  use  of  problem  S3rmmetry  in  defining  certain  task  structure 
variables  which  may  be  expected  to  affect  problem-solving  outcomes. 

The  methods  that  have  been  mentioned  are  directed  towards  more 
efficient  machine  programming  of  problem-solving  capabilities.  While 
the  techniques  are  often  motivated  by  introspectlvely  or  empirically 
obtained  information  about  actual  human  problem  solving,  their  main 
purpose  has  been  effective  programming.    Another  branch  of  research 
motivated  by  artificial  intelligence  is  directly  concerned  with  des- 
cribing or  modelling  human  problem  solving. 

One  approach  taken  by  researchers  has  been  to  try  to  simulate  human - 
problem-solving  with  mechanical  procedures.    Here  the  goal  is  to  gene- 
rate some  human-like  behaviors  during  the  course  of  problesn  solving. 
For  example,  Newell  and  Simon  compare  the  trace  of  the  General  Problem 
Solver  solving  a  logic  problem  (that  is,  the  actual  sequence  of  routines 
and  subroutines  employed)  with  the  protocol  of  a  human  subject  solving 
the  same  problem,  finding  many  parallels.    Minsky  and  Papert  (1972) 
discuss  Piaget^s  conservation  experiments  from  the  standpoint  of  the 
acquisition  of  specific  descriptive  and  deductive  procedures*  Paige 
and  Simon  have  compared  Bobrow^s  STUDENT  program  for  solving  verbal 
problems  with  subjects'  protocols  (Bobrow,  1968;  Paige  and  Simon,  1966) 
— STUDENT  is  discussed  at  greater  length  In  Chapter  VI  of  this  book. 
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A  detailed'' Information  processing  model  ha^  been  developed  simulating 
the  observed  bejiaviors  of  subjects  solving  "concept  attainment"  prob- 
lems (Bruner»  Cpodnowt  and  Austin,  1956;  Johnson,  1964) t  Efforts 
along  these  lines ,  liowever,  are  sometimes  subject  to  the  limitation 
that  the  progratmning  methods  employed  do  not  lend  themselves  to  gene* 
^  ralization  beyond  a  specific  problem  domain. 

Beyond  trying  to  simulate  human  problem  solving  with  specific 
programs »  Newell  and  Simon  have  proposed  a  comprehensive  model  for 
the  human  problem  solver  as  an*  information-processing  system.  They 
introduce  the  concept  of  a  "problem  space"  to  represent  the  task 
-Environment  within  the  information-processing  system;  they  then  hypo- 
thesize that  himan  problem  solving  takes  place  by  means  of  a  search  in 
such  a  space.    The  problem  space  of  Newell  and  Simon  (1972)  is  described 
in  Table  4^1.  '  The  first  four  components  of  the  problem  space  correspond 
almost  exactly  to  the  definition  of  a  problem  state-space  representation 
—with  the  important  difference  that  instead  of  states  of  the  problem 
itself,  the  reference  is  to  states  of  knjwledge  about  the  problem. 
Newell  and  Simon  obtain  what  they  call  the  "problem  behavior  graph"  of 
a  subject  in  the  "external  problem  space."    It  is  the  structure  of  this 
"external  problem  space"  which  is  the  principal  concern  of  the  present 
chapter. 

The  missionary-cannibal  problem  and  its .variants,  described  in 
detail  in  Section  2  of  this  chapter,  has  been  used  extensively  with 
subjects  whose  moves  have  been  recorded  In  such  an  "external  problem 
space"  or  state-space.    Thomas  used  a  variant  of  the  problem  called 
"Hobbits  and  Ores"  with  young  adult  subjects  (Thomas,  1974).  Hobbits 
correspond  to  missionaries,  and  ores  to  cannibals  (gee  Problem  4.2 
below).     In  Thomas^  study,  a  control  group  solved  the  problem  onc^*; 
an  experimental  group  solved  the  problem  -first  by  beginning  with  a 
state  in  the  middle  of  the  problem,  and  a  second  time  beginning  with 
the  initial  state.    Thus  the  experimental  group  solved  a  subproblem 
prior  to  attempting  the  main  problem.    The  total  number  of  moves,  legal 
and  illegal,  required  to  solve  the  first  part  of  the  problem  (through 
the  first  five  moves  in  the  state-space  as  dep-^cted  in  Figure  4.2) 
decreased  significantly  for  the  experimental  group  as  co^ared  to  the 
control  group.    Thus  practice  on  a  later  part  of  the  prcbem  improved 
performance  on  the  earlier  part.    However,  this  practice  did  not 
improve  the  subsequent  performance  of  the  experimental  subjects  on 
the  later  subproblem  segment  as  compared  with  their  own  earlier  per- 
formance on  this  segt!^nt.    Furthermore,  there  was  negative  transfer 
for  the  control  group  from  the  first  part  of  the  problem  to  the  later 
segment— that  is,  their  performance  on  the  subproblem  was  signifi- 
cantly poorer  than  that  of  the  experimental  subjects  in  their  first 
attempt.    These  and  other  results  lead  Thotxms  to  conclude  that  there 
may  well  have  been  tittle  correspondence  between  the  external  moves 
of  subjects  in  the  state-space,  and  the  sequence  of  knowledge  states 
entered. 

Two  other  aspects  of  this  paper  are  interesting  in  relation  to 
the  study  of  task  structure  variables.    One  is  the  description  of  the 
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Table  4.1    The  Problem  Spciae  of  Newell  and  Simon 


A  problem  space  consists  of: 


1«    A  set  of  elements  ^       which  are  symbol  structures*  each  representing 
a  state  of  knowledge  about  the  task, 

2.  K  8et  of  operators^  q,  which  are  information  processes,  each 
producing  new  states  of  knowledge  from  existing  states  of  knowledge* 

3.  Axi  initial  state  of  knowledge  ^  u^,  which  is  the  knowledge  about  the 
task  that  the  problem  solver  has  at  the  start  of  problem  solving. 

4.  A^problerUf  which  -".s  posed  by  specifying  a  set  of  final,  desired 
states  G,  to  be  reached  by  applying  operators  from  Q, 

5.  The  total  knowledge  available  to  a  problem  solver  when  he  is  in  a 
given  knowledge  state ^  which  includes  (ordered  from  the  most  trans- 
ient to  the  most  stable): 

(a)  Temporary  dynamia  information  created  and  used  exclusively 
''^     within  a  single  knowledge  state. 

(b)  The  knowledge  state  itself— the  dynamic  information  about 
the  task. 

(c)  Access  information  to  the  additional  symbol  structures  held 
in  LTM  or  m  (the  extended  knowledge  state). 

(d)  Path  information  about  how  a  given  knowledge  state  was  arrived 
at  and  what  other  actions  were  taken  in  this  state  if  it  has 
already  been  visited  on  prior  occasions. 

(e)  Access  information  to  other  knowledge  states  that  have  been 
reached  previously  and  are  now  held  in  LTM  or  Ql, 

(f)  Reference  inforrmtion  that  is  constant  over  the  course  o^ 
problem  solving,  available  in  LTM  or  Of, 


Abbreviations:     LTM    longrterm  memory* 

EM      external  memory 
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relative  "difficulty"  of  eaoh^ftate^  as  measured  by  the  proportion  of 
incorrect  responses  and  the  mean  response  time  associated  with  that 
state.    A  secorid  is  the  discussion  of  stages  which  occurred  during  the 
problem  solving— an  estimate  of  three  or  four  main  stages  is  reached. 
In  an  accompanying  paper  by  Greeno,  further  evidence  in  ^upport  of 
such  stages  is  presented  (Greeno,  1974).    Subjects  seem  to  organize 
their  sequences  of  moves  into  small  subsequences  or  clusters,  rather 
than  making  equally-packed,  discrete  moves.    From  the  patjtems  of 
pauses  within  the  solution  sequences,  and  differences  between  groups 
receiving  feedback  information  during  problem  solving,  it  is  concluded 
that  the  solution  process  is  "organized  forward"  in  the  state-space, 
in  contrast  to  the  "retroactive  organization"  of  the  Geoferal  Problem 

Solver*  i 

I. 

Reed,  Ernst,  and  Banerji  (1974)  designed  a  transfet  study  based 
on  the  missionary-cannibal  problem  and  a  variant  called  the  Jealous 
Husbands  problem  (see  Problem  4,9  in  this  chapter).    These  problems 
difer  not  only  in  context  but  in  structure— the  states  of  the  Jealous 
Husbands  problem  stand  in  a  many-to-one  relationship  with  the  states 
of  the  missionary-cannibal  problem.     In  one  experiment,  a  group  of 
(adult)  subjects  solved  the  missionary^-cannibal  problem  first,  followed 
by  the  Jealous  Husbands  problem  (MC1-JH2) ;  another  group  took  the  prob- 
lem9  in  the  opposit^  order  (JH1-MC2),    Subjects  were  required  to  solve 
each  problem  once,  JLn  the  given  order,  and  to  solve  both  problems 
within  a  30-minute  time  limit.    The  result  was  that  no  significant 
reduction  in  time,  total  number  of  moves,  or  number  of  illegal  moves, 
took  place  between; the  JHl  and  JH2  groups,  or  between  the  MCI  and  MC2 
groups.    In  a  secoijd  experiment,  one  group  solved  the  missionary- 
cannibal  problem  tvice  (MC1-MC2) ,  and  a  second  group  solved  the  Jealous 
Husbands  problem  twice  (JH1-JH2) ,    Significant  improvement  was  found  in 
the  time  to  solution  for  JH2  over  JHl,  and  in  the  number  of  illegal 
moves  made  by  both  groups.    A  third  experiment  was  like  the  first  one, 
except  that  subjecits  were  told  the  relationship  between  the  two  prob- 
lems.    Here  thereiwas  significant  improvement  for  MC2  compared  to  MCI, 
both  in  the  time  ^o  solution  and  in  the  total  number  of  illegal  moves; 
however,  there  wais  no  corresponding  improvement  for  JH2  compared  to 
JHl.    Thus,  ther^'  was  significant  transfer  from  the  Jealous  Husbands 
problem  to  the  mj|ssionary-cannibal  only  when  the  problem  relationship 
was  pointed  out, |and  no  significant  transfer  when  the  problems  were 
presented  in  thej other  order. 

The  diff icujlty  of  the  missionary-cannibal  problem  nnd  its 
variants  does  not  originate  from  the  complexity  of  the  state-space 
itself,  but  fro^  that  of  transforming  one  state  into  another;  that 
is,  finding  whi^h  moves  are  legal.    In  Section  3  of  this  chapter, 
we  shall  see  th^t  this  difficulty  can  be  regarded  as  originating 
from  blind  alleys  in  a  more  detailed,  expanded  state*space»  This 
leaves  open  the^  question  of  whether  there  would  be  effects  similar 
to  those  descrijbed  above  in  problems  where  the  moves  from  state  to 
state  were  mor^  elementary,  and  where  the  difficulty  rested  in  the 
selection  of  oie  move  from  among  several  available  at  each  step. 


Many  problems  of  this  sort  are  described  later  in  the  chapter;  one  which 
has  been  studied  extensively  using  the  state-space  to  graph  behavior  is 
the  Tower  of  Hanoi  (see  Problem  4.11)^ 

Goldin  and  Luger  have  proposed  a  set  of  hypotheses  describing  possi- 
ble patterns  in  the  paths  generated  by  subjects  through  the  state-space 
of  a  problem  cuch  as  the  Tower  of  Hanoi,  and  Luger  investigated  these 
hypotheses  for  adult  subjects  in  detail  (Goldin  and  Luger »  1975;  Luger, 
1973,  1976) •    Included  in  the  investigation  is  an  analysis  of  the  non- 
randomness  and  goal-directedness  of  paths,  the  subgoal**dlrectedness  of 
paths,  the  special  role  of  certain  "subgoal"  states  in  establishing  the 
direction  of  the  paths,  stages  in  problem  solving  corresponding  to  the 
solution  of  particular  subproblems,  and  symmetry  patterns  in  the  paths. 
The  hypotheses  are  exuended  and  discussed  in  the  present  chapter 
(Section  3),    In  Chapter  VII.C,  Luger  reports  additional  results  in 
which  similar  techniques  are  used  to  examine  transfer  between  the  Tower 
of  Hanoi  problem  and  a  variant,  the  Tea  Ceremony  problem. 

Other  variants  of  the  Tower  of  Hanoi  problem  have  been  used  by 
Hayes  and  Simon  (1975)  to  study  the  consequences  of  changing  the  prob- 
lem statement  upon  the  representations  adopted  by  subjects •    The  tasks 
used  were  eight  different  "monster-globe"  problems,  presented  verbally, 
all  of  which  have  state- spaces  which  correspond  to  the  3-ring  Tower  of 
Hanoi  problem^    The  problems  differ  from  each  other  in  two  ways.  In 
"Transfer"  problems,  a  monster  or  globe  is  moved  from  one  place  to 
another,  while  in  "Change"  problems,  a  monster  or  globe  is  changed  in 
size.    Secondly,  in  "Agent"  problems,  the  monsters  move  or  change  the 
globes,  while  in  "Patient"  problems,  the  mobsters  move  or  change  them- 
selves.    In  one  of  the  experiments,  half  of i the  subjects  solved  a 
Transfer  problem  followed  by  a  corresponding  Change  problem^  while  the 
other  half  solved  the  problems  in  reverse  otder*    In  a  second  experiment, 
one  group  of  subjects  solved  an  Agent  problem  followed  by  a  correspond- 
ing Patient  problem,  while  the  other  group  solved  the  problems  in 
reverse  order.    The  results  of  these  studies!  showed  that  both  the  Agents 
Patient  and  the  Transfer-Change  variation  affected  the  notation  used  by 
subjects  to  solve  the  problem  (i.e.,  the  problem  representation).  Prob- 
lems of  the  Transfer  type  were  solved  much  more  quickly  than  problems 
of  the  Change  type.     In  the  first  experiment,!  transfer  of  learning  from 
Transfer  to  Change  problems  was  greater  than  that  for  Change  to  Transfer 
problems;  that  is,  there  was  greater  learning  Wansfer  when  the  less 
difficult  problem  was  solved  firsts    This  resuit  is  in  contrast  to  the 
results  of  Reed,  Ernst,  and  Banerjl  mentioned  previously,  those  of 
Dienes  and  Jeeves  discussed  below,  and  those  of  Waters  (Chapter  VILA) 
and  Luger  (Chapter  VllaC).    Agent  problems  were  found  to  be  slightly 
less  difficult  than  Patient  problems.    In  the  second  experiment,  trans- 
fer effects  were  greater  than  in  the  first  experiment — and  there  was 
greater  learning  transfer  when  the  mare  difficult  i^roblem  was  solved 
first.    A  limitation  of  these  experiments  Is  that  while  the  state-spaces 
for  all  of  the  experimental  problems  are  mutually  Isomorphic,  the  solu- 
tion paths  are  not— that  Is,  the  initial  state  for  the  second  problem 
solved  by  a  subject  does  not  always  correspond  to  the  initial  state  for 
the  first  problem  solved  by  that  subject. 
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Next  let  us  mention  some  studies  in  which  the  use  of  problem  state- 
spaces  has  not  entered  into  the  characterization  of  problem  structure • 
Dienes  and  Jeeves  (1965 »  1970)  have  studied  the  processes  used  by 
children  and  adults  in  learning  sets  of  rules  for  predicting  the 
appearances  of  cards  in  a  window^  where  a  set  of  rules  corresponds 
to  the  structure  of  a  mathematical  group.    The  apparatus  in  the  first 
report  consisted  of  a  board  with  a  window  in  which  a  number  of  different 
symbols  or  cards  could  be  placed*    The  subject  was  given  the  same  cards 
as  those  which  could  appear  in  the  window.    On  each  turn,  the  card  which 
appeared  in  the  window  depended  on  the  card  which  was  there  previously, 
and  the  card  that  was  played  by  the  subject.    Each  subject  played  cards 
in  succession  and  made  predictions,  in  an  attempt  to  learn  the  "rules 
of  the  garnet"    The  underlying  structures  corresponded  to:    (a)  the  two- 
element  group,  (b)  a  symmetrical  two-elMient  structure  (not  a  group), 
(c)  the  cyclic  group  with  four  elements,  and  (d)  the  Klein  group.  In 
the  second  report,  the  study  of  transfer,  more  complicated  groups  were 
introduced,  and  an  electrical  machine  replaced  the  manual  apparatus. 

One  feature  of  these  studies  which  is  of  interest  to  us  is  the 
definition  of  strategy  scores^  based  on  actual  patterns  of  choices  made 
by  subjects.    For  example,  an  operator  score  is  obtained  by  taking  the 
total  number  of  cards  played  when  th^  same  card  is  being  played  three 
or  more  times  in  succession,  divided  by  the  total  number  of  freely 
selected  instances.    This  score  is  intended  to  reflect  use  of  an  opera- 
tor strategy^  in  which  the  card  played  is  "operating"  on  the  card  in 
the  window.    For  the  four-element  groups,  a  pattern  score  is  obtained 
by  partitioning  the  table  of  card-pairs  into  three  sections  correspond- 
ing to  frequently-mentioned  patterns.    Runs  of  three  or  more  card 
combinations  from  the  same  section  couht  towatd  the  pattern  score  (for 
technical  reasons,  runs  are  counted  here  even  if  they  are  interrupted 
by  single  correctly-predicted  instances  from  other  sections) .  There 
are  some  logical  difficulties  with  these  strategy  score  definitions — 
for  example,  a  subject  may  find  in  the  case  of  the  Klein  group  that  a 
particular  card  cannot  be  played  three  times  in  succession  without  one 
of  the  plays  being  a  repeat  of  a  previous  play  (and  thus,  presumably, 
unnecessary) •    Such  difficulties  are  reminiscent  of  similar  problems 
which  have  arisen  with  Bruner,  Goodnow,  and  Austin's  strategy  scoring 
system  for  concept  attainment  tasks »  discussed  in  Chapter  VILA 
(Bruner,  Goodnow,  and  Austin,  1956),     It  also  seems  to  be  the  case 
that  the  same  sequence  of  card  choices  can  count  toward  more  than  one 
strategy  score^^-for  example,  repeated  plays  of  the  card  corresponding 
to  the  identity  element  in  the  group •    Despite  these  difficulties,  it 
is  striking  that  the  main  strategies  seem  to  emerge  naturally  from  the 
underlying  group  structures,  and  in  some  sense  are  "intrinsic"  to  the 
problems  themselves, 

Dienes  and  Jeeves  compare  the  strategies  used  by  subjects  (as 
measured  by  strategy  scores)  with  the  retrospective  evaluations  of  the 
subjects.    Three  categories  of  evaluations  were  established:  operatorg 
pattern    and  memory.    A  subject  was  considered  to  give  an  operator 
evaluation  if  he  or  she  described  the  card  played  as  somehow  "acting 
on"  the  card  in  the  window.    A  subject  was  considered  to  give  a  pattern 
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evaluation  if  he  or  she  attetupted  to  split  up  the  combinations  of  cards 
played  into  subsets  or  regions •  .  The  memory  evaluation  consisted  of  the 
assertion  that  the  subject  had  simply  memorized  all  of  the  possible 
combinations.    Based  on  these  retrospective  evaluations,  subjects  could 
be  classified  as  "pure  operator,"  "combined  opera tor^memory,"  and  so 
forth • 

Among  the  main  results  are  the  following:    <a)  a  positive  relation- 
ship between  the  subjects'  evaluations  and  their  measured  strategy  scores; 
(b)  an  association  of  particular  evaluations  with  success  in  the  tasks 
in  the  following  order  (from  most  successful  to  least  successful) t  (1) 
operator,  (2)  pattern,  (3)  memory;  (c)  a  greater  ability  among  adults 
than  children  to  give  explicit  evaluations;  (d)  a  consistency  in  the 
types  of  evaluations  given  by  t<ie  same  subject  solving  a  two-element 
game  and  a  fotir^lement  game;  (e)  trore  explicit  evaluations  tending  to 
occur  when  the  more  complex  task  is  given  first  than  when  the  simpler 
task  is  given  first* 

In  the  study  of  transfer  effects,  Dienes  and  Jeeves  define  three 
kinds  of  structural  relationships  which  may  exist  between  tasks ^ 
embeddednesSj  overlap^  and  reonrsion  (including  both  generalization  and 
particularization) •    These  relationships  are  intrinsic  to  the  group 
structures  which  underlie  the  tasks— "embeddedness"  refers  to  the 
situation  where  one  group  is  isomorphic  to  a  subgroup  of  the  other; 
"overlap"  to  the  situation  where  the  two  groups  contain  isomorphic  sub- 
groups; and  "recursion"  to  the  situation  where  the  two  groups  are 
generated  by  similar  procedures  (for  example,  cyclic  groups  of  differ* 
ent  orders).    The  relationships  are  not  mutually  exclusive— of ten  two 
groups  are  related  to  each  other  in  more  than  one  way. 

A  motivating  theme  of  the  transfer  study  is  the  deep-end  hypothesis. 
This  is  the  conjecture  that,  under  appropriate  conditions,  learning  can 
be  accelerated  on  a  sequence  of  tasks  by  presenting  the  more  difficult 
task  first:    this  is  analogous  to  learning  to  swim  by  entering  the  deep 
end  of  the  pool.    We  have  already  seen  some  confirmation  of  this  con- 
jecture in  the  study  by  Reed,  Ernst  and  Banerji,  and  conflicting 
results  in  the  study  by  Hayes  and  Simon,     In  the  present  book,  the 
reports  by  Waters  and  by  Luger  tend  to  support  the  conjecture.  Among 
the  main  results  of  Dienes  and  Jeeves  with  respect  to  transfer  are  the 
following:     (a)  children  particularize  with  less  difficulty  than  adults, 
and  generalise  with  greater  difficulty;  (b)  children  and  adults  both 
find  overlap  more  difficult  than  generalization,  and  embeddedness  much 
more  difficult  than  generalization;  (c)  children  are  more  successful 
when  the  more  difficult  task  is. presented  first  than  when  the  less 
difficult  task  is  presented  first,  at  least  when  the  relationship  is 
that  of  recursion. 

In  a  follow-up  to  the  work  by  Dienes  and  Jeeves,  Branca  and  Kil-- 
Patrick  (1972)  employed  three  tasks.    The  first  task  replicates  the 
card  game  employed  by  Dienes  and  Jeeves,  having  the  structure  of  the 
four-element  Klein  group.    The  second  task  consists  of  a  wired  board 
with  four  light-bulbs  and  four  switches,  labelled  with  the  names  of 


-113^ 


planets •    One  bulb  Is  lit  at  the  beginning  of  the  task;  the  next  bulb 
to  light  up  depends  upon  the  bulb  previously  lit  and  the  switch  which 
is  thrown.    The  Second  task  also  embodiiss  the  structure  of  the  Klein 
group.     In  thte  third  task,  both  the  embodiment  and  the  structure  are 
changed.    The  task  consists  of  a  map  of  the  United  States  on  which 
several  cities  and  highways  are  marked.    Highways  can  be  closed,  open 
in  one  direction,  or  open  in  both  direcl:ions.    The  subject  starts  in 
one  city  at  the  bd^nning  of  the  game,  and  must  learn  the  condition 
of  each  highway.    This  is  done  by  choosing  another  city,  and  being 
informed  which  city  the  subject  must  pasis  through  first  if  the  most 
direct  route  to  that  city  is  taken* 

Branca  and  Kilpatrick  found  that  successful  subjects *  retrospec- 
tive evaluations  show  more  consistency  than. change  in  passing  between 
the  first  two  tasks.    Thus  the  effect  of  the  change  of  embodiment  was 
not  significant  for  successful  subjects'  retrospective  evaluations. 
Howeve^,  in  contrast  to  Dienes  and  Jeeves'  findings,  subjects'  retro- 
spective evaluations  frequently  did  not  correspond  to  their  actual 
behaviors  as  measured  by  strategy  scores.     In  addition,  contrary  to 
expectations,  higher  operator  strategy  scores  were  associated  with 
more  trials  to  solution.    These  discrepancies  are  traced  by  the  authors 
to  the  fact  that  Dienes  and  Jeeves'  tasks  are  not  truly  "free  selection" 
tasks.     The  subjects  are  constrained  in  the  choice  of  which  two  elements 
they  can  combine  on  any  turn,  by  the  fact  that  one  card  is  already  show- 
ing in  the  window  of  the  apparatus.    The  strategy  scoring  rules  depend 
heavily  on  this  feature.    Branca  and  Kilpatrick  suggest  that  because  of 
this  constraint,  subjects  are  not  free  to  implement  any  desired  strategy; 
and  that  in  future  experiments,  either  new  scoring  rules  should  be 
established  or  the  game  should  be  modified  to  permit  free  choice  of 
both  elements.    This  study  illustrates  farther  how  strategy  scores 
depend  for  their  validity  on  intrinsic  task  structure. 

We  conclude  this  section  with  mentis>n  of  some  studies  which  have 
examined  structure  variables  in  relation  to  problem  difficulty.  In 
the  domain  of  routine  arithmetic  problems,  multiple  linear  regression 
analyses  of  problem  difficulty  and  latency  of  response  have  been 
carried  out  (Suppes,  Hyman,  and  Jerman,  1966;  Suppes,  Jerman,  and 
Brian,  1968).    Data  for  these  studies  were  obtained  from  computer- 
assisted  exercises  in  addition,  subtraction,  and  multiplication 
presented  to  elementary  school  children.    The  analysis  for  both  the 
addition  and  subtraction  problems  showed  the  variable  NSTEPS  to  be 
the  most  significant  for  predicting  the  >ercent  of  errors  and  the 
latency  of  response.    This  variable  corresponds  to  the  number  of  steps 
needed  to  solve  the  problem  by  means  of      standard  algorithmic  proce- 
dure: it  thus  makes  reference  not  only  to  the  task,  but  to  the  method 
of  solution.    NSTEPS  is  broken  down  into  three  components:  TRANSFOR- 
MATIONS, OPERATIONS,  and  MEMORY;  and  these  were  examined  for  order  of 
importance  in  the  case  of  addition  probl.ams.     It  was  found  that  MEMORY 
ranked  first,  followed  by  TRANSFORMATION:?,  and  lastly  OPERATIONS.  Other 
variables  included  in  the  analysis  were  for  addition  problems  MAGSUH 
(the  magnitude  of  the  sum)  and  MAGSMALL  (the  magnitude  of  the  smallest 
addend;  for  subtraction  problems  MAGDIF  [the  magnitude  of ^ the  differ- 
ence) and  MAGSUB  (the  magnitude  of  the  subtrahend). 
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Ifi  the  domain  of  verbal  problems »  It  has  been  reported  that  a  prob- 
lem is  less  difficult  when  the  data  are  presented  in  the  order  in  which- 
they  are  used  to  solve  the  problem  than  when  they  are  presented  in 
reverse  order  (Bums  and  Yonally,  1964;  Rosenthal  and  Resnick,  1971). 

Multiple  linear  regression  studies  have  foimd  the  following  task 
structure  variables  to  affect  significantly  the  difficulty  of  verbal 
problems:    OPERATIONS  (the  minimum  number  of  different  operations 
required  to  solve  the  problem  correctly)  and  variations  in  which  weights 
are  assigned  to  the  occurrences  of  particular  arithmetic  operations; 
N0MC2  (the  total  number  of  multiplication  carries);  and  QUOT  (the 
number  of  digits  in  the  quotient).    Also  included  but  less  importantly 
were  STEPS  (the  minimum  ninnber  of  steps  required  to  solve  the  problem 
correctly);  C0LC2  (a  count  of  1  for  each  column  and  each  regrouping  in 
addition  and  subtraction);  Si  (a  count  of  1  for  each  displacement  of 
the  order  of  operations  in  successive  problems) ;  and  52  (a  count  of  1 
for  each  displacement  between  the  order  of  operations  required  to  solve 
the  problem  and  that  given  in  the  problem  statement) (Jerman,  1971; 
Loftus,  1970;  Suppes,  Loftus,  and  Jerman»  1969).    An  extensive  discus- 
sion of  the  linear  regression  model  has  already  been  provided  in  Chapter 
II. 

A  number  of  researchers  have  attempted  exhaustive  classifications 
of  arithmetic  problems  into  narrow  classes,  which  would  be  homogeneous 
in  the  sense  that  if  a  subject  could  solve  one  problem  in  a  class «  he 
or  she  could  solve  any  problem  in  that  class  (Dumin,  1971;  Ferguson, 
1969;  Gramlck,  1975;  Hively,  Patterson  and  Page,  1968),    Of  interest 
in  these  classifications  is  the  use  of  equivalenae  aloBsea  of  problems, 
defined  with  reference  to  the  path  or  directed  graph  through  an 
algorithm  that  each  problem  requires.    Gramick,  for  example,  formed 
such  equivalence  classes  for  eight  different  subtraction  algorithms, 
five  based  on  the  "decomposition"  (or  "borrowing")  method,  and  three 
based  on  the  "equal  additions"  method.    She  then  formed  the  mutual 
intersections  of  these  equivalence  classes  with  each  other  and  with  a 
set  of  "item  forms"  derived  from  those  of  Hively,  Patterson,  and  Page, 
to  obtain  39  "problem  types"  for  subtraction.    Thus,  two  problems  of 
the  same  "type"  required  the  same  path  through  all  eight  algorithms, 
as  well  as  falling  into  the  same  "item  form"  categories.    Gramick  used 
a  diagnostic  instrument  based  on  these  "types"  to  determine  that 
children  In  need  of  remedial  instruction  whose  initial  behaviors  more 
closely  resembled  the  istructure  of  a  particular  algorithm,  benefited 
more  from  instruction  in  that  algorithm  than  did  children  whose  initial 
behaviors  were  at  variance  with  its  structure. 

In  this  highly  abbreviated  survey,  many  studies  of  importance  have 
been  omitted.    We  have  tried  to  touch  on  the  main  ideas  which  are  cen- 
tral to  the  present  chapter.    The  main  point  of  this  chapter  is  to 
develop  the  use  of  problem  stater-space  representations  as  a  unifying 
framework,  in  which  task  structure  variables  such  as  those  mentioned 
above  can  be  defined  with  precision,  and  their  consequences  for 
problem-solving  outcomes  investigated  systematically. 
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2.    The  Definition  of  Task  Structure  Variables 

Stated-Space  Analysis  of  Problem  Sttniature 

As  defined  by  Nilsson,  a  state^spaae  for  a  problem  is  a  sec  of  dis-> 
tinguishable  problem  configurations,  called  states 9  together  with  the 
permitted  steps  from  one  state  to  another,  called  moves ^    A  particular 
state  is  designated  as  the  initial  state ^  and  a  set  containing  one  or 
more  states  which  can  be  reached  from  the  initial  state  by  successive 
moves  is  singled  out  as  the  set  of  goal  states. 

Let  us  Illustrate  this  concept  with  several  elementary  examples  of 
well-known  problems,  and  at  the  same  time  introduce  certain  task  struc- 
ture variables. 

4.1    You  are  standing  (it  the  bank  of  a  river  with  ttx»  pails. 
The  first  holds  emctly  three  gallons  of  water^  the 
second  exactly  five  gallons^  and  the  pails  are  not 
marked  for  measurement  in  any  other  way.    By  filling 
and  emptying  pails ^  or  by  tiHxnsferring  water  from  pail 
to  pail,  find  a  xsay  to  carry  exactly  four  gallons  of 
water  away  from  the  river ^ 


A  state  of  this  problem  can  be  represented  by  a  pair  of  numbers, 
standing  for  the  number  of  gallons  in  the  respective  pails.    The  ini- 
tial state  is  then  the  state  (0,0);  a  goal  state  is  any  state  of  the 
form  (x,4);  and  the  entire  state-space  is  depicted  in  Figure  4.1, 
Note  that  there  are  two  distinct  solution  paths:    a  path  of  six  moves 
(seven  states)  leading  to|  the  goal  state  (3,4),  and  a  path  of  eight 
moves  (nine  states)  leadiiig  to  the  goal  state  (0,4),    Note  also  that 
not  every  move  is  reversii>le— f or  example,  it  is  permissible  to  move 
from  (1,5)  to  (0,5)  diredtly,  by^emptying  the  first  pail;  but  it  is 
not  permissible  to  move  from  (0,5)  to  (1,5). 

The  missionary-cannibal  problem  was  introduced  in  Chapter  II 
(Problem  2.7),     Its  u^ie  co  study  transfer  of  learning  was  discussed 
in  Section  1  above. 


4. 2    Three  missionaries  and  three  cannibals  are  on  one  bank 
of  a  river,  with  a  rowboat  that  will  hold  at  most  two 
people^    How  fan  they  cross  to  the  other  side  of  the 
river,  in  suck  a  manner  that  the  missionaries  are  never 
outnumbered  b^  cannibals  on  either  riverbank? 

A  state  of  this'  problei  corresponds  to  a  configuration  of  missionaires, 
cannibals,  rowboat  and  river.    Letting  M  stand  for  missionary,  C  for 
cannibal,  *  for  the  rowboat  and  ;  for  the  river,  we  can  conveniently 
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Figure  4.1   State-Spaae  fov  the  Ppohtefn  of  the  Ttx>  Pails 


(0,0)    initial  state 
(3,0)  (0,5) 


^    N  N. 

to  (0,5)  ^  (0,3)  (3,5)  (3,2)  — ¥  to  (3,0) 


to  (0.0)  * —  (0,4)* 


*  denotes  a  goal  state 
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represent  che  initial  state  by  the  configuration  (MMMCCC*0  and  the  ) 
goal  state  by  the  configuration  <:MMMCCC*).    From  the  initial  state,/ 
it  is  permissible  to  move  to  (MMCC;MC*)i  (MMMC:CC*),  or  (MMMCCzC*) ;^ut 
a  move  to  (MCCC:MM*)  is  not  permitted,  since  the  cannibals  would  then 
outnumber  the  missionaries  three  to  one  on  the  left  bank  of  the  river. 

Figure  4,2  depicts  the  complete  state-space  for  this  problem, 
which  is  actually  quite  small.    Every  move  is  reversible,  and  the 
state-space  is  completely  symmetrical  when  reversed.    Figure  4.2 
also  includes  forbidden  states,  which  violate  the  problem  condition 
that  the  cannibals  are  not  to  outnumber  the  missionaries  on  either 
riverbank.    These  forbidden  states  may  importantly  affect  the  problem- 
solving  process  and  the  overall  difficulty  of  the  problem. 

The  following  is  another  variation  of  the  problem. 

4.3    Three  missionarieB  and  three  eannibalB  are  an  one  hank 
of  a  river ^  with  a  rowboat  that  will  hold  at  most  two 
people.    Only  one  of  the  aamiihals  knows  how  to  row* 
How  can  they  oross  to  the  other  side  of  the  7*iver,  in 
such  a  manner  that  missionaries  are  never  outnumbered 
by  cannibals  on  either  riverbank? 


This  version  of  the  missionary-cannibal  problem  is  more  complicated 
than  the  preceding  version,  because  of  the  additional  condition  that 
only  one  of  the  cannibals  knows  how  to  row.    Let  us  develop  the  state- 
space  for  this  problem  so  that  the  similarities  and. differences  between 
the  two  versions  are  highlighted.     In  Figure  4.3,  the  cannibal  who 
knows  how  to  row  is  represented  by  C,  and  the  other  cannibals  by  C» 
Figure  4.3  should  be  contrasted  with  Figure  4,2, 

It  is,  of  course,  possible  to  characterize  the  fact  that  the 
second  version  of  the  missionary-cannibal  problem  is  more  complex  by 
means  of  the  problem  statements  only  (i.e.,  by  surface  analysis)— 
the  latter  problem  statement  contains  more  words,  more  sentences,  and 
one  additional  problem  condition.    However,  the  state-space  analysis 
permits  a  much  more  detailed  characterization  of  the  increased  com- 
plexity by  means  of  the  following  task  structure  variables: 

(a)  Total  number  of  states  in  the  state-space:    Problem  4,2  has 
16    states.  Problem  4.3  has  24« 

(b)  Length  of  the  shortest  solution  patht    Problem  4.2  requires 
11  steps  to  reach  the  goal  state  from  the  Initial  state,^ 
while  Problem  4.3  requires  13  steps. 

(c)  Number  of  blind  alleys:    A  blind  alley  is  defined  to  be  a 
state  from  which  there  is  no  legal  move  except  (possibly) 
the  reversal  of  the  immediately  preceding  move.    Then  Prob- 
lem 4.2  has  only  one  blind  alley,  namely  the  state  (MMMCC:C*) 
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Figure  4.2  State-Spaae  for  the  Prohlsm  of  the  fdsaionaries  and  the  Carmibala 
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Figure  4.3    State^Spaae  foi*  a  .%>i^  Complex  VixHation  of  the  Miasiorusfy- 
Cannibal  Prohlem 
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reached  directly  from  the  initial  state.    Note  that  we  do  not 
count  the  state  (C*5MMMCC)  as  a  blind  alley^  since  there  is 
no  way  to  arrive  there  without  first  entering  the  goal  state 
(sMMMCCC*).    Problem  4.3  has  four  blind  alleys:    the  states 
(1©MCC:C*),  (MMMCC*:C),  and  most  importantly  (MMMC*sCC)  and 
(CCsMMM*C). 

(d)  Number  of  passible  first  moves i    three  for  the  first  version 
of  the  problem,  four  for  the  second* 

Problem  complexity  variables  such  as  these  may  reasonably  be 
expected  to  be  predictors  of  problem  difficulty.    In  investigating  such 
a  question,  it  may  also  be  of  interest  to  define  additional  complexity 
variables  based  on  those  mentioned  above;  for  example: 

(e)  The  number  of  goal  states  is  equal  to  one  for  both  problems. 

(f )  The  ratio  of  the  number  of  goal  states  to  the  total  number  of 
states  is  1/16  for  the  first  problem,  and  1/24  for  the  second. 

The  next  set  of  problems  further  illustrates  the  use  of  structure 
variables,  and  highlights  their  necessity  in  the  description  of  intrin- 
sic problem  complexity. 

4.4a  Tuo  nickels  and  th}o  dimes  are  placed  in  a  row^^  the  nickels 
on  the  left  and  the  dimes  on  the  rights  with  a  single  space 
between  them^  as  shown: 

N  N        D  D 

Nickels  move  only  to  the  rights  and  dimes  only  to  the  left. 
A  coin  may  rno^e  into  the  adjacent  empty  spaae^  or  may  jump 
over  one  coin  of  the  opposite  kind  into  the  empty  space. 
Show  how  to  exchange  t)^  positions  of  the  nickels  and  the 
dimes . 

4,4b  Three  nickels  and  three  dimes  are  placed  in  a  row,  ... 
4.4c  Four  nickels  and  four  dimes  are  placed  in  a  row,  ... 

For  these  three  problems,  by  any  reasonable  definitions,  the  values  of 
syntax t  content  and  context  variables  will  be  identical.  Consequently, 
the  obvious  differences  in  complexity  require  the  use  of  structure 
variables  for  their  quantitative  characterization.    Figure  4.4  depicts 
the  state-spaces  for  (a)  the  trivial  problem  of  one  nickel  and  one 
dime,  (b)  the  problem  of  two  nickels  and  two  dimes,  and  (c)  the  problem 
of  three  nickels  and  three  dinies.    Each  state-space  is  symmetrical  whep 
the  move  of  a  nickel  to  the  right  is  replaced  by  the  corresponding  move 
of  a  dime  to  the  left,  and  Figure  4.4(c)  represents  only  a  little  more 
than  half  of  the  state-space.    Each  problem  thus  possesses  two  solution 
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Figure  4.4   StcAe-Spaaea  for  the  Problems  of  Exchanging  Niokels  and  Diims 

(a)  One  nickel  and  one  dlo»: 

(N  D)  initial  state 
(J©)  (NDJ 

(DNJ  (J)N) 
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Figure  4.4  (aontinusd) 
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Figure  4.4    i continued) 


(d)  SoJjution  paths  for  the  problem  of  four  nickels  and  four  dimes: 
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paths  which  are  equivalent  by  virtue  of  this  symmetry^  The  8tate«*space 
for  Problem  4.4c  is  too  large  to  diagram  conveniently,  but  the  solution 
paths  are  indicated  in  Figure  4.4(d}, 

There  are  many  interesting  patterns  which  can  be  found  in  the  solu- 
tion paths  for  these  problems  (Charosh,  1965;  Rising,  1956) «  Structure 
variables  which  emphasize  the  differences  in  complexity  include  the 
following: 

(a)    Total  number  of  states  in  the  state-space: 


1  nickel 

2  nickels 

3  nickels 

and 
and 
and 

1 
2 
3 

dime 

dimes 

dimes 

6 
23 
72 

(b) 

Length  of 

the 

shortest 

solution  path: 

1  nickel 

2  nickels 

3  nickels 

and 
and 
and 

1 

2 
3 

dime 

dimes 

dimes 

3  steps 
8  steps 
15  st^ps 

9  m  •  m 

n  nickels 

and 

n 

dimes 

(n+1)^^^  1  step 

(c) 

Number  of 

blind 

alleys 

\ 

1  nickel 

2  nickels 

3  nickels 

and 
and 
and 

1 
2 
3 

dime 

dimes 

dimes 

0 
4 
13 

Variables  which  are  the  same  for  all  versions  of  these  problems  include 
the  number  of  possible  first  moves  (2),  the  number  of  goal  states  (1), 
and  the  number  of  solution  paths  through  the  state-space  (2) , 


A  comment  is  in  order  here.    The  discussion  in  this  chapter  focuses 
on  the  states  of  a  representation  C'nodes")  and  the  permitted  moves  or 
transitions  between  them  ("arcs*').     In  many  problems,  the  moves  can  be 
characterized  by  means  of  a  finite  set-  <rf  opsratcps  from  the  set  of 
states  into  itself.    More  precisely,  each  operator  possesses  a  domain 
of  states  to  which  it  is  applicable,  4  nd  a  range  of  suaaessor  states; 
thus  it  is  a  partial  function.    Finding  a  solution  path  corresponds  to 
finding  a  sequence  of  operators  which,  when  applied  successively  to  the 
initial  state,  produces  a  gbal  state. 

Ii^  Problem  4.4^  we  might  define  the  four  operators  "moving  right 
with  a  nickel,"  "moving  left  with  a  dime,"  "jumping  right  with  a 
nickel,"  and  "jumping  16ft  with  a  dime."    Each  of  these  operators 
applies  only  to  pertain  states,  and  is  inapplicable  to  others.    When  an 
operator 'does  Bpfly  to  a  state,  it  generates  a  unique  successor  state. 

I 

.  Given  a  set  of  states  and  a  set  of  operators,  we  can  define  a  move 
to  be  permitted  from  state  si  to  state  S2  if  and  only  if  there  exists  an 
operator  which -maps  si  into  S2;  thus  we  can  always  recover  the  state- 


I 


space  as  a  collection  of  configurations  and  permitted  ttu>ve|s  (a  directed 
lattice).    However,  different  families  of  operators  may  cojrrespond  to 
the  same  permitted  moves  among  the  states  (for  example,  the  states  may 
be  grouped  into  domains  in  different  ways  for  different  families  of 
operators).    Problems  4.4  are  equivalently  characterized  two 
operators,  "moving  or  jumping  right  with  a  nickel"  and  '"moving  or 
jumping  left  with  a  dime."  ^ 

Often  the  set  of  states  in  a  problem  representation  is  extremely 
large.    Nevertheless,  one  can  fully  characterize  the  state-space  by 
specifying  a  list  of  operators  together  with  an  Initial  state. 
Operators  are  also  essential  to  the  characterization  of  algorithns 
which  may  be  used  to  solve  families  of  problems.    But,  except  where 
otherwise  specified,  the  structure  variables  discussed  In  this  chapi- 
ter are  defined  without  reference  to  any  particular  choice  of  a  set 
of  operators  from  among  the  possible  choices. 

For  an  N-player  game,  the  structure  analogous  to  the  state--space 
is  the  game  tree  or  game  graph.    Here  the  opposing  players  typically 
hjive  disjoint  sets  of  goal  states,  and  the  information  as  to  which 
player  has  the  move  must,  if  applicable,  be  included  in  the  descrip- 
tion of  a  state.    A  problem  may  then  be  regarded  as  a  1-player  game* 
A  very  simple  version  of  the  well-known  gatae  of  "Nim"  provides  an 
example* 
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4.5    In  2^pile  Nwi^  three  matahstiaks  are  ptaaed  in  one  pile, 
and  tuo  in  another^    The  object  of  the  game  is  to  be  the 
player  to  remove  the  last  matah.    Each  player^  in  turn, 
may  take  away  as  many  mat ahs ticks  as  desired^  but  only 
from  one  pile. 


The  game  graph  for  2-pile  Nim  is  represented  in  Figure  4*5.  Each 
state  is  designated  by  a  pair  of  numbers  representing  the  matches  remain'* 
ing  in  the  respective  piles,  and  by  a  letter,  A  or  B,  denoting  the 
player  whose  turn  it  is  to  move.    Again,  it  is  possible  to  define 
variables  describing  the  complexity  of  the  game,  such  as  the  total 
number  of  states  in  the  state'-space,  the  maximum  number  of  moves 
possible  in  a  play  of  the  game,  the  number  of  goal  states  for  each 
player,  and  so  forth* 

We  saw  earlier  that  a  concern  of  artificiar  intelligence  research 
has  been  to  develop  efficient  search  algorithms  within  the  state-spaces 
of  problems  or  games «    However,  the  emphasis  of  this  chapter  is  not  the 
development  of  techniques  for  more  sophisticated  computer  problem 
solving,  but  the  study  of  problem-solving  outcomes  ^s  they  are  affected 
by  intrinsic  problem  structure.    For  this  purpose,  it  seems  worthwhile 
to  select  problems  whose  intrinsic  structure  is  sufficiently  complex  to  ^ 
be  interesting,  but  sufficiently  simple  so  that  the  task  structure 
variables  can  be  completely  determined.    That  is,  problems  used  for 
the  study  of  problem  solving  should  be  thoroughly  analyzed  prior  to 
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Figure  4,S    Game  Graph  fStats-Spaae)  for  2-p%le  Nim 


(32; A)  ^initial  state 


(12  ;B) 


(02; A) 


(01  ;B) 


COO;B) 
A's  goal 


(30;  B) 
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the  study 9  so  that  in  the  course  of  research  ve  can  gain  insight  into 
thfe  problem  solvers ^  and  not  merely  additional  insight  into  the  struc- 
ture of  the  tasks.    Likewise^  if  the  teacher  is^^Lvare  of  problem 
structure,  instruction  in  problem  solving  can  be  guided  more  effec- 
tively. 

StateSpaae  Homamorphisms  and  IsomarphiBm   .  -  -  . 

Define  two  state-spaces  (or  g^e  graphs)  to  be  isomorphic  if  there 
is  a  mapping  from  the  states  of  the  first  onto  the  states  of  the  second , 
having  the  following  properties:    (a)  the  mapping  is  bijective  (a  one- 
to-one  correspondence);  (b)  a  move  from  one  state  to  another  is  per- 
mitted in  the  first  state-^space  if  and  only  if  the  corresponding  move 
is  permitted  in  the  second;  (c)  the  initial  state  of  the  first  state- 
space  is  mapped  onto  the  ittitial  state  of  the  second;  and  (d)  a  state 
is  a  goal  state  in  the  first  state-space  If  and  only  if  the  correspond- 
ing state  is  a  goal  state  in  the  second*    Occasionally  we  shall  speak 
loosely  about  two  state-spaces  being  isomorphic  when  only  conditions 
(a)  and  (b)  are  intended;  for  example,  when  a  variety  of  initial  states 
or  goal  states  are  being  considered. 

» 

Representations  of  problems  and  games  which  have  isomorphic  state- 
spaces  will  have  identical  valued  of  the  structure  variables  which  were 
defined  above*    Any  algorithm  which  works  to  solve  such  a  problem  or 
win  such  a  game  within  one  representation  will  have  a  corresponding 
algorithm  within  the  isomorphic  representation. 

We  mentioned  earlier  that  different  problem  solvers  may  formulate 
different  representations  from  the  same  problem  statement.  However, 
if  two  such  representations  are  isomorphic,  they  can  be  said  to  have 
the  ''same"  structure.    One  individual  may  represent  the  missionary- 
cannibal  problem  with  nickels  and  dimes,  while  another  uses  M*s  and 
C's  as  we  did;  the  state-spaces  for  these  representations  are  obviously 
isomorphic.    The  equation  2x  +  3x  -  10  may  be  obtained  by  one  individual 
from  an  algebra  word  problem,  while  another  individual  writes  2A  +  3A  «• 
10.    Again  the  state-spaces  are  isomorphic -^f or  any  equation  which  can 
be  validly  obtained  from  2x  -f  3x  «  10,  there  is  a  corresponding  equa- 
tion which  can  be  validly  obtained  from  2A  +  3A  *  10.    On  the  other 
hand,  a  "table  of  values"  representation  f^r  finding  x  has  no  natural 
correspondence  of  states  with  an  algebraic  representation. 

Thus  the  valid  representations  of  a  given  problem  fall  into  equiv- 
alence classes  or  isoTnoT^phiBm  classes.    When  we  speak  of  problem 
"structure  variables,"  we  are  actually  discussing  a  particular  iso- 
morphism class  of  representations  of  the  problem.    The  usefulness  of 
structure  variables  depends  on  the  fact  that,  for  most  unambiguously 
stated  problems,  relatively  few  classes  of  representations  will  find 
actual  use  by  a  given  population  of  problem  solvers. 

A  more  Interesting  aspect  of  state-space  isomorphisms  is  the  fact 
that  quite  distinct  problems  may  turn  out  to  have  isomorphic  represen- 
tations.   Consider  for  example  the  following  games. 
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4.6  In  the  game  of  Nimber  Sordbhle,  the  integers  1,  2,  ,,,, 
9  exre  written  on  slips  of  paper.    The  opposing  playera 
take  turns f  eaah  aeleatinc  one  number  for  himself  or 
herself.    Neither  player  may  sutect  a  number  already 

'  taken.    The  goal  is  to  obtain  exactly  three  numbers  uhiah 

^       ^  (Simon.  1969) 

4.7  In  the  game  of  Jam,  eaah  player  has  a  different  color 
pencil.    The  players  in  turn  color  a  straight  line  in 
the  diagram  below  along  its  entire  length.    The  object 
is  to  obtain  three  lines  in  one's  own  color  intersecting 
at  any  single  point. 

Diagram  for  the  gme  of  Jams 


1 


6  8 


4,8    In  the  Horse  Race  game  pictured  below ,  there  are  eight  horses 
on  the  starting  line^  and  nine  cards  to  be  picked  one  at  a 
time  by  the  two  players.    Each  card  has  the  numbers  of 
several  horses.    When  a  player  picks  a  card,  the  following 
things  happen:    if  a  horst^j^s  unowned^  that  player  takes 
possession  of  it  and  advances  it  one.    If  a  horse  is  already 
owned  by  that  player^  it  advances  one.    If  a  horse  is  owned 
by  the  player's  opponent,  it  is  disqualified.    The  first 
player  to  bring  home  a  horse  wins. 


Cards  for  the  Horse  Race  game: 


a,  1  3  6 

b,  4  6 

c,  2  5  6 


Diagram: 


START 


Horse  § 
1  2 


• 

f 

1 

1 

1 

d.  3  ? 

e.  2  2  4  7 

f.  S  7 

8 


g,  2 

h,  4 

i,  1 


3  8 

8 

S  8 
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In  the  diagram,  fop  piirpases  of  illuetiKttion^  acapd  '^e^' 
has  been  played  by  the  first  player^  and  card  "gr'^  by 
the  seaaridn 


The  three  preceding  games,  which  differ  frenn  each  other  radically 
in  syntax,  content,  and  context,  are  all  isomorphic  in  the  sense  of 
state-space  stmc^ture  to  the  familiar  game  of  tick-tack-toe*  The 
isomorphism  of  Number  Scrabble  with  tick-tack-toe  is  illustrated  by 
the  well-known  magic  square  in  Figure  4.6(a) «    The  game  of  Jam  is 
based  on  the  projective  dual  of  tick-tack-toe,  in  which  points  corres-* 
pond  to  lines  and  lines  to  points;  the  correspondence  with  tick-tack- 
toe  is  noted  in  Figure  4, 6(b).    Finally,  each  card  in  the  Horse  Race 
game  corresponds  to  a  tick-tack-toe  square,  and  each  horse  to  a  straight 
line*    The  cards  have  been  constructed  so  that  each  horse  appears  on 
exactly  three  cards;  the  correspondence  with  tick-tack-toe  is  tabulated 
in  Figure  4.6(<^). 

In  Chaptej"  I,  Figure  1,1,  it  is  noted  that  problem  solving  may 
involve  the  us^  of  related  problem  statements  or  problem  representa- 
tions.   Isomorphism  of  problem  representations  is  the  closest  possible 
relationfship  from  the  standpoint  of  structure.    Solving  a  probl^  iso- 
morphic to  a  tiven  problem  may  be  easier  due  to  differences  in  syntax, 
content,  or  context,  but  it  will  be  no  easier  in  structure  Csnd  no  more 
difficult).    [Next  we  consider  less  stringent  structural  relationships 
between  probjiems. 

A  gene r  ligation  of  the  idea  of  stated-space  isomorphism  is  that 
of  state«-space  homomarphism ,    The  concept  of  homomorphic  problems  has 
been  approa(^hed  in  different  ways;  the  development  here  is  the  author's 
own. 

Suppose  that  we  have  two  state-spaces  S  and  T*    A  homomorphism  is 
a  mapping  i  from  S  into  T,  not  necessarily  one^to«one  Biid  not  necessar- 
ily onto,  yhich  satisfies  the  following •    if  S]^  and  S2  are  states  in  S 
such  that  /there  is  a  legal  move  from  sj       »2»  then  either  there  is  a 
legal  move  in  T  from  f(s^)  to  f(s2),  or  ei^e  fCsj)  -  f(s2).    A  homo- 
morphism is  goal'-preservtng  if  it  maps  goal  states  of  S  into  goal 
states  of/  T.    We  shall  now  define  some  special  kinds  of  homomorphisms 
and  look  /at  some  examples, 
i 

(a)/  For  an  infective  homomorphism ^  the  mapping  f  from  the  first 
state-space  to  the  second  is  required  to  be  one-to-one •    For  example, 
conside!^  the  game  of  2-plle  Nim  in  which  the  initial  state  has  two 
natchstlcks  in  each  pile  (Figure  4.7).    The  states  of  this  game  may 
obviously  be  placed  into  one-to-one  correspondence  with  a  subset  of 
the  states  in  the  more  complex  game  which  is  generated  by  an  initial 
state  Having  more  matchsticks;  more  piles,  or  both.     (Compare  Figure 
4.7  with  Figure  4.5.)    Such  a  correspondence  defines  an  injective 
homomorphism. 
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gure  4,6    Gams  laomorphia  to  Tiak-taok-toe 


(a)  Magic  square  illu3trating  the  isomorphista  with  Nusdier  Scrabbles 
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3 
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1 

2 

7 

6 

(b)  Correspondence  between  points  of  Jan  and  lines  of  tick-tack-toe 


1  3        4  5 

^    i        i  i 
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8  ~* 


(c)  "Horse  Race"  cards  correspond  to  tick-tack-toe  squares;  horses 
to  tick-tack-toe  lines. 


a 

b 

c 

d 

e 

f 

g 

h 

i 

-131- 


Figute  6.7    A  Syrmetrn,cal  Subspace  of  the  B-pile  Sim  State^Spaae 
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As  a  second  exasapley  consider  the  nickel-dlne  problems  llluatrated 
in  Figure  4,4.    The  states  for  the  problem  of  one  nickel  and  cme  dime 
may  be  mapped  into  the  states  for  the  problem  of  two  nickels  amd  two 
dim^'*  by  adding  a  nickel  to  the  left  and  a  dime  to  the  right  ofi  any 
given  configuration.    Likewise  the  states  for  the  problem  of  ti^ 
nickels  and  tvo  dimes  may  be  iwpped  into  the  states  for  the  problem 
of  three  nickels  and  three  diTOS,  and  so  forth.    Each  of  these  A 
mappings  defines  an  injective  homomorphism.    Note  that  in  this  example* 
the  goal  state  for  the  less  complex  problem  is  not  mapped  into  the  goal 
atate  for  the  more  complex  problem^^  as  it  was  for  the  case  of  the\  Nim 
games.    Furthermore,  the  goal  state  for  the  leas  complex  problem  \m 
not  even  mapped  into  a  state  which  is  on  a  solution  path  for  the  more 
complex  problem;  it  is  mapped  into  a  *'blind  alley"  state.    Thus  these 
are  not  goal-preserving  homomorphims, 

(b)    We  define  a  surJecHve  homamor*phi8m  to  be  one  for  which  the 
mapping  f  from  the  first  state-space  to  the  second  is  an  onto  or  sur- 
jective  mapping*    That  is,  !or  every  state  t  in  the  second  state-space 
Tt  there  exists  at  least  one  state  s  in  the  first  state-space  such 
that  f(s)  -  t«    For  example,  consider  the  two  versions  of  the  missionary* 
cannibal  problem  illustrated  in  Figures  4.2  and  4,3.    Define  a  mapping  f 
from  a  state  in  Figure  4,3  to  a  state  in  Figure  4,2  which  associates  to 
every  state  in  the  more  complex  state-space  the  state  obtained  by 
removing  the  bar  above  the  C.    For  instance^ the  two  states  (MCsMMCC*) 
and  (MCsMMCC*)  are  both  mapped  into  (MCsMMCC*)  by  f  •    The  mapping  f  is 
thus  in  general  many-to-one;  but  it  clearly  preserves  the  structure  of 
legal  moves  in  the  sense  that  if  a  move  is  legal  between  two  states  in 
Figure  4,3,      en  it  is  legal  between  the  corresponding  states  in  Figure 

4.2,  This  is  a  surjective  homomorphism  because  every  state  in  Figure 
4,2  has  at  least  one  state  in  Figure  4.3  associated  with  it  by  the 
mapping  f. 

Given  initially  the  more  complex  statement  of  the  problem,  Problem 

4.3,  one  might  decide  to  solve  first   the  "related"  problem  obtained  by 
neglecting  the  condition  that  only  one  cannibal  knows  how  to  row. 
Problem  4.2.  .  The  problem  statements  are  related  in  that  one  condition 
has  been  removed.    The  goal-preserving  surjective  homomorphism  des- 
cribed above  characterizes  the  "relatedness"  of  the  problem  etruatures 
which  results. 

Next  consider  the  "Jealous  Husbands"  problem  discussed  in  Section 
1  (Reed,  Ernst,  and  Banerji,  1974). 


4^9    Three  husbands  and  three  wives  are  on  one  bank  of  a 

7*iver,  with  a  rowbaat  that  will  hold  at  most  two  people  * 
How  can  they  aross  to  the  other  side  of  the  river,  in 
such  a  manner  that  no  wife  is  ever  in  the  presence  of  a 

ther  than  her  husband  on  either  z*iverbank,  unless 
her  husband  is  also  present? 
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We  have  reworded  the  problem  in  order  to  highlight  the  parallels  and 
differences  with  Problem  4,2,    The  three  husbands  correspond  to  the 
three  nissionar'ies  and  the  three  wives  to  the  three  canuibals.  -How- 
ever, interpretation  of  the  condition  that  no  wifa  be  left  vith  a  man 
other  than  her  husband t  unless  her  husband  is  also  present,  seems  to 
require  the  problem  solver  tojceep  track  of  the  individual  identities 
of  the  husbands  and  the  wives.    Such  a  representation  of  the  problem 
leads  to  a  fairly  complex  state-space,  a  wnall  portion  of  which  is 
'depicted  in  Figure  4.8.    In  this  figure  the  husbands  have  been 
labelled  H^,         H3,  and  their  respective  wives   Wj,  W2,  W3. 

Define  a  mapping  f  from  a  state  in  Figure  A. 8  to  a  state  in 
Figure  4,2  which  associates  to  every  state  in  the  more  complex  state- 
space  the  state  obtained  by  removing  all  the - subscripts,  and 
relabelling  H  by  M  and  W  by  C,    It  is  evident  that  f  defines  a  many- 
to-one  correspondence  of  the  states  in  the  two  representations,  and 
that  every  state  in  Figure  4.2  has  at  least  one  state  in  Figure  4,8 
to  which  it  is  associated  by  f .    To  deduce  that  f  is  a  homomorphism 
(i.e.,  that  it  preserves  the  structure  of  legal  moves),  it  is  necessary 
to  reason  that  if  no  wife  is  left  with  a  man  other  than  her  husband 
unless  her  husband  is  also  present,  then  the  wives  can  never  outnumber 
the  husbands  on  either  riverbank.    Thus  if  a  move  is  legal  in  Problem 
4,9,  the  corresponding  move  will  be  legal  in  Problem  4,2,    Note  that 
the  converse  of  this  statement  is  false — it  is  quite  possible  for  a 
proposed  move  to  be  illegal  in  the  Jealous  Husbands  problem,  with  the 
corresponding  move  in  the  missldnary-cannibal  problem  perfectly  legal. 
Again,  we  have  a  goal-preserving  surjective  homomorphism  which  charac- 
terizes the  "relatedness"  between  the  two  problems. 

Thus  far  we  have  observed  that  an  inject ive  homomorphism  allows 
us  to  view  one  problem  or  game  as  a  Bubproblem  or  subgame  of  another; 
while  a  aurjertive  homomorphism  allows  us  to  describe  the  relation- 
ship of  a  problem  with  a  related  problem  obtained  by  disregarding  some 
attribute  of  the  states  of  the  original  problem. 

Finally  we  shall  define  a  less  stringent  notion  of  "relatedness" 
of  problem  structure  than  that  of  a  homomorphism.    Suppose  that  we 
have  two  state-spaces  S  v^d  T.    A  weak  homamopphim  will  be  a'^- mapping 
f  from  S  into  T,  not  necessarily  one-to-one  or  onto,  which  satisfies 
the  following:    if  si  and  S2  are  states  in  S  such  that  there  is  a 
legal  move  from  si  to  S2,  then  either  f(si)  -  f(s2)i  or  there  exists  a 
sequence  of  legal  moves  in  T  from  f(si)  to  f(s2)  such  that  the  inter- 
mediate states  are  not  in  the  image  of  f.    That  is,  there  is  a  legal 
path  in  T  given  by  (f(si),  t^,  ...»  tn,  f(s2))t  and  there  are  no  states 
in  S  mapped  into  ti,.  tn*    It  is  clear  that  every  homomorphism  is  a 

weak  homomorphism,  since  (fCsi),  f(s2))  qualifies  as  a  path  in  T  having 
no  inteirmediate  states.    Furthermore,  a  weak  homomorphism  that  is  sur- 
jective is  also  a  homomorphism.    A  weak  homomorphism  from  S  into  T 
which  is  inject ive  will  be  called  an  embedding  of  S  into  T. 
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Flgure  4.8   A  Fortion  of  the  State-Spaae  for  the  "Jealous  Susbetnds"  Problem 

forbidden  moves 

(HiH2H3WxW2:W3*)      *  (HiH2H3Wiff2W3*0  initial  state  — >  <HiH2WlW2tf3:H3*) 


(H1H2H3W1W3 
(HiH2H3W2W3:Wi*) 


:W2*)^^ 


r(HlH2H3Wi:W2W3*) 
(HiH2H3W2:WiW3*) 
(HiH2H3W3:WiW2*) 


(HiH2WxW2!H3W3*)-, 
(HiH3WiW3:H2W2*) 
(H2H3W2W3;HiWi*) 


^  (HiH2H3WiW2*:W3) 


=t  (HiH2H3WiW3*:W2) 


^  (HiH2H3W2W3*:Wi) ♦ 
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(H1H3W1W2W31H2*) 

(H2H3WiW2M3:Hx*) 
(KiWiW2W3:H2H3*) 
(H2iWlW2W3:HiH3*) 
(H3WiW2W3jHiH2*T 
(H2H3Wi«3:HiW2*> 
(H2K3WiW2:HiW3*) 
(HiH3W2W3:H2Wi*) 
(HiH3WiW2:H2W3*) 
(HiH2W2W3:H3Wi*) 
(HiH2WiW3:H3W2*) 

 >  (HiH2WiW2W3*:H3) 

 >  (HiH3WiW2W3*:H2) 

 y  (H2H3WiW2W3*;Hi) 
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The  concept  of  an  embedding  of  one  problea  representation  into  ^ 
another  allova  ua  to  classify  further  the  alternative  representations 

which  may  be  constructed  for  a  given  problem  statement.    For  example, 
it  is  commonly  asserted  that  the  state-apace  in  Figure  4.2  "is"  the 
state-space  for  the  Qiissionary^cannibal  problem;  ve  have  already  noted 
that  such  ^  assertifin  must  be  interpreted  as  referring  to  a  class  of 
isomorphic  state-spaces «    However »  there  is  still  greater  flexibility 
in  specifying  the  state^space,  even  without  the  device  of  including 
the  "illegal  states"  in  Figure  4.2 «    For  example,  we  may  choose  to 
record  separately  the  intermediate  configurations  in  which  one  or  two 
missionaries  or  cannibals  is  in -the  rowboat,  part-^ay  across  the  river. 
In  this  more  complex  representation  of  the  missionary*cannibal  problem, 
there  are  not  only  many  more  states,  but  there  are  many  more  blljid 
alleys  than  in  Figure  4.2.    For  example,  the  path  from  the  initial 
state  (MMMCCC*:)  to  (MMCC:MC*)  %ay  now  be  represented  by  the  th^e 
states  (MMMCCC*//),  (MMCC/MC*/),  (MMCC//MC*) ,  where  the  two  slashes 
stand  for  the  tw5  banks  of  the  river.    From  the  state  (MMCC:MC*)  there 
were  formerly  no  legal  "blind  alley"  moves;  now,  however,  the  move  from 
(MMCC//MC*)  to  (MMCC/C*/M)  is  still  legal  and  represents  a  blind  alley, 
since  if  the  cannibal  lands  on  the  left  bank^  the  conditions  of  the 
problem  are  violated.    Some,  but  not  all,  of  the  "forbidden  moves"  in 
Figure  4.2  now  have  legal  intermediate  '*blind  alley"  states  heading 
towards  them. 

In  short,  there  is  an  embedding  of  the  state-space  in  Figure  4,2 
in  the  more  complex  state-space,  and  the  latter  is  certainly  an  equally 
valid  representation  of  the  problem  structure* 

This  example  is  not  merely  a  trick;  it  Illustrates  a  fundamental 
issue  in  the  definition  of  structure  variables  such  as  the  number  of 
steps  or  the  number  of  blind  alleys.    Indeed,  one  could  carry  forward 
the  expansion  of  the  missionary-cannibal  state-space  still  further. 
Suppose  that  we  define  a  state  of  the  missionary-cannibal  problem  to 
be  a  configuration  of  missionaries  and  cannibals,  rowboat  and  river, 
together  with  the  label  t  for  "tested"  or  u  for  "untested."  Untested 
states  have  not  been  examined  with  respect  to  the  condition  that  canni- 
bals are  not  to  outnumber  missionaries,  and  are  therefore  legal—however 
the  only  move  permitted  from  an  untested  state  is  to  test  it.    From  a 
tested  state,  one  is  only  permitted  to  move  to  an  untested  state.  In 
this  expanded  state-space,  the  "forbidden  moves"  in  Figure  4,2  have 
become  legal,  "untested"  states.    There  is  an  embedding  of  the  state- 
space  in  Figure  4,2  in  the  expanded  state-space  which  assigns  to  each 
original  state  the  corresponding  "tested"  configuration. 

We  see  that  given  a  problem  statement,  it  will  often  be  possible 
to  construct  alternate  state-spaces  which  are  accurate  representations 
of  the  problem,  and  which  are  not  isomorphic.    Typically  they  will  be 
related  to  each  other  by  means  of  an  embedding,  and  will  have  differ- 
ent values  of  important  structure  variables.    This  is  a  more  precise 
characterization  of  the  difficulty  which  we  noted  at  the  beginning  of 
this  chapter  in  specifying  the  n^imber  of  steps  needed  to  pass  from 
the  equation    2x  +  3x  ■  10  to  the  equation  5x  -  10, 
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It  is  not  meaningful,  then,  to  specify  structure  variables  in  an 
absolute  sense;  that  is,  ira  cannot  say  "the  number  of  steps  needed  to 
solve  this  problen  is  n,"    However,  ve  can  specify  the  values  of 
structure  variables  in  a  specified  representation  of  a  problem.  This 
permits  us  to  compare  problems  having  different  values  of  structure 
variables,  as  long  as  ve  arg  consistent  in  our  choice  of  representa- 
tion for  the  problems. 

Symmetries  and  Subspaae^Deaompositions 

Utilization  of  Intrinsic  problem  symmetry  can  often  contribute  to 
insightful  problem  solving  (Goldin  and  McClintock,  in  press) •  Like- 
wise, the  decomposition  of  a  problem  into  subproblems  through  the 
selection  of  subgoals  can  be  an  effective  procedure.    Here  we  shall 
define  task  structure  variables  associated  with  problem  symmetries 
and  subproblem  decompositions.    These  characteristics  of  task  struc- 
ture may  be  thought  of  as  representing  the  potential  for  use  of 
appropriate  heuristic  processes. 

An  automorphism  of  a  problem  is  an  isomorphism  of  the  problem 
state-space  onto  itself.    Such  an  automorphism  is  also  called  a 
symmetry  transformation  of  the  problem  representation.    For  example, 
automorphisms  of  the  tick-tack-toe  game  tree  may  be  obtained  by 
rot;ating  the  tick-tack-toe  grid  by  1/4,  1/2,  or  3/4  of  a  complete 
turn,  or  by  reflecting  the  grid  vertically,  horizontally,  or  diagonally 
(see  Figure  4.9).    Corresponding  automorphisms  may  therefore  be 
obtained  for  the  representations  of  all  of  the  gases  isomorphic  to 
tick-tack-toe. 

The  set  of  syimaetry  transformations  of  a  system  always  forms  a 
mathematical  group.    Any  ordered  pair  of  symietry  transformations  may 
be  performed  in  succession  to  obtain  a  third  sinmnetry  transformation, 
thus  defining  an  associative  binary  operation.    The  identity  trans- 
formation is  always  included  as  a  symmetry  transformation  by  conven- 
tion, and  for  every  symmetry  transformation,  there  exists  the 
inverse  transformation  which  returns  the  system  to  its  initial 
configuration.    The  symmetry  transformations  of  a  state-space  thus 
form  a  group  which  we  shall  call  the  symmetry  groiq)  of  the  problem 
or  game  representation. 

For  any  problem  or  game,  we  may  now  consider  as  a  new  task  varia- 
ble the  nionber  of  symmetry  tirms formations  of  a  representation;  i.e., 
the  order  of  the  symmetry  group. 

Many  of  the  problems  and  games  already  dlscu^^ied  display  some 
sort  of  state-space  symmetry;  for  example,  th^  nickel-dime  problems 
(ProblefiS  ^.4a-a)  possess  bilateral  symmetry  (synmietry  group  of  order 
2)^  as  does  the  Nim  subgame  depicted  in  Figure  4.7.     In  tick-tack-toe, 
the  symmetry  group  of  the  state-space  is  of  or^er  eight,  and  corres- 
ponds to  the  geometric  symmetry  of  the  tick-tack-toe  grid;  while  in 
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Figure  6.9    Tiak-taak-toe  States  Equivalent  by  Rotation  and  Re  flection  Synmetry 
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Figure  4.10    3-Hle  Nim  States  Equivalent  by  Permutation  Syrmetvy 
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Nisober  Scrabble,  Che  embodiment  of  the  gasuei  is  auch  as  to  conceal  the 
symmetry  which  is  in  fact  present.  Thus  problem  syms^try  may  be  more 
or  lesi^  overt ^  ^depending  upon  the  problem  embodiment* 

Whenever  a  state-space  possesses  symmetry ,  it  is  possible  to 
construct  a  smaller ,  reduced  state-space  in  which  states  equivalent 
by  virtue  of  symmetry  transformations  have  been  identified  with  each 
othcLi:*    To  develop  this  concept  precisely,  let  s  be  a  state  in  a  given 
state-space  S,  and  let  G  be  the  symmetry  group  of  S.    Consider  the  set 
of  all  states  which  can  be  obtained  by  applying  elements  of  G  to  the 
fixed  state  s;  this  set,  denoted  Gs,  will  be  called  the  orbit  of  s 
under  the  action  of  G.    Two  states  in  S  will  be  called  equivalent 
modulo  G  if  they  are  in  the  same  orbit  under  the  action  of  G«  The 
orbits  in  the  state-space  form  mutually  disjoint  equivalence  classes 
of  states* 

For  example,  the  eight  tick-tack-toe  states  in  Figure  A, 9  all 
belong  to  the  same  orbit.    Of  course  some  orbits  in  the  tick-tack-toe 
state-space  contain  fewer  than  eight  states.    The  state  with  X  in  the 
center  square,  for  example,  the  other  squares  being  empty,  stands 
alone  in  its  equivalence  class. 

Given  a  state-space  S  having  a  symmetry  group  G,  a  new  and  smaller 
state-space  S'  may  be  constructed  as  follows.  Let  each  equivalence 
class  in  S  {modulo  G)  be  a  state  in  S';  let  the  initial  state  in  S' 
be  the  equivalence  class  containing  the  initial  state  in  S;  and  let 
the  goal  state (s)  in  S'  be  the  equivalence  class (es)  containing  the 
goal  state (s)  in  S.    Define  a  move  to  be  permitted  from  one  state  of 

to  another  state  of  S'  if  and  only  it  there  exists  a  state  sj  in 
the  first  equivalence  class  and  a  state  S2  in  the  second  equivalence 
class,  such  that  (si,S2)  is  a  permitted  move  in  S. 

The  state-space  S*  thus  obtained  will  be  said  to  have  been  reduced 
modulo  the  8yrmet7*y  group  G.    It  may  sometimes  be  convenient  to 
represent       by  selecting  one  representative  state  from  each  orbit 
in  S, 

By  way  of  illustration  consider  the  following  generalization  of 
the  game  of  Nim. 

4^10    In  the  game  of  n^pite  Nim^       matahstiaka  are  placed 

in  the  first  pile^  a2  in  the  second  pile^  and  so  forth, 
with  Oy^  matchstiaks  in  the  nth  pile.    The  object  of  the 
game  ia  to  be  the  player  to  remove  the  last  match.    Each  ' 
player^  in  tum^  may  take  a^ay  as  many  matchsticks  as 
desireds  but  only  from  one  pile. 


The  state-space  for  n-pile  Nim  may  be  mapped  by  means  of  an  injective 
homomorphism  into  a  state-space  possessing  n-fold  permutation  symmetry. 
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Let  m  be  the  maxliaum  of  all  of  the  a±  for  1  ■  1»  2^  ...»  n;  let  the 
state^space  consist  of  all  configurations  which  can  be  reached  by 
applying  legal  moves  to  the  state  (mm..tm;A).    Any  permutation  of 
the  n  piles  now  defines  an  automorphism  of  this  state-space.  Figure 
4.10,  for  example,  illustrates  six  3-pile  Nim  states  which  are  equiv- 
alent by  permutation  symmetry.    In  depicting  the  reduced  state-space, 
only  one  of  these  states—for  instance,  the  state  (123 ;A) — ^might  be 
used  to  stand  for  the  equivalence  class  of  the  six  states. 

In  Figure  4,11  the  symmetrical  subspace  of  the  2-pile  Nim  state- 
space,  which  was  pictured  in  Figure  4«7,  is  reduced  modulo  the  exchange 
symmetry.    Now  the  state  (21  ;A)  stands  for  the  equivalence  x^lass  con- 
taining (21 ;A)  and  (12 ;A).    Note  the  legal  move  in  Figure  4,11  from 
(21;A)  to  (10;B),  which  is  present  because  the  move  from  (21;A)  to 
(01;B)  is  legal  in  Figure  4.7. 

Given  a  state--space  S  having  a  symmetry  group  G,  and  letting  S'*. 
be  the  reduced  state^space,  define  the  mapping  f  from  S  to  S'  which 
assigns  to  each  stat^  in  S  its  corresponding  equivalence  class  in  S\ 
f  defines  a  surjective  homomorphism  from  S  onto  S*.    Thus  there  is  a 
surjective  homomorphism  from  Figure  4.7  onto  Figure  4,11, 

Returning  to  the  question  of  alternative  representations  for  a 
given  problem  statement,  we  remark  that  when  symmetry  is  present,  a 
choice  must  be  made — to  incorporate  the  symmetry  from  the  start  by 
utilising  a  reduced  state-space,  or  to  neglect  the  symmetry  by  treat^^ 
ing  states  equivalent  by  symmetry  as  distinct  states.    From  the 
standpoint  of  efficient  problem-solving,  it  may  be  desirable  to 
incorporate  as  much  of  the  symmetry  as  possible.    However,  many 
problem  solvers  will  not  recognize  all  of  the  symmetry  which  is  in 
fact  present,  at  least  at  the  outset  of  problem  solving.    Thus  from 
the  standpoint  of  defining  and  Investigating  task  structure  variables, 
it  is  desirable  to  characterize  the  expanded  state-space,  the  symmetry 
group »  and  the  state-space  reduced  modulo  the  symmetry  group. 

The  symmetry  group  G  of  a  state-space  may  have  various  subgroups^ 
each  of  which  contains  only  certain  spe^pifled  symmetry  transforma- 
tions.   Then,  for  any  subgroup  H  of  G,  it  will  be  possible  to  define 
S*%^the  state-space  reduction  of  S  modulo  9.        will  be  a  state^space 
intermediate  in  size  between  S  and  S*,  into  which  some  but  not  all  of 
the  available  symmetry  has  been  incorporated. 

Finally  let  us  remark  that  certain  problem  representations 
possess  foinj^ard-^baahjord  symmetry.    Given  a  problem  with  a  single 
goal  state,  one  may  construct  the  inverted  problem  as  follows:  (a) 
the  goal  of  the  original  problem  becomes  the  initial  configuration 
of  the  inverted  problem;  (b)  the  initial  configuration  of  the  origi- 
nal problem  becomes  the  goal  of  the  inverted  problem;  and  (c)  given 
the  two  problem  configurations  s^  and  S2»  s  move  is  permitted  from  s-^ 
to  S2  in  the  Inverted  problem  if  and  only  if  the  rules  of  the  original 
problem  permit  a  move  from  S2  to  sj*    We  note,  however,  that  for  a 
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Figure  4.11    Reduced  Sywgnetriaal  Subapaee  of  the  2~Hte  Nim  State-Space 

(compare  with  Hg»  4*?) 
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configuration  to       &  state  in  the  state^sp^ee  of  the  inverted  prob- 
lein»  it  is  neither  necessary  nor  sufficient  that  it  be  a  state  in  the 
state-space  of  .the  original  problan.    The  configuration  might  not  be 
reaahable  from  the  initial  state  of  the  original  problem,  although 
reachable  by  "working  backward"  from  the  goal  state  of  the  original 
problem.    A  problem  is  said  to  possess  forward-^backward  symmetry  when 
the  state-space  of  the  inverted  problem  is  isomorphic  to  that  of  the 
original  problem; 

Many  of  the  examples  that  we  have  mentioned  thus  far  have  forward- 
backward  symmetry.    In  the  various  versions  of  the  missionary--cannibal 
problem  (Figures  4.2  and  4,3)  and  the  Jealous  Husbands  problem  (Figure 
4.8) t  the  problem  statements  are  such  that  any  legal  move  is  reversi- 
ble.   The  state-space  for  the  inverted  problem  is  the  same  set  of 
states  as  the  state-space  for  the  original  problem*    The  forward- 
backward  symmetry  is  apparent  in  the  state-opace  diagram,  and 
corresponds  simply  to  exchanging  the  two  banks  of  the  river  in  the 
problem  statement.    In  the  nickel-dime  problems  (Figure  4.4),  the 
permitted  moves  are  not  reversible.    With  the  exception  of  Figure 
4«4(a) — the  problem  of  one  nickel  and  one  d:Lme — the  state-space 
diagrams  do  ru?t  display  forward-backward  syiimetry.    Nevertheless,  when 
one  constructs  the  state-space  for  the  inverted  problem,  it  is  isomor- 
phic to  the  state-space  for  the  original  problem;  it  includes  configu- 
rations which  are  not  present  in  Figure  4.4  becanse  they  cannot  be 
reached  from  the  initial  state  in  Figure  4.4,  and  it  excludes  other 
configurations  which  are  present  in  Figure  4,4,    The  forward-backward 
symmetry  corresponds  to  exchanging  "dimes"  and  "nickels"  in  the  original 
problem  statements. 

The  problem  of  the  two  pails  (Figure  4.1)  is  an  example  of  a  prob- 
lem which  does  not  possess  forward-backward  symmetry. 

We  have  seen  that  one  way  of  reducing  the  stated-space  for  a  prob- 
lem or  game,  ^nd  establishing  equivalence  classes  of  states,  is  with 
respect  to  a  group  of  symmetry  transformations.    A  second  way  of 
reducing  the  state-space  is  with  respect  to  Its  infrastructure  of  sub- 
problem  or  subgame  state-spaces.    A  324bspaae  of  a  state-space  S  is  a 
subset  T  of  S,  together  with  the  moves  which  are  permitted  from  one 
state  in  T  to  another  state  in  T.    From  time*  to  time  we  may  designate 
a  state  in  T  as  the  "initial"  state  for  the  subspace,  and  a  particular 
set  of  states  in  T  as  "subgoal"  states. 

Figure  4.7  illustrates  a  subspace  of  the  2-pile  Nlm  state-space. 
In  fact,  given  a  homomorphism  f  from  a  states-space  R  into  a  state-space 
S,  define  the  image  of  the  homomorphism  to  be  the  set  of  all  states  s 
in  S  for  which  there  is  at  least  one  state  r  in  R  such  that  f(r)  "  s. 
Then  the  Image  of  the  homomorphism  is  a  subspace  T  of  S.    The  initial 
state  in  T  may  be  characterized  as  the  imag€i  of  the  initial  state  in  R, 
and  the  set  of  subgoal  states  in  T  as  the  image  of  the  set  of  goal 
states  in  R. 
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An  interesting  situation  arises  when  the  state-space  of  a  problem 
can  be  partitioned  into  nutually  disjoint  subspac^s,  in  such  a  manner 
that  for  any  pair  of  subspaces,  there  is  at  most  one  permitted  move 
between  a  state  in  one  aubspace  and  a  state  in  the  ot\er.    An  example 
is  provided  by  the  well-known  Tower  of  Hanoi  problem. 

4.11    Four  Qoncentria  Hnge  (labeled  2j2^3^4  reepeativety) 
ape  placed  in  order  of  sise^  the  stmlleat  at  the  top, 
on  the  first  of  three  pegs  (labeled  A^B^Oj  aa  in  the 
diagram  below. 


The  oho  eat  of  the  problem  is  to  transfer  all  of  che 
rings  from  peg  A  to  peg  C  in  a  minimum  number  of 
moves.    Only  one  ring  may  be  moved  at  a  time 3  and  no 
larger  ring  may  be  placed  above  a  smaller  one  on  any 
peg. 

Figure  4, 12 (a)  depicts  a  state-^space  for  the  Tower  of  Hanoi  problem* 
In  Figure  4.12(b)-(c),  the  state-space  has  been  partitioned  into 
mutually  disjoint  subspaces  in  various  ways.  . 

Given  a  state-space  S  which  has  been  thus  partitioned,  a  new  and 
simpler  state-space  S'  may  be  defined  by  considering  each  subspace  of 
S  to  be  a  state  in  its  own  right  in  S*.    The  initial  state  in  will 
be  the  subspace  containing  the  initial  state  of  S,  and  a  goal  state  in 
S*  is  any  subspace  containing  a  goal  state  of  S.    A  move  is  permitted 
from  one  state  of  S'  to  another  state  of  S*  if  and  only  if  there  exists 
a  state  Sj^  of  S  in  the  first  subspace,  and  a  state  S2  of  S  in  the 
second  subspace  such  that  the  move  (si,S2)  is  permitted  in  S, 

The  state-space       obtained  in  this  fashion  is  said  to  have  been 
reduced  modulo  the  subspace  decomposition  of  S,    S*  may  sometimes  be 
conveniently  represented  by  selecting  a  representative  state  from  each 
subspace  of  S. 

In  the  Tower  of  Hanoi  problem,  a  "1-ring  subspace'*  is  isomorphic 
to  the  task  of  transferring  a  single  ring  from  one  post  to  another;  a 
"2-rlng  subspace**  is  isomorphic  to  the  task  of  transferring  two  rings 
from  one  post  to  another;  and  so  forth.    In  Figure  4.12(b),  we  see 
that  when  the  state-space  for  the  4-ring  problem  is  partitioned  intu 
2-ring  subspaces,  the  reduced  state-space  is  isomorphic  to  a  2-ring 
Tower  of  Hanoi  state-space.    Likewise,  when  the  4-ring  state-space 
is  partitioned  into  3-ring  subspaces,  the  reduced  state-space  is  iso- 
morphic to  a  1-ring  Tower  of  Hanoi  state-space;  and  when  the  4-ring 


-143- 


'  l^igure  4.12   State-^Spizae  Repreaentation  for  the  4-Hng  Tower  of  Hanoi 

Px^blmRt  and  its  Partitioning  into  SubspacsBs 


(a)  The  Tpwer  of  Hanoi  state-space.    The  four  letters  labelling 
a  state  refer  to  the  respective  pegs  on  which  the  four  rings 
are  located. 

.  AAAA  (start) 
CAM  .  .  BAAA 
.  BCAA 
BBAA  ....  CCAA 
.  CCBA 

•     •  •  • 

m  •  m  m 

CCCA  BBBA 

.  BBBC 

•      •  •  • 

•  •  ■  • 

AACB  ....  BBCB        ....  AABC 

•  ■  •  • 

«*  •«  •« 

BBBB  CCCC  (goal) 

(b)  Decomposition  of  the  4-ring  state-space  into  2-Ting  subspaces. 


a  2-ring  subspace 
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Figure  4.12  (continued) 


(c)  Decomposition  of  the  4-ring  state-space  into  1-rlng  and  3-rlng 
subspaces. 


a  1-ring 
subspace 


a  3-ring  subspace 
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state-ftpace  Is  partitioned  into  l-»ring  aubapacesy  the  reducjbd  atate*- 
space  is  isomorphic  to  a  3^ring  state^space  (Figure  4,12 (c]^)« 

The  Tower  of  Hanoi  problem  has  the  additional  interesting  feature 
that  in  the  subspace  decompositions  illustrated «  all  of  the  subspaces 
^re  themselves  mutually  isomorphic  in  each  decomposition.^ 

The  reduction  of  a  state^space  with  respect  to  a  syqbietry  group 
G,  and  the  reduction  with  respect  to  a  '*subspace**  decomppsition,  are 
similar  to  each  other  in  that  both  reductions  involve  the  establish- 
ment of  equivalence  classes  of  states*    For  the  case  of /a  symmetry 
group  9  two  states  are  equivalent  if  they  are  conjugate  by  virtue  of 
a  symmetry  automorphism  of  the  state-^space;  for  the  case  of  a  sub<- 
space  decomposition  9  two  states  are  equivalent  if  they /are  contained 
within  the  same  subspace.    We  hlive  shown  for  each  type  of  reduction 
how  to  obtain  a  smaller  state-'space       from  the  original  state-space 
S.    For  reduction  modulo  a  subspace  decomposition »  as  for  reduction 
modulo  a  symmetry  group,  there  always  exists  a  surjective  homomorphism 
from  S  onto       which  is  obtained  by  mapping  each  state  in  S  to  the 
equivalence  class  in       which  contains  it« 

We  have  spent  a  considerable  portion  of  this  chapter  developing 
the  concepts  of  state*-*space  homomorphisms  and  isomorphisms,  and 
symmetries  and  subspace  decompositions ,  purely  from  the  point  of 
view  of  the  formal  analysis  of  intrinsic  task  structure*    Let  us 
digress  at  this  point,  and  discuss  the  psychological  meaning  that 
these  features  may  potentially  have  for  the  problem  solver* 

Consider  first  the  case  of  a  particular  subptoblem  of  a  given 
problem.    Associated  with  the  subproblem  is  a  subspace  of  the  prob- 
lem state-space.    We  may  imagine  that  during  the  pourse  of  problem 
solving,  a  problem  solver  might  succeed  in  solving  the  subproblem, 
so  that  every  time  it  is  encountered,  it  is  solved  directly  and 
nearly  automatically.    Perhaps  a  special  name  is  even  conferred  on 
the  subproblem,  which  suggests  the  use  of  a  particular  solution 
algorithm.     In  some  sense  the  subproblem  is  abstsracted  from  the 
main  problem  by  the  problem  solver,  and  *^chunked*'  as  a  single  entity. 
This  is  suggestive  of  the  process  which  KrutetsHii  (1969,  1976)  calls 
"curtailment*" 

Selection  of  a  subgoal  (or  specification  pi  a  set  of  subgoals) 
by  the  problem  solver  establishes  a  subprobleo^  qf  the  main  problem. 
Thus  we  might  envision  an  ideal  sequence  of  e^en^s,  in  which  the 
problem  solver  (1)  establishes  a  subgoal,  (2) ^solves  the  correspond- 
ing subproblem,  and  (3)  "chunks"  the  solution/  algorithm  to  the 
subproblem.    Conceptually,  the  latter  step  corresponds  to  replacing 
the  subspace  of  the  state<-space  by  a  single  ^tate,  without  altering 
the  overall  network  structure  of  the  state^^spac^  (except »  of  course, 
for  the  elimination  of  the  moves  that  are  in^temal  to  the  subspace). 

If  the  state-space  can  be  partitioned  into  subspac€!s,  with  each 
subspace  corresponding  to  a  particular  subproblem  (as  with  the  Tower 
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of  HanoDt  we  may  anticipate  the  poaaibility  of  4StagB8  during  problem 
solving,  corresponding  to  the  solution  of  particular  subproblems  and 
the  curtailment  of  thinking  vith  respect  to  thb^e  subproblems,  Vhen 
the  state-space  is  partitioned  into  isomorphia  subspaces^  there  may 
exist  stages  corresponding  to  the  solution  of  particular  Isoawrphism 
classes  of  subproblems  t- 


Next  consider  the  case  of  a  problem  for  vhich  the  state^space 
possesses  symmetry.    We  may  suppose  that  at  the  outset,  a  problem 
solver  might  regard  the  various  problem  statefs  or  configurations  as 
distinct  from  each  other,  even  though  they  may  be  symiKtrlcally  conju- 
gate (and  thus  equivalent  as  far  as  the  problem  structure  is  concerned) • 
During  the  course  of  problem  solving,  such  e/tates  may  a&nB  to  be  reaog^ 
nized  as  equivalent,  causing  perhaps  a  profound  change  in  the  problem 
solver's  ^'perception"  of  the  problem,  / 


Recognition  of  the  symmetry  which  is  present  in  a  problem  repre- 
sentation Is  often  a  key  to  insightful  problem  solving.    Thus  problem 
state-spaces  which  possess  such  eynrmetry  af fer  the  opportunity  to  study 
the  process  whereby  this  kind  of  insight  occurs.    Again  we  have  the 
possibility  of  stages  corresponding  to  the  recognition  of  particular 
features  of  the  problem  symmetry  (subgroups  of  the  problem  symmetry 
group),  and  curtailment  of  thinking  whereby  states  are  considered  "the 
same"  when  they  are  equivalent  by  virtue  of  a  synmietry  transformation # 

Problems  with  isomorphic  or  homomorphic  representations  present 
the  opportunity  to  study  transfer  of  learning  from  one  problem-solving 
experience  to  another.    The  process  whereby  problem  solvers  come  to 
recognize  analogy  of  problem  structure  corresponds  to  the  component 
of  mathematical  ability  Krutetskii  calls  "generalization." 

Comparison  of  a  problem  representation  with  a  representation  of 
the  inverse  problem  provides  the  structural  framework  necessary  for 
the  study  of  "reversibility  of  thinking,"  a  third  component  of  mathe- 
matical ability  in  Krutetskii' s  model.    For  problems  having  forward- 
backward  83mmetry,  any  algorithm  or  strategy  which  solves  the  inverse 
problem  has  a  corresponding  algorithm  or  strategy  which  solves  the 
original  problem;  thus  the  inverse  problem  is  no  easier  than  the 
original.    Nevertheless,  problem  solvers  who  can  carry  out  a  certain 
strategy  "working  forward,"  and  then  carry  out  the  corresponding 
strategy  "working  backward,"  may  be  able  to  "connect"  these  paths, 
thus  arriving  at  a  solution  by  different  means  than  those  who  work 
exclusively  in  one  direction.    At  the  other  extreme,  problems  with 
representations  which  in  the  "forward"  direction  have  a  multiplicity 
of  branches,  and  in  the  "backward"  direction  have  very  few  branches, 
possess  the  structural  characteristics  for  "working  backward"  to  be 
more  successful  than  "working  forward." 

To  sum  up,  as  examples  of  the  usefulness  of  state-space  analysis, 
we  have  seen  that  it  permits  us  to  characterize  with  some  rigor  the 
problem  characteristics  which  facilitate  the  study  of  three  of 
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Table  4.2    Stimctupe  Variablee  Defined  iHth  Reference  to  State-Spacea 


Numerical  variables  describing  a  problem  state-space  S 

Total  nufober  of  states 

Length  of  the  shortest  solution  path 

Nuiaber  of  blind  alleys 

NusDber  of  possible  first  moves 

Nund>er  of  goal  states 

Ratio  of  the  number  of  goal  states  to  the  total  number  of  states 
Number  of  elements  in  the  synmetry  groufi  G 


Non-numerical  structural  characteristics  of  the  state-space 

Equivalence  classes  of  states  under  the  action  of^he  symmetry  group  G 
Subgroups  of  the  symmetry  group  G 

Subspace  decompositions- of  the  state^space  (particularly,  decomposition 

into  mutually  Isomorphic  subspaces) 
Forward-backward  symmetry  within  the  state-space  S 

Relationships  to  other  problem  state-spaces  T 

^. 

Existence  of  an  isomorphism  between  S  and  T 
Existence  of  a  homomorphism  between  S  and  T*  iti  particular: 
An  injective  homomorphism  from  T  to  S  (subproblem  of  S) 
A  surjective  homomorphism  from  S  to  T  (reduction  of  S) 
Characteristics  of  the  inverse  problem  of  S  (particularly,  isomorphism 
of  S  with  its  inverse  problem) 
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Krutetskii'a  components  of  inAthimatical  ability«*«curtAiliaentt  general^  ^ 
Izatlon,  and  reversibility  of  thinking  (see  Chapter  I,  Table  1,3) .  In 
Chapter  X.A,  Luger  explores  the  possibilities  for  using  problems  having 
some  of  these  characteristics  in  teaching,  in  order  to  foster  the  develop- 
ment of  mathematical  ability. 

Table  4,2  summarizes  the  structure  variables  which  have  been 
defined  with  reference  to  state-spaces • 

%^ 

Algorithms  and  Strategies 

An  algoritlmi  is  a  well^efined  procedure  for  solving  a  class  of 
problems  in  a  given  representation.    Algorithmic  analysis  may  be  con-* 
sidered  an  alternative  to  state-space  analysis  for  the  definition  of 
task  structure  variables.    However,  the  two  approaches  are  quite 
compatible,  since  an  algorithm  may  be  described  with  reference  to  the 
set  of  operators  on  a  state-space.    Thus  an  algorithm  will  accept  the 
initial  state  as  input,  and,  by  successive  application  of  operators, 
will  generate  a  sequence  of  successor  states  until  a  goal  state  is 
reached.    In  this  manner,  given  an  initial  state,  an  algorithm  defines 
a  unique  path  through  the  state-space.    We  may  imagine  the  path  gene- 
rated by  an  algorithm  as  an  "overlay"  on  the  collection  of  problem 
States,  with  alternative  algorithms  generating  possibly  distinct 
Solution  paths. 

Choice  of  a  particular  algorithm  permits  the  comparison  of  prob- 
lems with  respect  to  task  structure  variables  that  are  defined  with 
respect  to  the  algorithm.    These  include:     (a)  the  number  of  steps  in 
the  solution  path  generated  by  the  algorithm;  (b)  the  number  of  times 
any  particular  loop  in  the  algorithm  is  traversed;  <c)  the  number  of 
times  any  particular  branch  point  in  the  algorithm  is  crossed;  and  (d) 
the  number  of  times  any  particular  operator  is  called  for  by  the 
algorithm.    Structure  variables  defined  with  respect  to  algorithms  seem 
to  make  the  most  sense  in  highl.y  rootinized,  coraputati9hai'  tasks,  where 
standard  algorithms  are  widely  taught  to  students.    Their  definition 
depends  not  only  upon  t4ie  choice  of  a  mathematical  representation  for 
a  problem,  but  also  updn  the^ choice  of  a  method  of  solution  within  the 
representation.  '    '  :  t 

Let  us  now  approach  the  concept  of  a  strategy  as  a  generalization* 
of  an  algorithm.    A  strategy  is  any  procedure  which  narrous  the  set  pf 
possible  moves,  without  necessarily  singling  out  a  unique  move.  Thus, 
while  an 'algorithm  is  defined  with  reference  to  operators  which  are 
partial  functions  on  the  state-space,  a  strategy  may  be  defined  with 
reference  to  partial  relations  on  the  state.-space.    A  partial  relation 
maps  each  state  in  its  domain  into  a  set  tif  possible  successor  states. 
Thus  a  strategy  does  not  necessarily  lead  to  a  unique  path  vithin  the 
state-space.    Instead  it  generates  a  set  of  possible  paths,  which  may 
or  may  not  include  a  solution  path. 
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This  definition  of  the  term  '•strategy'*  is  quite  consistent  with 
ordinary  usage.    In  chess,  for  example,  a  strategy  associated  with  a 
particular  opening  variation  might  be,  **seek  to  obtain  control  of  an 
open  Queen's  Bishop  file."    Such  a  strategy  does  not  single  out  a 
unique  move  or  sequence  of  moves,  but  it  is  considerably  more  precise 
(and  more  problem-specific)  than  a  heupisti^  proaesa  as  the  term  is 
used  in  this  book  by  McClintock  and  by  Schoenfeld*    A  strategy 
establishes  a  well-defined  subset  of  moves  for  consideration  on  a 
particular  turn.    Sometimes  a  heuristic  procf^ss  will  suggest  a 
particular  solution  strategy  (or  algorithm)  in  a  particular  situation. 

In  our  sense  of  the  word,  a  strategy  is  no  more  vague  than  an 
algorithm,  when  it  is  well-defined.    It  merely  allows  for  a  set  of 
possible  continxiations,  rather  than  a  single  continuation,  at  each 
juncture.    To  be  well'-def ined,"  the  set  of  possible  moves  must  be 
unambiguously  described  for  any  state  to  which  the  strategy  is 
applicable.    Our  use  of  the  term  "strategy"  is  similar  to  the  use 
by  Landa  (1976a)  of  the  term  "semi-algorithm"  (p»  37). 

Sometimes  a  problem  is  susceptible  to  an  easily-described 
strategy,  when  an  attempt  to  write  a  detailed  algorithm  leads  to 
a  cumbersome  and  artificially  complicated  procedure.    For  example, 
consider  a  routine  problem  involving  two  independent  simultaneous 
linear  equations  in  two  unknowns,  X  and  Y,  with  non-zero  coefficients. 
The  procedure,  "solve  for  Y  in  the  second  equation  and  substitute  in 
the  first  equation;  then  solve  for  X,"  represents  the  outline  of  an 
algorithm;  but  it  may  not  generate  the  simplest  solution.     In  contrast, 
the  procedure  "solve  for  one  of  the  variables  in  one  of  the  aquations 
and  substitute  in  the  other  equation;  then  solve  for  the  other  varia- 
ble," outlines  a  strategy.    The  first  procedure,  when  sufficiently 
elaborated,  will  define  a  unique  sequence  of  steps;  the  second  pro- 
cedure will  define  four  possible  sequences.    However,  if  we  attempt 
to  turn  the  second  procedure  into  an  algorithm  by  spelling  out  in 
precise  detail  how  to  select  the  variable  to  be  solved  for  first,  and 
the  equation  in  wiiich  it  is  to  be  solved  for,  a  cumbersome  result 
emerges  which  is  contrary  to  the  spirit  of  the  strategy. 

Just  as  task  structure  variables  may  be  defined  with  respect  to 
a  particular  algorithm,  they  may  be  defined  with  respect  to  a  partic- 
ular strategy.    For  example  one  may  compare  problems  with  respect  to 
(a)  their  susceptibility  to  solution  by  means  of  a  particular  stra- 
tegy, (b)  the  minimum  number  of  steps  in  a  solution  path  generated 
by  a  particular  strategy,  and  so  forth. 

If  two  state-spaces*  are  isomorphic,  any  strategy  which  may  be 
defined  in  one  state-space  has  a  corresponding  strategy  which  may  be 
defined  in  the  other. 
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Sttmctia^  Variabiea  in.  Routine  J^blema 

Up  to  now  the  problem  examples  we  have  taken— the  problem  of  the 
two  palls,  the  missionaries  and  cannibals,  the  Tower  of  Hanoi,  etc,-^ 
have  been  principally,  of  the  non^Z'outine  variety.    Such  problems  have 
two  features  which  make  the  8tate<;;>space  analysis  particularly  easy* 
First,  the  rules  of  procedure  stated  in  the  problems  are  few,  making 
it  possible  to  identify  a  small  number  of  operators  which  characterize 
the  state-space.    Frequently  the  state-space  itself  is  small  enough  so 
that  it  can  be  fully  displayed •    Secondly,  the  states  themselves 
correspond  to  configurations  of  physical  objects  described  in  the 
problem  statements — pails  of  water,  rings  and  posts^  and  so  forth. 
When  we  turn  to  routine  problems  in,  say,  elementary  algebra,  these 
features  are  no  longer  present.    Nevertheless »  a  state**sp9ce  at.  ilysis 
is  possible  which  does  not  differ  in  principle  from  the  kind  we  have 
already  performed. 

In  routine  prbblem  solving,  which  Includes  most  of  the  problem- 
solving  i«\struction  offered  in  schools,  there  usually  exists  a 
standard  r'epresentation  which  is  taught  to  the  students,  and  which  it 
is  expected  they  will  use  in  writing  solutions ,    Such  a  representation, 
then,  should  be  used  as  far  as  possible  in  defining  the  task  structure 
variables.    It  may  also  be  valuable  to  consider  representations  earpon^^d 
from  the  standard  representation;  i«e«,  in  which  the  standard  represen- 
tation can  be  embedded,  or  from  which  the  standard  representation  can 
be  obtaitled  by  state-spa^c  reduction, 

A  routine  word  problem  in  elementary  algebra  can  be  translated 
into  a  representation  by  means  of  finitely  many  equations  in  finitely 
many  unknowns.     It  Is  such  a  configuration  of  sjnabols  which  we  shall 
treat  as  a  state  in  a  state-space,  for  the  purpose  of  studying  struc- 
tuYe  variables.    This  is  not  tr      tiy  the  Importance  of  other  (non- 
standard) representations  which  ^aight  also  be  worthy  of  examination. 

For  example,  consider  a  problem  such  as  the  following. 


4.12    S^vsn  children  each  have  the  same  number  of  marbles. 
In  addition  there  are  eleven  rmrbles  in  a  bag.  All 
^  together^  there  are  102  marbles.    How  many  marbles 
'  does  each  child  have? 


The  problem  might  be  translated  into  the  equation  "7x  +  11  «  102," 
This  configuration  of  symbols  then  becomes  the  Initial  state  for  the 
problem  state-space.     In  other  words,  the  state-space  analysis  begins 
after  the  translation  has  been  completed,  as  suggested  by  Figure  1.1 
in  Chapter  I.    The  goal  state  for  this  problem  is  any  state  of  the 
form  "X  -  [numeral]*'  which  can  be  obtained  from  the  Initial  state  by 
"legal  moves." 
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The  context  of  the  problem  ("marbles")  may  suggest  a  solution 
which  is  a  positive  integer »  encouraging  the  use  of  (non-standard) 
"guess-and-chec.k"  procedures^    These  procedures,  too,  can  be  recorded 
in  a  state-spac€  (see  Chapter  VIII, A). 

The  left-hand  side  of  Figure  4.13  shows  a  solution  path  for  the 
above  problem  in  an  expanded  state-space;  on  the  right  is  a  solution 
path  in  a  reduced  state-space.    The  right-hand  side  of  the  figure 
depicts  a  path  likely  to  correspond  to  the  written  work  of  many 
students.    Curtailment  may  result  in  some  of  these  steps  being 
skipped  or  abbreviated t  as  shown.    On  the  other  hand,  the  left-hand 
column  is  intended  to  represent  some  of  the  theoretical  posatHZ^ ties, 
steps  which  might  be  taken  by  3ome  students  at  various  times.  The 
following  are  some  of  the  features  of  state-space  reduction  which 
were  discussed  earlier  that  have  application  to  the  correspondence 
between  the  expanded  state-space  and  the  reduced  state-space  in  this 
diagram. 

(a)  States  related  by  virtue  of  the  associative  property  for 
addition  may  be  taken  as  equivalent^  and  the  "unnecessary"  parenthe-* 
ses  removed.    Likewise,  states  related  by  virtue  of  the  associative 
property  for  multiplication  may  be  tqtken  as  equivalent.  Furthermore, 
states  related  by  virtue  of  the  inclusion  of  superfluous  parentheses 
may  be  taken  as  equivalent.    For  example,  the  two  states  "(7x  +  11)  + 
(-11)  «  (102)  +  (-11)"  and  "7x  -  (11  +  (-11))  -  (102)  +  (-11)"  may 
correspond  to  the  sama. state,  "7x  +  11  +  (-11)  -  102  +  (-11)*"  The 
removal  of  parentheses  amounts  to  the  disregard  of  certain  "irrele- 
vant" attributes  which  formerly  distinguished  the  states  from  each 
other.    In  the  language  of  this  chapter,  a  surjectiye  homomorphism 
(many-to--one)  is  defined  from  the  expanded  state-space  onto  a  reduced 
state-space.    The  more  experienced  the  problem  solver  is  in  algebra, 
the  more  rapidly  and  "automatically"  the  irrelevant  parentheses  are 
removed  or  Ignored. 

(b)  States  incorporating  expressions  for  addition  of  a  negated 
quantity  may  be  taken  as  equivalent  to  corresponding  states  incor- 
porating subtraction  of  the  quantity.     Thus,  the  state  "7x  +  11  + 
(-11)  -  102  +  (-11)"  can  be  reduced  still  further,  to  the  state 

"7x  +  11  -  11  -  102  ^  11." 

(c)  States  related  by  virtue  of  the  addition  of  zero,  or  multi- 
plication by  unity,  may  be  taken  as  equivalent.  ,  Disregard  of  these 
"irrelevant"  attributes  of  the  states  results  in  further  reduction 

of  the  state-space, 

(d)  Computational  algorithms  may  be  considered  a  single  "step" 
in  a  reduced  state-space.    When  we  focus  on  the  algehraia  structure 
of  a  problem,  each  arithmetic  computation  becomes  a  self-contained 
aubproblenti  with  an  associated  subspace  of  the  state-space  that  can 
be  identified  with  a  single  state  in  the  reduced  state-space.  Again, 
more  experienced  problem  solvers  in  algebra  "chunk"  such  computations, 
so  that  possibly  complicated  numerical  computations  do  not  result  in 
lengthy  detours  /rota  the  main  argument. 
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Figure  4. 13  A  Solution  Path  for  a  Limca?  Equation  in  One  VaHdble  in 
m  Expemded  State^Spaaet  with  Possible  Beduotions 


7X  +  11  «  102 


C7X  ♦  U)  ♦  C-11)  =  C102)  +  C-11) 


7X  f  (11      (-11))  -  (102)  ♦  C^U) 
^  


7X  ♦    0  »  (102)  »  (-11) 


7X  +    0  -=    102  -  11 


7X      102  -  11 


7X  .  102 

7X  =  102 

7X  =  102 

-11 

■11 

-11 

i 

[]1 

91 

y(7X) 

9 

yC91) 

i 

7)X 

i 

(1)X 

yOl) 

1 

X 

yC9l) 

X  «  7  ^ 


7X  ♦  11  s  102 


7X  ♦  11  -  11  *  102  -  11 


curtailment 


7X  «  102  -  11 


7X  =  91 


X  =  13 


ERIC 


-153- 


(e)    Any  letter  might  have  been  consistently  substituted  for  X  / 
without  changing  the  structure  of  the  solution  path.    The  arbitrari-  / 
ness  of  the  choice  of  letter  symbols  is  an  overall  syrmetry  of  the 
standard  representation  for  problems  in  algebra.  j 

The  steps  in  the  expanded  state-space  which  are  displayed  in 
Figure  4.13  may  be  thought  of  from  two  perspectives.    On  the  one  j 
handy  some  of  the  steps  resemble  those  presented  in  the  rigorous 
"justifications"  of  algebraic  manipulations  given  in  some  texts,  ; 
in  which  each  step  is  accompanied  by  the  appropriate  "reason": 
"addition  axiom  for  equality,"  "associative  property  of  addition," 
"additive  inverse  property,"  "additive  identity,"  and  so  forth.  0^ 
the  other  hand,  other  steps  resetid>le  those  taken  by  a  rather  dull 
"plodder,"  who  cannct  perform  any  steps  mentally  or  see  two  steps 
ahead  in  the  problem  and  y^ho  finds  it  necessary  to  write  "+0"  in 
place  of  "+11  -  11"  before  dropping  the  expression  altogether.  Of 
course,  these  interpretations  are  merely  metaphors.    The  steps  in 
Figure  4.13,  along  with  many  other  possible  valid  expressions  for 
the  "same"  mathematical  procedures,  are  simply  "there";  they  form 
a  part  of  the  task  environment  for  the  solution  of  elementary  algebra 
problems  as  taught  to  a  substantial  population  of  students. 

The  state-spaces  of  Figure  4.13  may  be  expanded  or  reduced  still 
further.    For  example,  the  step  from  "d.7)x  -  ^(91)"  to"^(l)x-  ^(91)" 
may  be  considered  to  pass  through  the  intermediate  step  "^•^  »  1," 
which  is  then  followed  by  a  substitution.    At  the  other  extreme,  the 
steps  from  "7x  +  11  «  102"  to  "7x  -  102  -  11"  may  be  taken  as  a  single 
move  ("bring  the  constant  term  to  the  other  side  with  a  change  of 
sign").    In  short,  many  levels  can  be  defined  in  which  state-spaces 
of  symbol-configurations  for  routine  algebra  problems  are  embedded  in 
more  complicated  state-spaces.    We  note  again  that  very  different 
paths  are  obtained  when  "guess-and-check"  moves  for  finding  the  value 
of  X  are  examined*     It  is  not  the  purpose  of  this  section  to  describe 
exhaustively  all  of  the  possibilities,  but  to  lay  some  groundwork  for 
the  definition  of  structure  variables  in  routine  algebra  problems. 

Diagrams  such  as  Figure  4,13  tsjay  be  constructed  for  more  compli- 
cated problems  xnvolving  more  equations  and  more  unknowns.  Each 
"method"  for  solving  such  systems  of  equations  yields  particular 
sequences  of  moves.    For  example,  there  are  moves  based  cn  substl-' 
tution  for  the  value  of  one  of  the  unknowns  in  tecu^  of  the  others; 
there  are  moves  based  on  addition  or  subtraction  of  one  equation  from 
another.    All  of  the  considerations  mentioned  above  about  the  level 
of  expansion  or  reduction  of  the  state-space  apply  as  well. 

In  general,  the  skilled  mathematics  teacher  is  cogtvizant  of  the 
alternative  paths  which  may  lead  to  solutions  of  routine  algebra 
problems,  as  well  as  the  alternative  levels  of  detail  with  which 
steps  can  be  represented.    The  well-instructed  student  should  be 
able  to  descvibe^     step  such  as  "bring  the  constant  term  to  the 
other  side  with  a  change  of  sign"  as  a  shortcut  for  a  sequence  of 
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taore  detailed  steps,  while  using  the  shortcut  naturally  and  freely  as 
a  single  step  during  problem  solving « 

With  all  of  these  considerations  in  mind,  let  us  look  at  the 
prospects  for  definition  of  task  structure  variables  in  routine  prob- 
lems. 

Controlling  far  Problem  Stxn^ature 

In  problem-solving  studies,  it  is  often  important  to  develop 
routine  problems  which  have  the  ''same**  mathematical  structure,  in 
order  to  study  the  effects  of  other,  experimental  variables*  Despite 
the  different  possible  choices  of  state-spaces,  the  concept  of  a 
state-space  isomorphism  permits  us  to  call  problem  structures  "the 
same"  when  the  algebraic  equations  into  which  the  problems  may  be 
translated  are  the  same,  excepp  for  the  choice  of  arbitrary  letters 
to  stand  for  unknowns.    The  $€ate-spaces  for  such  problems  will  be 
isomorphic  regardless  of  which  level  of  expansion  or  reduction  is 
used, 

A  more  difficult  Situation  arises  when  it  is  desired  to  charac- 
terize problem  structures  as  "the  same"  when  the  values  of  numerical 
constants  differ.    The  characterization  then  depends  upon  the  selec- 
tion of  a  representation.     In  Figure  4,13  we  may  distinguish  between 
the  atgehraia  moves  and  the  computational  moves  which  occur,  and 
require  two  conditions  in  order  that  problem  structures  be  "the 
same" — (a)  that  the  algebraic  equations  into  which  the  problems  may 
be  translated  be  the  same,  except  for  the  choice  of. arbitrary  letters 
to  stand  for  unknowns,  and  except  for  the  choice  of  numerical  con- 
stants; however,  corresponding  numerals  should  have  the  same  number 
of  digits,  and  the  single-digit  numbers  "O"  and  "1"  should  not  be 
taken  as  equivalent  to  other  single-digit  numbers;  and  (b)  the  com- 
putational moves  for  the  problems  should  be  in  one-to-one  correspon- 
dence, requiring  corresponding  paths  through  all  standard  computational 
algorithms.    These  conditions  that  problem  structures  be  "the  same"  are 
employed  In  the  study  by  Goldin  and  Caldwell  described  in  Chapter  VI, 

Selection  of  a  representatio    other  than  the  standard  algebraic 
representation  of  solution  paths  may  drastically  alter  the  assertion 
that  two  problems  have  "the  same"  structure.     The  study  by  Harlk 
described  in  Chapter  VIII. A  utilizes  a  "search  space"  representation 
for  algebra  problems  which  is  based  on  "guess-and-check"  moves. 
Changes  in  the  values  of  numerical  constants  have  a  major  effect 
on  the  size  of  the  search  spaces.    Again  we  have  fhe  situation  that 
task  structure  variables  describe  the  problem  representation^  not 
the  problem  statement. 

Defining  Task  Variables  in  a  Standard  Representation 

In  order  to  assign  numerical  values  to  structure  variables  such 
as  those  listed  in  Table  4,2,  it  is  necessary  to  fix  once  and  for  all 


-155- 


an  arbitrary  level  at  which  states  will  be  considered  to  be  distinct « 
and  to  specify  once  and  for  all  the  steps  which  will  be  considered  to 
constitute  indiyidual  moves  from  state  to  state.    The  following  con- 
ventions for  a  standard  representation  of  elementary  algebra  problems 
are  proposed: 

(a)  Symbol^configurations  related  by  virtue  of  the  associative 
property  of  addition  or  multiplication  represent  equivalent  states. 
Symbol-* con figurations  related  by  virtue  of  superfluous  parentheses 
represent  equivalent  states.    Thus  the  states  *7x  +  (11  -  11) «  102 -11 
'•(7x  +  11)  -  11  «  (102)  -  IX,"  etc.  are  equivalent,  and  may  all  be 
abbreviated  "7x  +  11  -  11  -  102  -  11." 

(b)  Symbol-configurations  related  by  virtue  of  the  commutative 
property  of  addition  pr  multiplication  represent  equivalent  states. 

(c)  Symbol-configurations  related  by  virtue  of  the  symmetric 
property  of  equality  represent  equivalent  staties.    Thus  "7x»9l"  is 
equivalent  to  "91  «  7x." 

(d)  A  single  move  Is  required  for  any  of  the  following:  (1) 
to  change  both  sides  of  an  equation  by  adding^  subtracting,  multi- 
plying by,  or  dividing  by  identical  expressions  (exclusive  of 
division  by  zero);  (2)  to  change  both  sides  ox  an  equation  by  adding, 
subtracting,  multiplying  by,  or  dividing  by  previously  obtained 
equations;  (3)  to  change  both  sides  of  an  equation  by  performing 

a  single  operation  on  each  side,  such  as  negating  each  side,  taking 
the  reciprocal  of  c»ach  side,  squaring  each  side,  etc.;  (4)  to  per- 
form a  single  arithmetic  computation  (regardless  of . complexity) ; 
(5)  to  substitute  an  expression  for  a  variable  consistently  through- 
out an  equation;'  (6)  t^o  distribute  multiplicacion  over  a  sum  or 
difference  of  terms;  (7)  to  distribute  a  negation  over  a  sum  or 
difference  of  terms;  (8)  to  cancel  terms  of  opposite  sign,  or  to 
cancel  like  factors  in  the  numerator  and  denominator  of  a  rational 
expression. 

With  the  above  conventions,  it  is  possible  to  characterize  the 
length  of  the  shortest  solution  path  in  a  problem  such  as  "7x+ll  • 
102"  in  an  unambiguous  fashion.     Six  steps  are  required,  as  shown  on 
the  right  of  Figure  4,13.    With  these  conventions,  it  is  also 
possible  to  compare  problems  having  different  systems  of  equations 
with  respect  to  the  lengths  of  their  minimal  solution  paths,  and  to 
keep  track  of  steps  taken. by  the  problem  solver  which  deviate  from 
the  most  direct  paths.    As  the  domain  of  problems  under  considera- 
tion is  widened,  additional  conventions  may  be  assumed. 

Once  standard  conventions  for  describing  the  states  and  moves  in 
elementary  algebra  problems  have  been  established,  we  can  examine  any 
particular  category  of  moves  as  they  are  required  for  solution  of  a 
problem.    For  example,  the  computational  moves  may  be  classified  with 
reference  to  the  paths  through  standard  arithmetic  algorithms  which 
they  require;  the  substitution  moves  may  be  classified  with  reference 
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to  the  complexity  of  the  substituted  expression;  the  distributive 
moves  may  be  classified  with  reference  to  the  number  of  terms  over 
which  the  distribution  takes  place;  and  so  forth. 

Compoping  the  Charaateristias  of  Problem  Statee 

Another  way  to  approach  the  study  of  structure  variables  in 
routine  problems  is  to  examine  the  characteristics  of  the  corres- 
ponding systems  of  equations  (the  initial  problem  states) p  without 
becoming  involved  in  tracing  solution  paths  through  a  standard  state- 
space.    For  example,  problem  states  may  be  compared  with  respect  to 
the  number  of  equations,  the  number  of  unknowns,  the  operation  symbols 
in  the  equations,  etc.    Of  course,  it  is  assumed  that  these  charac- 
teristics have  consequences  for  the  solution  paths  in  the  state- 
space  • 

The  study  by  Days  described  in  Chapter  VII .B  classifies  verbal 
problems  by  means  of  the  characteristics  of  the  corresponding  systems 
of  equations,  as  well  as  by^he  number  of  steps  in  the  solution  paths 
(using  conventions  for  defining  '^steps^*  which  are  somewhat  different 
from  those  proposed  above). 

Comparing  Problems  with  Respect  to  a  Solution  Algorithm 
or  Strategy 

A  final  method  which  may  be  used  to  define  task  structure  varia- 
bles In  routine  problems  is  to  select  a  particular  algorithmic 
procedure  or  strategy  which  may  be  applied  to  a  class  of  such  problems 
(see  above) •    A  well-defined  solution  algorithm  will  accept  the  initial 
state  as  Input  and  generate  a  unique  solution  path  through  a  standard 
state-space.     Corresp6ndlngly ,  a  well-defined  strategy  will  generate 
a  set  of  possible-solution  paths,  which  may  or  may  not  contain  an  actual 
solution  path.    One  may  then  consider  task  variables  defined  from  char- 
acteristics of  the  paths,  or  from  characteristics  of  the  application  of 
the  algorithm  or  strategy. 

In  this  approach,  task  structure  variables  are  defined  not  only 
with  respect  to  a  particular  mathematical  representation  of  the  task, 
but  also  with  respect  to  a  particular  method  of  solution  within  the 
representation, 

3,    Structure  Variables  and  Problem-Solving  Behavior 

Syrme tries  and  Conservation  Operations 

We  saw  earlier  chat  the  set  of  symmetry  transformations  of  a  state- 
space  always  forms  a  group.    The  concept  of  a  group  Is  the  paradigm  in 
mathematics  of  the  methodology  which  has  been  termed  "structuralist*' 


(Lane,  1970i  Flaget,  1970) «    According  to  Fiaget,  a  structure  in  the 
Ts^st  general  sense  is  a  system  or  set  within  which  certain  relations 
or  operations  have  been  defined,  etobodying  the  properties  of  whole- 
ness, transformation,  and  self -regulation.    Structuralist  methodology 
has  been  applied  to  fields  as  diverse  as  anthropology  and  linguistics 
as  well  as  psychology  and  mathematics  (Bourbaki,  var* |  Harris,  1951; 
Levi-Strauss,  1963,  1969;  Piaget  and  Inhelder,  1969) • 

In  Piagetian  developmental  psychology,  the  acquisition  of  conser- 
vation operations  by  children — conservation  of  number,  volume,  etc.— 
defines  sequential  stages  in  their  cognitive  development •    In  view  of 
the  parallel  fundamental  roles  played  by  group  structures  in  mathe- 
matics and  cognitive  structures  in  the  structuralist  view  of  develop- 
mental psychology,  it  is  natural  to  try  to  look  at  the  acquisition  of 
conservation  operations  as  equivalent  to  the  acquisition  of  a  group 
of  symmetry  transformations. 

In  a  problem  representation,  the  states  may  be  distinguished  from 
each  other  by  virtue  of  having  different  discrete  values  for  a  set  of 
variables  we  shall  call  ob&ei*vableB*   The  observables  may  or  may  not  be 
numerical — they  may  include  color,  position,  and  so  forth.    Let  us  say 
that  a  symmetry  group  G  in  the  state-space  conserves  a  set  B  of 
observables  when,  for  every  state  s,  all  states  which  are  in  Gs 
(the  orbit  containing  s)  have  exactly  the  same  values  for  the  observ- 
ables in  B.    That  is,  the  observables  conserved  by  G  are  those  whose 
values  are  left  unchanged  by  the  symmetry  transformations  of  the  prob- 
lem.   Of  course,  for  the  states  to  be  regarded  as  different  at  all, 
there  must  be  other  observables  which  do  change  ir  value  under  the 
symmetry  transformations. 

Let  us  look  at  the  state-space  for  a  conservation  of  number  task 
from  this  viewpoint.    Consider  the  rearrangement  of  n  objects  on  a 
table  or  two-dimensional  surface,  such  as  might  occur  during  a  number 
conservation  experiment.    This  is  not  a  problem-solving  task  per  se^ 
since  it  does  not  have  an  established  set  of  goal  states.  Neverthe- 
less, it  is  a  highly  structured  task  environment,  for  which  a  states 
space  description  may  be  useful.    A  configuration  of  objects  may  be 
described  by  vector  coordinates  (x^,  X2,  x^) •    A  new  configura- 

tion of  objects,  described  by  vector  coordinates  (x^',  X2S  x^*)f 
may  be  obtained  from  the  initial  configuration  by  means  of  a  rearrange 
ment  mapping  or  deformation  which  appropriately  transforms  the  points 
in  the  two-dimensional  plane.  Such  a  rearrangement  must  be  one-to-one 
so  that  two  objects  do  not  wind  up  at  the  same  point.  It  must  also  be 
surjective,  so  that  it  is  invertible.  Noting  that  any  two  mappings  of 
this  kind  may  be  applied  successively  to  yield  a  third,  we  have  the 
fact  that  the  set  of  all  such  mappings  forms  a  group,  G, 

Now  take  the  collection  of  states  to  be  the  set  of  all  possible 
configurations  of  n  objects  on  a  two-dimensional  table  surface,  for 
n  «  0,  1,  2,  ....      (For  the  purpose  of  this  discussion,  we  shall  not 
worry  about  the  boundary  of  the  table.)    A  move  consists  of  changing 
the  position  of  a  single  object,  or  of  removing  an  object,  or  of 
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Figure  4.14   Rearvangments  of  nOh^jecta  in  2-Dtmenaiona.l  Space 
(a)  A  general  rearrangement  by  means  of  a  suatial  deforination- 
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(b)  Rearrangement  of  n  objects  by  means  of  a  translation  mapoing. 
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(c)  Rearrangement  of  n  objects  by  means  of  a  rotation  mapping, 
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Cd)  Rearxangeraent  of  n  objects  by  means  of  a  dilation  mapping. 
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adding  an  object*    The  group  defined  above  maps  the  set  of  states  - 
onto  itself  and  satisfies  the  definition  of  a  symmetry  group  for 
this  state-^space. 

/ 

To  say  that  number  is  conserved  means  that  when  a  given  stat^  is 
transformed  into  an  altered  state  by  moving  the  objects  around,  npt  by 
adding  any  or  taking  any  away,  then  the  value  of  the  observable  / 
"number"  remains  unchanged  at  n«    ThuSi  the  acquisition  of  numbef 
conservation  by  the  child  (that  is,  the  ability  to  respond  ,directly 
that  the  number  of  objects  remains  unchanged  when  only  the  ,positions 
of  the  objects  have  been  altered)  corresponds  to  the  acquisitioi|  of 
the  structure  of  the  sytmnetry  group  G  (that  is,  the  ability  to  Vtndo  or 
invert  any  rearrangement  transformation,  and  to  perform  two  such  trans- 
formations successively  to  obtain  a  third) • 

< 

Mathematically,  the  group  G  has  a  rich  structure  of  subgroups- 
translations,  rotations,  reflections,  dilations,  etc.    Some  of  these 
are  illustrated  in  Figure  4,1A,    Each  subgroup  defines  a  correspond- 
ing system  of  equivalence  classes  of  states.    This  suggests  that 
stages  in  the  acquisition  of  a  symmetry  group  structure  might  actually 
correspond  to  the  acquisition  of  particular  subgroups.    For  example, 
a  child  might  at  some  stage  recognize  that  the  number  of  objects 
remains  unchanged  when  a  configuration  is  merely  translated  a  certain 
distance  in  space,  without  its  being  spread  out  or  otherwise  rearranged. 
If  this  were  to  occur,  it  would  be  possible  to  say  that  the  subgroup  of 
G  composed  of  all  rigid  translations  had  been  acquired  as  a  symmetry 
structure.    Effectively,  the  state-space  will  have  been  reduced  modulo 
the  subgroup. 

Just  as  the  group  G  conserves  the  observable  '^number,"  its  sub- 
groups conserve  not  only  "number"  but  other  observables  as  well.  Thus 
the  rigid  motions  conserve  the  distances  between  objects.     In  addition, 
translations  conserve  their  orientation  to  the  horizontal*  Dilations 
preserve  the  orientations  of  the  objects,  but  only  the  ratios  of  the 
distances  between  them. 

In  general,  specification  of  a  symmetry  group  in  a  state-space  Is 
logically  equivalent  to  specification  of  the  observables  conserved  by 
the  action  of  the  group. 

The  poini:  of  the  above  analysis  is  to  assert  that  the  various 
groups  described  are  Intrinsic  to  the  conservation  task  environment, 
and  thus  may  be  regarded  as  task  structure  variables.    For  a  Piagetlan 
conservation  task,  we  have  syntax  variables  characteriasing  the  manner 
in  which  the  task  is  verbally  described  and  in  which  questions  are 
posed;  we  have  context  variables  characterizing  the  attributes  of  the 
objects  which  are  transformed  (e.g.,  familiar  ys.  unfamiliar  objects, 
or  objects  which  have  a  "natural"  one-to-one  correspondence,  such  as 
eggs  and  egg-cups);  and  we  have  structure  variables  relating  to  the 
hierarchy  of  symmetry  groups  of  the  state-space.    In  much  of  the 
research  on  conservation  tasks,  the  syntax  and  context  variables  are 
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modified  in  various  vays^  In^rder  to  verify  th«t  the  observed  stages 
are  not  sensitive  to  these  phanges  in  the  task.    A  less-^explored 
question  has  been  the  rela||rionship,  if  any,  of  the  observed  stages 
to  the  intrinsic  task  structure  variables* 

State^Spaae  EepresentatiOn  of  Probl&n'>Solvvng  Behavior 

The  value  of  8tate*fspace  analysis  in  characterizing  problem 
structure  sugges*ts  the  jitility  of  mapping  actual  problem-solving 
behavior  as  paths  thipdi^^t^he  state-space  •    A  path  is  a  sequence  of 
states  si,  s^  svicn  that  for  1_  •  1,  n-1,  the  pair  (sj[f  sf+i) 

is  a  permitted  mov^ A  solution  path  for.  a  problem  (or  subproblem) 
is  a  p^th  in  vhidi  s^  is  the  initial  state  and  s^  is  a  goal  (or  subgoal) 
state,  with  S2,  s^^j^  neither  initial  states. nor  goal  (or,  subgoal) 

states.    Two  paths  within  respective  isomorphic  problems  are  said  to 
be  congruent  (modulo  the  isomorphism)  if  one  path  is  the  image  of  the 
other  under  the  isomorphism. 

In  problem  solving  it  is  frequently  the  case  that  the  solver  acts 
sequentially  upon  problem  situations  (states)  in  an  external  represen- 
tation to  generate  successor  states.     Ideally  the  process  can  be 
described  by  means  of  paths  through  a  state-space^which  has  been 
constructed  and  analyzed  by  the  (omniscient)  researcher.    In  practice 
it  may  not  be  easy  or  even  possible  to  record-  behavior  in  this  fashion. 
The  best  experimental  situation  is  a  problem  whose)  states  correspond  to 
different  discrete  configurations  of  an  apxual  physical  device,  such  as 
the  Tower  of  Hanoi  board  utilized  by  Lug&r  (see  Chapter  VII. C).  The 
study  by  Harik  (Chapter  VIII. A)  Is  Inj^ative  of  the  possibilities^in 
an  experimental  situation  involving/paper-and'-pencll  computations. 

The  decision  to  represent  p^oilem-solving  behavior  as  paths  through 
an  external  state-space  is  motivated  by  the  desire  to  establish  pre-' 
cisely,  ahead  of  time,  a  set  of  possible  behaviors  which  is  of  manage- 
able size.    The  problem  solver's  aotual  behaviors  then  constitute  a 
portion  of  the  data  which  need  to  be  explained  by  a  theory  of  problem 
solving*    Problem  solvers'  protocols  do  offer  considerable  information 
beyond  the  mere  description  of  states  entered  in  sequence;  protocol 
classification  schemes  are  discussed  further  in  Chapters  V  and  VIII. B. 
Thus  it  is  important  to  stress  that,  in  looking  at  state-space  paths, 
we  are  singling  out  a  subset  of  the  available  data  for  particular 
attention. 

It  is  worthwhile  to  mention  a  distinction  between  this  approach 
and  that  taken  by  Newell  and  Simon,  in  which  the  problem  space  for  a 
single  problem  is  permitted  to  vary  from  subject  to  subject  (See  Table 
4.1).     Instead  of  "states  of  the  problem'^  as  a  structured  external 
environment,  they  place  their  focus  on  "states  of  knowledge"  about 
the  problem.  '  Their  approach  thus  permits,  in  principle,  a  very 
detailed  interpretation  of  an  individual's  problem-solving  protocol 
as  steps  in  information  processing.    However,  it  b\bo  lends  to  their 
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toodel  a  somewhat  post  hoa  charaeter— no  definite  cossoitiaent  concerning 
the.  structure  of  the  problem  space  needs  to  be  made  until  after  a 
problem-solving  attempt  has  been  observed.    Here  we  wish  to  regard 
the  problem  solver  and  the  task  environment  as  two  separate ,  inter- 
acting systems.    By  characterizing  the  states  of  a  problem  represen^- 
tation  ahead  of  time,  we  describe  for  a  population  of  subjects  a 
structured  set  of  possible  behaviors  together  with  their  environmental 
consequences •    Then  it  is  possible  to  formulate  hypotheses  regarding 
the  effects  of  problem  structure  variables  on  these  behaviors,  and 
correspondences  between  the  individual's  "knowledge  atates"  and  the 
problem's  state-space  can  be  explored. 

The  state-space  description  of  behavior  is  limited  in  its  appli- 
cability to  localized  problem-solving  episodes  during  which  the  solver 
understands  the  rules  of  procedure,  and  is  able  to  discriminate  aimsng 
the  different  values  of  the  perceptual  variables  which  characterize 
the  states.    The  acquisition  of  these  rules  and  discriminative  abili^ 
ties  prior  to  the  commencement  of  problem  solving  is  not  addressed,  i 
Nevertheless,  some  notion  of  how  one  Intends  to  proceed  from  the 
study  of  local  problem^solving  episodes  to  an  understanding  of  the 
global  process  of  cognitive  change  needs  to  be  made  explicit.  The 
acquisition  of  symmetry  group  structures  during  problem  solving  may  be 
an  important  means  of  making  this  transition^    The  fact  of  which 
symmetries  are  incorporated  by  the  problem  solver,  and  which  are 
neglected,  determines  which  states  are  treated  as  equivalent  and 
which  as  distinct.    Thus,  as  described  in  the  preceding  section,  such 
manifestly  global  changes  as  the  acquisition  of  conservation  operations 
might  be  described  in  principle  using  symmetry  group  structures. 

An  approach  to  the  study  of  patterns  in  the  state-space  paths 
generated  by  problem  solvers  is  to  formulate  general  hypotheses,  repre^- 
senting  anticipated  passible  effects  of  problem  structure  variables 
(Goldin  and  Luger,  1975;  Luger,  1973,  1976).    Whether  or  not  these 
effects  aotiifitly  occur  may  depend  not  only  on  problem  structure,  but 
also  one  syntax,  content,  and  context  variables.    Even  more  importantly, 
their  occurrence  will  depend  on  characteristics  of  the  problem  solvers 
(i.e.,  subject  variables).    Thus,  what  is  proposed  in  the  following 
list  is  not  a  set  of  hypotheses  expected  to  hold  universally,  but  a 
set  of  patterns  which  can  be  tested  for  in  particular  situations. 

Hypothesis  U     In  solving  a  problem,  the  subject  generates  non- 
random,  fonjard-^ directed  paths  in  a  state-space.    By  a  forward-directed 
path,  we  mean  one  which  does  not  ^*double  back"  within  the  state-space j 
that  is,  the  distance  (as  measured  by  the  number  of  steps)  from  the 
initial  state  is  non-decreasing.    A  special  case  of  a  forward-directed 
path  is  a  goal-^direated  path,  for  which  the  distance  from  the  "nearest" 
goal  state  is  non- increasing;  the  hypothesis  may  be  modified  to  test 
for  gcal-directed  paths. 

Given  a  decomposition  of  the  state-space  into  subspaces,  Hypothe- 
sis 1  may  be  tested  separately  for  the  paths  through  each  subspace. 
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taking  the  state  of  entry  to  the  subspace  as  th^'  initial  state  for  ttie 
subprobletf^  and  using  a  set  of  pre-established  subgoal  states  to  define 
subgoal-directed  paths.    Furthermore »  it  may  be  hypothesized  that»  vhen 
a  subgoal  state  is  entered,  the  subject  leaves  the  state  in  such  a 
manner  as  to  exit  also  from  the  subspace, 

Sypotheais  2.      Identifiable  stages  occur  during  problem  solving 
corresponding  to  the  solution  of  subproblems  within  the  main  problem. 
That  is»  path  segments  occur  in  the  state-space  which  do  not  consti- 
tute solutions  or  at  least  are  not  the  most  direct  solutions)  to 
the  main  problem^  but  which  do  constitute  direct  solution  paths  for 
pre-specif led  subspaces  of  the  state-space.    Where  appropriate »  this 
hypothesis  may  be  investigated  for  various  alternative  decompositions 
of  the  state-space  into  subspaces « 

Hypothesis  3.      When  two  subproblems  of  a  problem  have  isomorphic 
state-*spaces  (that  Is^  are  of  identical  structure) ,  the  subject^s  paths 
through  the  respective  subspaces  tend  to  be  congruent*    This  hypothesis 
would  be  particularly  interesting  to  test  insofar  as  it  might  depend  on 
the  problem  embodiment — perceptual  similarities  and  differences  among  the 
isomorphic  subspaces. 

Hypothesis  4^      Given  a  symmetry  group  G  of  automorphisms  of  the 
state**spacet  and  a  sequence  of  paths  corresponding  to  trials  by  a 
single. subject,  there  tend  to  occur  pairs  of  paths  (for  adjacent 
trials)  which  are  congruent  modulo  G.    Such  occurrences  often  culminate 
in  the  immediate  and  direct  solution  of  the  problem.    This  hypothesis, 
intended  to  describe  an  aspect  of  "symmetry  acquisition,"  is  motivated 
by  the  "insight"  phenomenon  that  changes  the  "Gesta^t"  of  the  problem 
solver. 

In  the  event  that  the  set  of  goal  states  is  not  invariant  under 
the  symmetry  group  (that  is,  taking  G  to  include  non-goal-preserving 
automorphisms),  then  there  will  be  a  class  of  congruent  paths  for 
which  only  certain  ones  terminate  in  goal  states.     It  may  then  be 
hjrpothesi^ed  that  the  occurrence  of  pairs  of  paths  congruent  modulo  G 
in  a  subject's  trials  is  correlated  with  an  initial  move  by  that 
subject  along  a  n^n-solution  path.    An  illustration  of  Hypothesis  4 
is  provided  for  the  case  of  a  subject  solving  the  Tower  of  Hanoi 
problem  in  Figure  4.15. 

Hypothesis  5,    Identifiable  stages  occur  during  prol  lem  solving 
corresponding  to  the  acquisition  of  subgroups  of  the  problem  symmetry 
group  G.    This  hypothesis  might  be  testable  by  seeking  discontinuities 
in  state'-space  paths,  where  in  effect  the  subject  has  moved  from  a 
state  to  another  state  which  is  conjugate  to  the  first  by  virtue  of 
an  automorphism.    The  set  of  automorphisms  for  which  moves  of  this 
sort  take  place,  if  not  the  whole  group  G,  could  characterize  a  sub- 
fi,i.oup  of  G. 
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Figure  4 .  IS  Paths  through  the  Tower  of  Sccnoi  State-Spaae  whiah  are  Congruent 
Modulo   the  Sytmetry  Automorphim  {Hypothesis  4) 
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Hypothesis  6.    Given  two  problems  having  isomorphic  state-spaces, 
significant  transfer  of  learning  will  occur  from  solution  of  one  prob- 
lem  to  solution  of  the  other,  even  when  the  isomorphism  is* not 
perceptually  apparent «    Measures  of  success  on  the  tasks  may  include 
the  number  of  trials  prior  to  successful  solution,  the  total  number  of 
moves  prior  to  successful  solution,  or  the  time  to  solution*    A  ques- 
tion of  particular  interest  is  that  of  how  the  task  emboiiments  affect 
the  validity  of  this  hypothesis. 

Alternatively,  Hypothesis  6  may  be  reformulated  f6r  problems 
having  homomorphia  state-spaces,  and  tested  for  each  of  the  types 
of  homomorphisms  described  eatlier  in  this  chapter. 

Hypothesis  ?•    Given  two  problems  having  homomorphic  state-spaces, 
it  is  more  advantageous  to  present  the  more  complex  task  first  than  to 
present  the  simpler  task  first,  from  the  standpoint  of  measures  of 
success  on  both  tasks •    This  is  one  way  to  restate  the  "deep  end" 
hypothesis  of  Dienes  and  Jeeves,    Alternatively,  given  two  problems 
having  isomorphic  state-spaces,  it  may  be  more  ""advantageous  to  pre- 
sent first  the  task  having  the  greater  complexity  of  syntax. 

While  some  of  the  above  hypotheses,  particularly  the  first  few, 
may  seem  to  be  intuitively  obvious  or  necessary,  it  is  not  difficult 
to  construct  mechanical  problem-solving  algorithms  which  violate  any 
or  all  of  them.    The  hypotheses  are  intended  not  as  a  definitive  list, 
but  as  suggestions  of  the  kinds  of  analysis  of  paths  through  state- 
spaces  that  are 'possible. 

4.    A  Summary  of  Independent  and  Dependent  Variables 

In  accordance  with  Kilpatrick's  classification  of  problem-solving 
research  variables  described  in  Chapter  I,  the  task  structure  varia- 
bles which  we  have  discussed  are  taken  a$  the  independent  variables  in 
the  study  of  problem  solving.    We  interpret  the  problem  task,  or  collec- 
tion of  tasks,  as  a  measi4ring  instilment,  designed  to  yield  information 
about  problem  solvers  either  individually  or  collectively.    A  thorough 
analysis  of  task  structure  tells  us  the  characteristics  of  the  measur- 
ing instrument,  permitting  us  to  sepafate  more  effectively  information 
which  is  about  the  task  itself  from  information  about  the  problem 
solvers. 

In  Table  A. 3,  we  have  attempted  to  outline  some  of  the  anticipated 
effects  on  problem  solving  of  structure  variables.    This  table  summar- 
izes many  of  the  points  already  made  in  the  chapter,  and  goes  somewhat 
beyond  them  to  anticipate  directions  of  experimental  inquiry  which  are 
included  in  the  second  portion  of  this  book. 

Some  words  of  caution  are  in  order.    The  table  is  not  intended  to 
be  a  complete  or  exhaustive  listing  of  task  structure  variables,  but 
rather  to  be  indicative  of  the  possibilities  which  are  available  for 
defining  them.    The  anticipated  effects  listed  are  not  being  claimed  . 
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Table  4*3   Simnojy  of  Anticipated  Effects  of  Task  Structia^  Vai^iables 

on  Froblem'Sotving  Outcomes 


Task  Variable 


Anticipated  Effect 


Problem  Complexity  Variables 

(a)  Total  number  of  states  (a)  With  increasing  total  number  of  states, 

any  state-space  search  is  likely  to  be 
lengthier,  increasing  problem  difficulty, 

(b)  Length  of  shortest  solution  (b)  As  the  length  of  the  shortest  soluti^^n 


solution  path 


(c)  Numbar  of  blind  alleys 


(d>  Number  of  possible  first 
moves 


(e)  Number  of  possible  first 
moves  which  lie  on  solu- 
tion paths 

(f)  Number  of  possible  stated- 
space  paths  of  length 
less  than  or  equal  to  tt» 
for  any  n 

(g)  Number  of  goal  states 


(h)  Ratio  of  the  number  of 
goal  states  to  the  total 
number  of  states 

(i)  Ratio  of  the  number  of 
possible  first  moves  which 
lie  on  solution  paths  to  the 
total  number  of  possible 
first  moves 


path  increases,  search  procedures  which 
limit  the  depth  of  search  become  less 
likely  to  approach  goal  states,  and 
problem  difficulty  should  increase, 

(c)  With  an  increase  in  the  number  of  blind 
alleys,  depth-first  search  becomes  more 
likely  to  generate  "dead-end"  paths, 
and  problem  difficulty  should  increase, 

(d)  This  variable  may  be  indicative  of  the 
number  of  paths  which  "go  wrong;"  if  so, 
problem  difficulty  should  increase  as 
the  number  of  possible  first  moves 
increases.    In  addition, a  large  set 

of  piosnible  first  moves  may  have  a 
bewildering  effect  upon  the  proble^n- 
solver,  discouraging  trial-and-error , 

(e)  This  variable  may  tend  to  offset  the 
effect  of  (d) ,  if  random  choices  of 
first  moves  are  more  likely  to  be 
"correct," 

(f)  This  variable  might  describe  the 
lengthiness  of  a  state-space  search 
of  depth  approximately  equal  to  ri, 

(g)  More  goal  states  may  be  associated 
with  a  greater  likelihood  of  a  goal 
being  encountered  during  a  state- 
space  search, 

(h)  As  this  ratio  increases,  problems 
should  become  less  difficult,  since 
searches  should  be  more  likely  to 
encounter  goal  states, 

(1)  This  ratio  may  describe  the  off- 
setting effects  of  variables  (d) 
and  (e) , 


continued 
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Table  4,3    ( continued) 


(J)  Total  number  of  solution  (j) 
paths 


As  the  total  number  of  solution  paths 
Increases,  depth-first  search  proce- 
dures should  becoxne  more  likely  to 
succeed 9  and  problems  should  become 
less  difficult. 


(k)  Ratio  of  the  total  number      (k)  As  a  measure  of  the  "density"  of 


of  solution  paths  to  the 
total  number  of  state-^-space 
paths  of  length  less  than 
or  equal  to  n,  for  any  n 
(counting  solution  paths  as 
distinct  only  if  they  separ- 
ate in  fewer  than n  steps) 


solution  paths  among  all  paths ,  this 
ratio  may  describe  the  likelihood  of 
success  of  a  state-space  search 
having  depth  approxlfisately  equal  to 


n« 


Variables  Defined  with  Respect  to  Algorithms  or  Strategies 


(1)  Length  of  a  solution  path 
generated  by  a  particular 
algorithm 

(m)  Number  of  times  any  par- 
ticular loop  in  the 
algorithm  is  traversed 
(0,1,2,_.) 

(n)  The  number  of  times  any 
particular  branch  point  in 
the  algorithm  is  crossed 
(0,1,2,. ..) 

(o)  The  number  of  times  any 
particular  operator  is 
called  for  by  the  algorithm  ' 

(p)  The  susceptibility  to  solu- 
tion of  the  problem  with 
respect  to  a  particular 
strategy  ; 

(q)  The  minimum  number  of 

steps  in  a  solution  path 
generated  by  the  strategy. 


(1)  To  the  extent  that  the  algorithm 

resembles  the  problem  solver^s  actual 
attempt,  this  variable  may  be  pre- 
dictive of  problem  difficulty, 

(m)  Assuming  a  fixed  probability  of  error 
in  each  traversal  for  each  subject, 
this  variable  may  quantitatively 
predict  the  likelihood  of  specific 
error  patterns. 

(n)  Similar  to  (m) . 


(o)  Similar  to  (m) . 


(p)  This  variable  may  predict  the  effect 
(or  lack  of  it)  of  prior  instruction 
in  the  strategy  in  question. 


(q)  A  whole  set  of  variables  such  as  this 
one  should  be  predictive  of  the  ease 
or  difficulty  with  which  various 
problems  are  solved  using  the  strategyi 
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Table  4*3  ((^ntinued) 


Variables  Describing  the  Initial  State 
in  a  Standard  Representation 


(r)  Number  of  equations  and 
unknowns 


(s)  Nutaber  of  occurrences  of 
any  particular  operation 
(0,1,2, J 


(t)  .  Number  of  parentheses 


(r)  Variables  such  as  these  are  indicative 
of  more  or  less  conq>lex  paths  generated 
by  standard  algorithms,  and  thus  may 
be  predictive  of  problem  difficulty 
without  the  need  for  detailed  algo- 
rithmic or  state-space  analysis. 

(s)  Operations  occurring  explicitly  within 
the  initial  state  are  likely  to  be 
called  for  by  standard  algorithms. 
Thus  this  variable  may  be  associated 
with  (o). 

(t)  Each  pair  of  parentheses  may  be  asso- 
ciated with  the  use  of  particular 
operations  by  standard  algorithms 
(the  distributive  property,  for 
example) . 


S5nametry  and  Subproblem  Characteristics 


(u)  Number  of  elements*  in  the  (u) 
symmetry  group  G 


(v)  Equivalence  classes  of  (v) 
states  under  the  action 
of  G 

(w)  Subgroups  of  G  (w) 


(x)  Forward-backward  symmetry  (x) 


(y)  Subspace  decompositions  (y) 
of  the  state-space 


As  this  variable  increases,  problems 
possess  more  and  more  symmetry,  and  the 
likelihood  ^f  utiUzation  of  the  sym- 
metry by  the  problem  solver  should  grow. 

These  states  may  come  to  be  treated 
as  equivalent  by  problem  solvers 
during  the  course  of  problem  solving. 

The  Infrastructure  of  subgroups  may 
be  predictive  of  stages  during  problem 
solving,  corresponding  to  partial 
recognition  of  the  problem  symmetry 
by  the  solver. 

Problems  without  forward-backward 
symmetry  may  yield  to  ''working  back- 
ward"; while  problems  with  this  sym- 
xnetry  may  evoke  the  technique  of 
working  forward  a  certain  number  of 
steps,  working  backward  along  the 
corresponding  path,  and  connecting 
in  the  middle » 

Subspace  decompositions  may  be  pre- 
dictive of  stages  during  problem- 
solving  corresponding  to  the  solu- 
tion of  particular  subnrobtems. 
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Table  4.3  (continued) 

(2)  Subspace  decompositions 
into  mutually  isomorphic 
subproblems 


(2)  Stages  during  problem-solving  may 
correspond  to  the  solution  of  iso- 
t!U>rphism  classes  of  subproblems. 


Variables  Describing  Relationships  Between  Problems 


(a*)  Existence  of  an  isomor-  (a*) 
phism  between  problem 
stated-spaces 


(b*)  Existence  of  a  homomor-  (b*) 
phism  between  problem 
state-spaces 


Such  an  isomorphism  may  predict 
transfer  of  learning  from  one 
problem-solving  experience  to 
another.    Consistency  of  strategy 
usage  may  be  examined* 

Homomorphic  relationships  may  also 
be  predictive  of  learning  transfer. 
The  type  of  homomorphism  (injec- 
tive,  svrjective,  embedding,  etc,) 
may  affect  transfer  in  spe^cific 
ways  (e.g,  the  "deep  end"  hypothesis). 


to  occur  under  all  or  even  most  circumstances »  but  are  proposed  as 
effects  which  might  be  observed  under  some  conditions  when  other  task 
variables,  unrej^ated  to  the  specific  variable  under  discussion,  are 
held  constant. 

Table  4^3  contains  references  to  tw  categories  of  dependent 
variables.    Product  variables  include  measures  of  task  difficulty ^ 
such  as  the  number  of  correct  solutions  by  a  given  population  of 
subjects,  the  mean  time  to  solution,  or  the  mean  number  of  trials 
to  solution.    Process  variables  include  measures  of  the  methods 
used  in  problem  solving. 

Many  of  the  dependent  variables  are  examined  in  the  studies  which 
are  described  in  the  second  portion  of  this  book.    One  branch  of 
research  examines  the  effects  of  task  structure  variables  on  task 
difficulty  (Days,  Chapter  VII. B).    A  second  branch  of  research  studies 
transfer  of  learning.    Here  the  independent  variables  are  the  task 
variables  of  a  pair  of  tasks,  together  with  the  order  of  presentation; 
the  dependent  variables  are  measures  of  success  on  the  two  tasks 
(Waters,  Chapter  VILA;  Luger,  Chapter  VII. C).    Some  process  varia- 
bles can  be  studied  by  examining  paths  through  the  state-space 
corresponding  to  subjects'  behaviors  (Luger,  Chapter  VII.C;  Harik, 
Chapter  VIII. A).    Other  process  variables  include  strategy  scores  and 
heuristic  behavior  scores  (Waters,  Chapter  VILA;  Harik,  Chapter  VIII.Aj 
Lucas  et  al..  Chapter  VIII.B), 

These  studies  taken  collectively  represent  a  tiny  beginning  in  the 
effort  to  investigate  systematically  the  effects  of  task  structure  varia- 
bles, in  conjunction  with  other  factors,  on  problemrsolving  outcomes. 
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V. 


Heuristic  Processes  as  Task  Variables 

by 

C,  Edwin  McClintock 
Florida  International  University 
Miami,  Florida 


Heuristic  reasoning  and  the  behaviors  that  reflect  it  are  generally 
considered  to  be  characteristics  of  the  problem  solver.    However,  it  is 
suggested  in  this  chapter  that  heuristic  processes  may  be  viewed  from 
another  standpoint  as  inherent  in  mathematical  problems.    The  nature  and 
degree  of  this  inherency  varies  from  problem  to  problem.    For  some  prob- 
lems the  inherency  may  be  fairly  easily  characterized,  based  on  a  logical 
analysis  of  the  problem  structure.    For  example,  the  three-ring  Tower  of 
Hanoi  problem  must  be  "accomplished"  several  times  in  the  process  of 
solving  the  four-ring  Tower  of  Hanoi  problem,  within  the  representation 
discussed  in  Chapter  IV.    In  this  sense,  the  four-ring  problem  "contains" 
the  heuristic  process  called  "subproblem  decomposition*"    This  does  not 
imply  that  a  problem  solver  necessarily  employs  that  process  consciously 
in  solving  the  problem,  only  that  it  is  a  reasonable  and  plausible  one 
based  on  the  logical  analysis  of  the  puzzle.  . 

For  other  problems,  heuristic  processes  appear  to  be  less  task 
specific  and  more  related  to  the  problem  solver.    Even  then,  however, 
the  task  environment  provides  the  stimulus  that  sets  the  course  of 
reasoning.    It  is  the  interaction  between  the  mental  operations  of 
t^e  problem  solver  and  the  task  itself  that  evokes  the  heuristic  pro- 
cesses that  occur  during  the  problem-solving  episode. 
* 

Section  1  of  this  chapter  reviews  the  related  research,  which  is 
described  under  three  headings.    Theovetiaal  perspectives  refer  to  the 
characterization  of  heuristics  from  the  standpoint  of  effective  or 
efficient  problem  solving.      Experimental  perspectives  refer  to  the 
investigations  in  controlled  s:  -dies  of  the  use  and  efficacy  of  heuris- 
tic processes.    Exploratory  investigations  include  the  clinical  study 
of  the  learning  and  teaching  of  heuristics.     In  the  author's  view,  all 
three  types  of  research  are  equally  important  and  necessary  to  progress 
in  our  understanding  of  problem  solving.    This  section  includes  a 
description  of  various  techniques  for  coding  and  recording  problein- 
solving  processes,  techniques  carried  considerably  further  in  Chapter 
VIII. B  of  the  present  book.  ^ 

Section  2  of  this  chapter  offers  a  broad  classification  of  heur- 
istic processes  in  accordance  with  the  distinction  between  problem 
statements  and  problem  representations  described  in  Chapter  I  (Figure 
1.1). 
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Table  5.1    Definitions  and  Descriptions  of  ^Weuristio^^ 


AUTHOR 


We  can  therefore  say  that  insistent  analysis  of  the 
situation,  especially  the  eyideavor  to  vary  the  appro^ 
priate  elements  .sub  specie  of  the  goal  must  belong  to 
the  essential  nature  of  a  solution  through  thinking, 
We  shall  call  such  relatively  general  procedures 
heuristic  methods  of  thinking  (1945,  p.  20) • 

Heuristic  reasoning  is  reasoning,  not  regarded  as  final 
and  strict,  but  as  provisional  and  plausible  only, 
whose  purpose  it  is  to  discover  the  solution  of  the 
present  problem  (1957,  p.  113), 

Heuristic,  or  heuretic,  or  ars  inveniendi  was  the  name 
of  a  certain  branch  of  study,  not  very  clearly  circum- 
scribed, belonging  to  logic,  or  to  philosophy,  or  to 
psychology, . . .     The  aim  of  heuris^xc  is  to  study  the 
methods  and  rules  of  discovery  and  invention  (1957, 
p.  112). 

Hodern  heuristic  endeavors  to  understand  the  process 
of  solving  problems,  especia'^l-         mental  operations 
typically  useful  in  this  pr.  ,-957,  pp.  129-130). 

I  wish  to  call  heuristics  tu^  study  ...  of  means  and 
methods  of  problem  solving,.,.     I  am  trying  ...  to 
entice  the  reader  to  do  problems  and  to  think  about 
the  means  and  methods  he  uses  in  doing  them  (1962, p.  vi) < 

We  shall  consider  that  a  heuristic  method  (or  a  heur- 
istic, to  use  the  noun  form)  is  a  procedure  that  may 
lead  us  to  a  shortcut  to  the  goal  we  seek  or  it  may 
lead  us  down  a  blind  alley.     It  is  impossible  to  predict 
the  end  result  until  the  heuristic  has  been  applied  and 
the  results  checked  by  formal  processes  of  reasoning. 
If  a  method  does  not  have  this  characteristic  that  it 
may  lead  us  astray,  we  would  not  call  it  heuristic,  but 
rather  an  algorithm.     The  reason  for  using  heuristics 
rather  than  algorithms  is  that  they  may  lead  us  more 
quickly  to  our  goal  and  they  allow  us  to  venture  by 
machine  into  areas  where  there  are  no  algorithms  (1958, 
p.  337). 
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Table  5.1  (Continued 


We  use  the  term  heuristics  to  denote  any  principle  or 
device  that  contributes  to  the  reduction  in  the  average 
search  to  solution  (1959a). 

All  that  can  "be  said  for  a  useful  heuristic  is  that  it 
offers  solutions  which  are  good  enough  laost  of  the 
time  (1963,  p.  6). 

An  heuristic  is  a  decision  mechanism,  a  way  of  behaving, 
which  usually  leads  to  desired  outcomes,  but  with  no 
guarantee  of  success.    It  is  plausible  in  nature,  giving 
guidance  in  the  discovery  of  a  solution  (1967,  p.  3), 

An  heuristic  is  any  device,  technique,  rule  of  thumb, 
etc.  that  improves  problem  solving  performance  (1967, 
p.  19). 

Heuristics  may  be  described  as  rules  for  selecting 
search  paths  through  a  problem  space;  the  theory  of 
problem  solving  Is  concerned  with  systems  of  heuristics 
or  methods  of  search  which  will  exploit  the  information 
in  the  task  environment  (1974,  p.  7). 

An  heuristic  is  a  path  a  problem  solver  chooses  in  his 
search  for  a  solution  (197A,  p.  103). 


Newell,  Shaw, 
and  Simon 


Feigenbaum 
and  Feldman 


Wilson 


Kilpatrick 


Kantowski 


Kantowski 


0 


/ 


-174- 


In  Section  3^  the  inherency  of  heuristic  ptocesses  in  problem 
tasks  is  explored,  and  the  Interactions  of  syntax,  content^  context^ 
and  structure  variables  with  heuristic  behaviors  are  discussed. 

C 

1.    Review  of  Research  on  Heuristic  Processes 

Theoretiaal  Perspectives 

The  work  of  Polya  toward  resurrecting  the  ancient,  ill-defined  dis- 
cipline called  "heuristics"  is  the  natural  beginning  point  of  a  review 
of  theoretical  aspects  of  heuristic  processes.    The  terms  "heuristic"  and 
"heuristic  process"  have  been  defined  in  a  variety  of  ways,  as  Table  5.1 
will  reveal.    Polya,  a  renowned  research  mathematician,  teacher  pcxp 
exaetlenae,  and  artist  in  solving  problems  and  in  teaching  others  to 
solve  problems,  has  contributed  several  of  these  definitions. 

At  the  very  core  of  the  subject  "heuristics"  is  the  disciplined 
attempt  to  understand  the  process  of  human  reasoning.    The  third  defi- 
nition by  Polya  in  Tible  5.1  suggests  this  notion.    Further,  related 

to  the  "  mental  operations  typically  useful  in  this  process...," 

Polya  identifies  twelve  principal  articles  in  his  "Short  Dictionary  of 
Heuristic"  (1957.  p.  37ff.  pp.  129-130): 


1. 

Analogy 

2. 

Auxiliary  Elements 

3. 

Auxiliary  Problems 

4. 

Decomposing  and  Recorabining 

5. 

Definition 

6. 

Generalization 

7. 

Induction  and  Mathematical  Induction 

8. 

Reduatio  ad  absupdvm    and  indirect  proof 

9. 

Specialization 

10. 

Symmetry 

11. 

Variation  of  the  Problem 

12. 

Working  Backwards 

It  is  within  the  context  of  these  twelve  principal  articles  that  differ- 
ent aspects  of  a  problem  are  considered  in  turn,  and  that  the  mental 
operations  characterizing  heuristic    produce  a  provisional  and  plajsible 
guess  as  to  the  solution.    However,  these  provisional  and  plausible 
guessing  processes  should,  according  to  Polya,  be  seen  as  distinct  from 
and  complementary  to  rigorous  proof;  they  should  never  be  confused  with 
nor  sold  as  a  replacement  for  strict  and  formally  justified  solutions 
(1957,  pp.  113-130). 
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In  addition  to  the  construct  q£  reasoning  processes t  another  sense 
in  which  the  term  "heuristic"  is  used  by  Polya  is  that  of  a  means  to 
the  end  of  developing  the  mental  operations  typically  useful^in  the 
heuristic  reasoning  process*  Wilson  (1967*  p.  6)  indicates  that  "His 
(Polya 's)  list  of  questions  may  be  regarded  as  a  set  of  heuristics 
Examples  of  such  questions  are:     (a)  What  is  the  unknown?    (b)  Do  you 
know  a  related  problem?  (c)  Can  you  see  clearly  that  the  step  is  correct? 
(d)  Can  you  derive  the  result  differently?    (See  Ch.  I,  Table  1.2  for 
this  list.)    The  list  is  structured  around  the  four  stages  of  problCTi 
solving; 

1.  Understanding  the  problem 

2.  Devising  a  plan 

3.  Carrying  out  the  plan 

4.  Looking  back  *j 

They  represent  Polya *s  classification  of  the  major  heuristic  processes 
of  problem  solving.    Two  important  points  need  to  be  emphasized  about 
this  model.    First,  there  is  no  sequence  of  processes  for  solution 
implied  by  this  model.     Secondly,  the  questions  contained  in  this  model 
are  heurist!^c  processes  only  in  the  sense  that  they  may  initiate  a  men- 
tal operation  or  a  sequence  of  mental  operations  typically  useful  in  the 
problem-solving  process.    As  Polya  has  stated  it,  the  intent  of  these 
heuristic  questions  is  that 

The  student  may  absorb  a  few  of  the  questions  of  our  list  so 
well  that  he  is  finally  able  to  put  to  himself  the  right  ques- 
tion in  the  right  moment  and  perform  the  corresponding  mental 
operation  naturally  and  vigorously.      (1957,  p.  4) 

The  fourth  of  Polya *s  definitions  in  Table  5.1  suggests  the  impor- 
tance Polya  attaches  to  the  relationship  between  heuristic  processes  and 
problem  solving.     It  also  suggests  the  hypothesis  that  studying  processes 
of  problem  solving  is  essential  for  effective  use  and  transfer  of  those 
processes.    This  is  much  like  the  view  expressed  by  Henderson  and  Pingry 
(1953): 

Unless  students  study  the  process  of  solving  problems  as  an 
end  in  itself  there  is  scant  likelihood  that  they  will  learn 
the  generalization  which  will  enable  them  to  transfer  their 
ability  to  solve  problems  to  new  problems  as  they  arise,    (p.  233) 

Polya  offers  much  to  the  conception  of  teaching  as  an  art.  He 
focuses  upon  the  development  of  the  mental  operations  that  form  the 
basis  of  Invention  and  discovery  in  his  illustrations  and  discussion 
of  teaching.    Further,  he  repeatedly  develops  the  theme  of  "indepen-- 
dent  thinking"  as  the  aim  of  instruction  and  suggests  the  importance 
of  informal,  intuitive  thought  along  with  formal,  finished  forms  of 
mathematics*    This  theme  is  a  characteristic  corollary  to  heuristic 
teaching.    Polya  emphasizes  Its  use  in  teaching  in  many  of  his  works 
as  exemplified  in  the  following: 


Trying  to  prove  formally  what  is  seen  intuitively  and  to  see 
intuitively  what  is  proved  fonaally  is  an  invigorating  mental 
exercise.  -  (1957^  72) 

Infomation  Proaessing  Systems 

Drawing  from  the  foundations  of  Polya,  Newell  and  Simon  (1971, 
1972)  have  proposed  a  theory  of  problem  solving  for  which  heuristic 
processes  are  fundamental  elements.    Their  contribution  to  Artificiajl 
Intelligence  through,  particularly.  General  Problem  Solver  (GPS),  and 
their  subsequent  empirical  comparison  (using  protocols  of  human  sub- 
jects "thinking  aloud")  with  an  alternate  Information  Processing  System 
(IPS)  has  led  to  their  IPS  theory  of  problem  solving,  as  discussed  in 
Chapter  IV.    It  has  provided  a  substantial  underpinning  for  mathemati-- 
cal  problem  solving.    Based  on  symbol  manipulation  and  "thinking  in 
symbols,"  this  information  processing  theory  bears  some  similarity  to 
the  problem-solving  theory  of  Gestalt  psychologists  (especially  Wert- 
heimer,  1959)  in  that  past  .experience  and  its  role  in  ongoing  problem 
solving  are  a  central  part  of  both  theories  (Newell  and  Simon,  1959, 
p.  11;  Wertheimer,  1959,  p.  68).    The  nature  of  the  past  experience 
and  its  organization  represent  the  main  difference  in  these  two  views 
of  problem  solving.    Whereas  a  sudden,  ill-defined  reorganization  of 
elements  of  experience   is   purported,  in  the  Gestalt  view    to  occur 
and  to  provide  bursts  of  insight,  Newell  and  Simon  suggest  that  basic 
processes  occur  in  an  orderly,  sequenced  manner  and  represent  the  postu- 
lated organization  of  past  experiences.    The  basic  processes  such  as 
reading  and  comparing  symbols,  transforming  symbol  structures,  and 
associating  one  s3naibol  with  another  are  postulated  to  exist  and  are 
of  interest  in  information  processing;  however,  the  crux  is  organization 
^bf  experience.*  This  organization  arises  from  ordering  these  basic  pro- 
cesses into  a  hierarchy  of  operations  in  problem  solving.  These 
operators  of  mathematical  problem  solving  are  the  fundamental  components 
of  an  1?S^  program.    A  progrcm^  in  IPS  language,  is  a  hierarchically 
ordered  set  of  methods  related  to  goal  types,  and  executive  control  mech- 
anisms  for  executing  the  methods  and  evaluating  the  achievement  of  the 
methods  with  respect  to  the  goal  (see  Newell,  Shaw,  and  Simon,  1959b, 
p,  7  for  an  example  and  explanation  of  a  program). 

Similarly,  heuristic  processes  are  key  elements  of  problem-solving 
programs.    Efficiency  and  organizational  simplicity  have  depended  upon 
and  paralleled  the  nature  of  the  heuristic  processes  embedded  in  the 
program* 

The  influence  of  Polya  on  the  work  of  researchers  involving  the 
simulation  of  human  thought  is  expressed  well  in  this  comment  by 
Gelemter  (1963): 

A  machine  that  functions  under  the  full  set  of  principles 
indicated  by  Polya  would  be  a  formidable  problem  solver  in 
mathematics...  .     (p.  137) 


Miller,  Galanter,  and  Pribram  (1960,  p.  16)  speak  continually  of  the 
impact  of  Polya  and  the  influences  of  Newell,  Shaw,  and  Simon  as  they 
describe  the  role  of  heuristic  processes  on  "the  plan,"  a  crucial 
element  in  computer  simulation  of  human  problem  solving-    The  plan- 
ning heuristics  and  means-ends  analysis  are  two  very  general  systems 
of  heuristic  processes  developed  by  Newell,  Shaw,  and  Simon;  these 
will  be  discussed  later.    As  such,  they  are  important  elements  of  a 
theory  of  problem  solving.    Newell,  Shaw,  and  Simon  (1959)  define 
heuristic  processes  as  follows:    "We  use  the  term  heuristics  to  denote 
any  principle  or  device  that  contributes  to  the  reduction  in  the  aver- 
age search  to  solution"  (p.  22).    In  so  doing,  tbey  are  implying  that 
problem-solving  processes  are  viewed  as  search  processes  in  which  the 
appropriate  solution  is  being  sought  from  the  space  of  possible  solu- 
tions.   Heuristic  processes  are,  then,  those  efficient  search  processes 
that  reduce  the  field  of  search  to  a  plausible  set  of  alternatives  and 
that  order  and  sequence  the  search. 

To  clarify  further  the  conception  of  heuristics  in  the  sense  of 
use  in  IPS,  we  refer  to  the  "problem  space"  of  Newell  and  Sinon  (Table  4.1) 
It  bears  a  striking  resemblance  to  "state  space"  for  a  problem,  as 
described  in  Chapter  IV.  Like  the  state-space  for  a  problem,  problem 
space  depends  upon  the  task  environment,  which  in  turn  is  shaped  into 
the  subject's  internal  representation  of  the  problem. 

The  internal  representation  that  is  set  up  by  a  problem  solver  is 
the  problem  space  for  that  problem  solver.    As  such  (until  another 
internal  representation  replaces  it),  it  becomes  the  spacts  in  which 
the  problem-solving  activity  takes  place.    Such  a  search  space  is,  of 
course »  dependent  upon  the  knowledge  and  experience  of  the  orob- 
lem  solver.    Problem  solving,  in  this  theoretical  view,  becomes  a 
search  for  solution(s)  in  the  spare  of  possible  solutions.  Heuristic 
processes,  then,  are  rule-governed  processes  that  guide  the  selection 
of  the  search  path.    In  a  program  of  artificial  intelligence  research 
may  be  found  the  combination  of  plausible  methods  and  an  executive 
structure  that  selects  and  sequences  the  plausible  methods.    Thus,  a 
program  incorporates  methods,  algorithms, and  the  like;  but,  more 
importantly  it  incorporates  heuristic  processes  as  a  means  of  making 
methods  and  algorithms  more  efficient  and  more  effective. 

The  aspect  of  the  c^ecision  mechanism  as  a  plausible,  yet  fallible, 
mechanism  is  expressed  by  Gelemter  and  Rochester  (1958)  in  the  follow- 
ing way:  ^/ 

We  shall  consider  that  a  heuristia  method  (or  a  heuristic,  to 
use  the  noun  fotm)  is  a  procedure  that  may  lead  us  to  a  short 
cut  to  the  goal  we  seek  or  it  may  lead  us  down  a  blind  alley 
It  is  impossijile  to  predict  the  end  result  until  the  heuris- 
tic has  been/applied  and  the  results  checked  by  formal 
processes  o^'^  reasoning.    If  a  method  does  not  have  this 
characteristic  that  it  may  lead  us  astray,  we  would  not  call 
it  heuristic,  but  rather  an  algorithm.    The  reason  for  using 
heuristics  rather  than  algorithms  is  that  they  may  lead  us 
more  quic^icly  to  our  goal  and  they  allow  us  to  venture  by 
machine  /into  areas  where  there  are  no  algorithms,     (p.  337) 
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In  a  sense,  then,  Newell,  Shaw,  and' Slaion  define  algorithms  "into" 
heuristic  processes,  while  Gelernter   and  Rochester  exclude  algoritl^ms 
from  the  class  of  heuristic  processes.    There  are  advantages  and  dis- 
advantages with  both  conceptions.    Further,  the  question  cannot  be 
resolved  on  logical  groimds  nor  on  grounds  of  "profit,"  for  the  "gray 
area"  makes  the  distinction  difficult  if  not  impossible.    (For  a  dis- 
cussion of  this  issue,  see  Kilpatrick,  1967,  pp.  9-20;  I.anda,  1976a, 
pp.  29-39.) 

Following  the    further  development  of  the  conception  of ^heuristic 
processes,  we  return  to  a  discussion  of  cpmputer  programs  thaf  initially 
appeared  to  model  human  problem-solving  behavior  in  "line  by  line"  com- 
parison (see  Kleinmuntz,  1966).    An  examination  of  the  heuristic  pro- 
cesses embedded  in  these  machines  and  the  eBetent  to  which  heuristic 
^programming  allows  for  the  developnent  of  efficiency  and  organiza- 
tional simplicity  will  be  made. 

In  contrast  to  the  nKjre  specific  types  of  programs  and  more  task- 
specific  heuristic  processes  embedded  in  programs  such  as  "Artificial 
Geometer,"  "Student,"  and  "Logic  Theorist,"  the  more  sophisticated 
"General  Problem  Solver"  (GPS)  employs    two  very  general  systems  of 
heuristic  processes  as  well  as  uKjre  task-specific  systems  of  heuris- 
tics.   Developed  by  t^well ,  Shaw,  and  Simon,  GPS  uses  planning  heuriatiaa^ 
means^nds  analysis^  and  taskspeaifia  henristiae. 

The  systems  of  planning  heuz^istias  embedded  In  GPS  easily  evolve 
from  Polya's  model.    Two  vital,  phases  .of  that  model  for  problem  solv- 
ing involve  planning;  one  involves  "developing  a  plan"  and  the  other 
involves  "carrying  out  the  plan."    From  Polya's  perspective,  a  plan 
involves  " . . . knowijiyg  at  least  In  outline,  which  calculations,  compu- 
tations, or  constructions  we  have  to  perform  in  order  to  obtain  the 
unknown"  (Polya,  1957,  pp.  8-9). 

In  Newell,  Shaw,  and  Sli^n's  theory  of  problem  solving,  planning 
heuristics  play  a  significant  role.-  As  a  system  of  heuristic  pro- 
cesses, the  planning  processes  allow  for  the  construction  of  a 
potential  solution  in  an  abstract  form  prior  to  carrying  out  the 
concrete  detailed  solution.    Newell,  Shaw,  and  Simon  (1959)  speak  of 
it  as  being  farsighted  (as  opposed  to  means-ends  analysis  which 
"sees"  one  step  ahead).    The  original  conception  of  the  planning 
heuristics  is  described  by  Newell,  Shaw,  and  Simon  as  follows: 

(a)  abstracting  by  omitting  certain  details  of  the  original 
objects  and  operators,  (b)  forming  the  corresponding  prob- 
lem in  the  abstract  task  environment,  (c)  when  the  abstract 
problem  has  been  solved,  using  its  solution  to  provide  a 
plan  for  solving  the  original  problem,  (d)  translating  the 
plan  back  into  the  original  task  environment  and  executing 
it.    (pp.  18-22) 

Specific  features  that  make  the  planning  heuristics  (in  the  strict  IPS 
sense)  particularly  powerful  are  (1)  the  provision  of  auxiliary  problem 
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capability  in  a  different  task  environment,  and  (2)  the  fact  that  the 
plan,  along  with  its  ordered  set  of  subproblems,  is  sistpler  in  com- 
posite (as  measured  by  the  number  of  total  steps  to  solution)  than 
the  original  problem.    This  is  assured  through  .the  embedded  heuristic 
principle : 

The  principle  of  subgoal  reduction.  Make  progress  by  sub- 
stituting for  the  achievement  of  a  goal  the  achievement  of 
a  set  of  easier  subgoals.    (p.  8) 

This  brief  review  of  the  planning  heuristics  indicates  its 
generality  and  importance.    The  generality  ,is  evident  through  the 
bedding  within  the  planning  heuristic  of  means-ends  analysis »  the 
use  of  auxiliexy  probl^mstand  certain  aspects  of  "learning." 

From  one  perspective,  the  planning  heuristics  system  may  be  the 
most  powerful  system  that  exists  in  the  IPS  probl^-solvlnit^  ^aodel  axid 
will  probably  remain  so  until  the  learning  heurisidcs  system  sK>ves 
beyond  the  stage  of  rote  learning  (Slagle,  1971).  - 

Much  of  Polya*s  writing  centers  on  means-ends  analysis.    For  exan- 
ple,  the  idea  of  decomposing  and  recorabining  as  a  g^eral  strategy  is 
based  in  this  heuristic  approach.    Anothier  related  strategy  involve 
analyzing  the  solution  process  of  a  simpler  related  problem  so  that  the 
method  or  the  result  may  be  applied  to  the  problem  under  investigation, 
A  'third  major  technique  that  Polya  recommends  is  that  of  solving 
special  cases  of  the  problem  so  as.  to  establish  a  pattern  that  becomes 
a  means  to  the  end  of  the  solution  to  the  original. problem. 

Duncker  (1945)  considers  the  heuristic  method  of  reasoning  to  be 
fundamentally  thajt  of  replacing"  a  problem  goal  with  a  series  of  easier 
subgoals.    This,  he  says,  is  the'  critical  element  of  thinking.  Further 
he  declares  that  "the  solution  of  a  new  problem  typically  takes  place 
in  successive  phases  which  .  .  .  liave"  in  retrospect,  the  character  of 
a  solution,  and  in  prospect,  that  of  a  problem"  (p.  21).  This 
breaking  of  a  problem  into  subproblems  and  the  process  that  shows 
the  retrospective  view  of  a  solution  and  the  new  end  of  another 
problem  characterize  means-ends  analysis  for  Duncker.    It  is  in  these 
combined  senses  of  means-ends  heuristics  that  Newell,  Shaw,  and  Simon 
evolved  means-ends  heuristics  in  GPS, 

As  one  of  the  two  strategic  heuristic  principles  in  GPS,  Newell, 
Shaw,  and  Simon  (1959)  discuss  the  general  principle  implicit  in 
sleans-ends  heuristics.    This  principle  is  that  of  replacing  a  goal 
by  the  achievement  of  a  sequence  of  easier  subgoals.    They  list  thxee 
basic  elements  of  means-ends  analysis  as  outlined  below: 

1,  If  the  goal  is  not  obvious  from  the  given,  determiae  the 
essential  differences  between  given  situation  and  goal 
situation. 

2.  Choose  appropriate  operators  based  on  the  changes  they 
make  in  situations  and  the  features  that  remain  unchanged. 
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in  order  to  reduce  the  differences  between  given  and 
goal. 

3.    Order  the  differences  on  difficulty  and  apply  operators 
to  the  ordered  situations  in  such  a  manner  that  the  new 
situation  resulting  from  the  application  of  an  opera- 
tion replaces  the  difficulty  with  a  lesser  difficulty. 

The  process  implicit  in  means-ends  analysis  is  obviously,  iterative. 
One  typical  form  of  iteration  is  that  of  selecting  a  subgoal,  applying 
an  appropriate  operator,  evaluating  the  resxilting  state,  reordering  the 
situations  on  difficulty,  selecting  another  subgoal,  and  so  on.  Thus, 
^the  generality  of  the  means-ends  process  has  a  sense  of  mathematical 
structural  reasoning  inherent  within  it.  ^ 

Wiakelgren'a  Classifiaation  of  Methods 

The  work  of  Wickelgren  <1974)  in  the  area  of  problem  solving  (mathe- 
matics, science,  engineering,  etc.)  has  obviously  been  greatly  influenced 
by  the  information  processing  theorists  and  by  Polya.    As  Wickelgren 
himself    states  it: 

* 

My  greatest  intellectual  debts  are  to  Allen  Newell,  Herbert 
Sinujn,  and  George  Polya,.    Newell  and  Simon's  analyses  of 
problems  and  problan  solving  constituted  my  starting  point 
.  ,  .  many  other -good  ideas  were  taken  more  or  less  directly 
from  Polya,  .  ,  .  rich  source (a)  of  methods  and  a  stimulus 
for  thought,  (pp.  Ix-x) 

In  his  book,  Wickelgren  illustrates  and  systematizes  seven  basic  methods 
of- solving  mathematical  problems.    Each  of  ttese  methods  is  either  a 
heurist;ic  process  in  the  IPS  sense  of  the  concept  or  in  Polya 's  sense 
of  the  concept.    The  methods  that  he  analyzes  are  (1)  inference,  (2) 
classification  of  action  sequences,  (3)  state  evaluation  and  hill  climb- 
ing, (4)  subgoals,  (5)  contradiction,  (6)  working  backward,  and  (7) 
relations  between  problems.    These  methods  are  deflnedin  Tables  5.2  and  53. 

Wickelgren  says  he  " .  .  .  alms  to  guide  you  to  discover  how  to 
apply  general  problem-solving  methods  to  a  rich  variety  of  problems" 
(p.  xi).    With  the  intent  of  Improving  one's  ability  to  solve  problems 
through  teaohing  by  exOTipZe,  Wickelgren  shares  style,  method,  and  pur- 
pose with  Polya.    On  the  other  hand,  the  contribution  of  his  work  to 
"Elements  of  a  Theory  of  Problems"  is  more  explicit  than  that  of  other 
authors.  Including  Polya,  though  admittedly  far  from- precise.  Wickel- 
gren, then,  in  a  rudimentary  way  focuses  very  clearly  upon  the  problem, 
the  task  itself ^  along  with  its  interrelationship  to  heuristic  pro- 
cesses, as  a  key  element  in       .  *  A  Theory  of  Problems  and  Problem 
Solving." 

The  first  method  Wickelgren  describes  is  the  one  h6  says  is  the 
natural  beginning  point  for  attempts  to  solve  a ''problem,  the  method  of  . 
inference.    This  method  is  definitely  in  the  category  of  heuristic 
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advlce.    It  suggests  characteristics  of  the  task  that  Imply  a  vay  of 
selecting  and  ordering  plausible  alternatives  in  the  search.  In 
essence,  Wickelgren  suggests  as  heuristic  advice  prioritizing  possi- 
ble inferences  that  can  be  drawn.    The  ordering  begins  with  the  most 
productive  inference  S,n  "like  situations";  at  the  same  time,  the  sugges- 
tion is  made  that  certain  types  of  "insight  problems"  are  considered 
challenging  simply  because  they  are  most  easily  solved  by  drawing  a 
"low  priority"  inference. 

In  a  discussion  on  "Classification  of  Action  Sequences"  Wickel- 
gren distinguishes  among  (a)  Random  Trial  and  Error,  (b)  Systematic 
Trial  and  Error,  and  (c)  Ciassif Icatory  Trial  and  Error,  as  is  indi- 
cated in  Table  5.2.    The  three  basic  trial-and-error  metlusds  Wickelgren 
describes  are  hierarchically  arranged  with  respect  to  the  general  IPS  , 
heuristic  precept,  ordered  devices  for  reducing  the  average  search  to 
solution.    The  implications  of  this  method  for  teaching  are  clear.  For 
a  theory  of  problems,  the  Implications  center'  upon  the  characteristics 
of  the  problem  as  a  means  of  producing  equivalent  representa- 
tions for  seeing  order  or  symmetry  ^d  for  choosing  the  most  appropriate 
"equivalent  action  sequence," 

The  method  related  to  "State  Evaluation  and  Hill  Climbing"  is  a 
second  method  designed  to  reduce  the  amount' of  search  necessary  for 
achieving  the  solution.    This  method  has,  as  its  description  suggests, 
two  separate  but  related  concepts  as  indicated  in  Table  5.2.  Clearly 
this  idea  of  "hill  climbing"  is  related  to  the  IPS  heuristic 
principle:    "Make  progress  by  substituting  for  the  achievement  of  a 
goal  the  achievement  of  a  set  p'£  easier  subgoals  (the  principle  of 
subgoal  reduction;  NewelX,  Shiaw,  and  Simon,  1959,  p.  8).  Wickelgren 
operational 1 zed  this  principle  to  make  it  applicable  outside 
of  computer  programs. 

The  fourth  problem-fsolving  method  described  by  Wickelgren  is  that 
of  subgoals.    This  method  ^ 

■I 

is  advantageous  for  attacking. problems  that  require  a 
sequence  of  more  than  two  or  three  acl^lons  to  solve. . , 
If  the  problem  seems  likely  to  be  a  m^ltistep  rather  than 
insight  problem,  it  is  usually  advantageous  to  spend  more 
time  trying  to  generate  plausible  subgoals,  because  of  the 
enormous  power  of  the  method* (pp.  92-93) 

Wickelgren  gives  some  very  direct  clues  for  the  type  of  task  varia- 
bles that  will  induce  the  use  of  this  heuristic  process.    Classes  of 
examples  implied  by  his  advice  are:    (1)  multi-step  arithmetic  problems, 
(2)  problems  of  two  (or  more)  loci  in  geometry,  (3)  alphanimerlc  prob- 
lems, and  (4)  some  logic  problems. 

The  fifth 'problem-solving  metlK>d  described  is  the  method  of  contra- 
diction.   This  method i  which  essentially  involves  proving  that  some  goal (s) 
cannot  be  obtained  from  the  givens,  is  described  as  having  four  strate- 
gies (see  Table  5.2). 
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Table  5.2   Problem  Solving  Methods  AoooMing  to  Wiokslgren  (1974) 
INFERENCE  ' 

♦  * 

Draw  inferences  from  explicitly  or  implicitly  presented  infor- 
mation that  satisfy  one  or  both  of  the  following  two  criteria: 
(a)  the  inferences  have  frequently  been  loade  in  the  past  from 
the  same  type  of  information;  (b)  the  inferences  are  connected 
with  the  properties  (variables,  terms,  expressions,  and  so  on) 
that  appear  in  the  goal,  the  givens,  or  inferences  from  the 
goal  and  the  givens  (p.  23). 

CLASSIFICATION  OF  ACTION  SEQUENCES 

Random  Trial  and  Error:    Applying  the  allowable  operations  to 
the  givens  in  the  problem  ,  .  ,  analogous  to  random  sampling 
with  replacement  .  .  . 

Systematic  Trial  and  Error:    A  generation  method  that  auto- 
matically produces  a  mutually  exclusive  and  exhaustive  listing 
of  all  sequences  of  actions  up  to  some  maximum  length  .  .  . 
analogous  to  random  sampling  without  replacement  .  .  . 

Classiflcatory  Trial  and  Error;    The  organization  of  sequences 
of  actions  into  classes  that  are  equivalent  (or  probably  equiv- 
alent) with  respect-to  the  solution  of  the  problem  (pp.  46-A7). 

STATE  EVALUATION  AM)  HILL  CLIMBING 

Defining  an  "evaluation  function"  over  all  states,  including 
the  goal  state. 

Choosing  actions  at  any  given  state  that  achieves  a  next  state 
with  an  evaluation  closer  to  that  of  the  goal  (p.  67). 

SUBCOALS 

Defining  subgoals  in  order  to  facilitate"  solving  the  original 
problem  ,  .  .  [or]  "analyzing  a  problem  into  subproblems"  or 
"breaking  a  problem  into  parts."    In  essence,  the  purpose  is 
to  replace  a  single  difficult-  problem  with  two  or  more  simpler 
problems  (p.  91). 


continued 
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Table  5.2  aontinued 


CONTRADICTION 

Indirect  Proof;  To  assume  that  the  contrary  is  true  and 
show  that  the  contrary  statement  in  combination  with  the 
given  results  in  a  contradiction  (p.  111). 

Multiple  Choice—Small  Search  Space:    In  the  solution  of 
.  .  .problems  [for  which  we]  are  guaranteed  that  exactly 
one  of  a  small  set  of  alternative  goals  is  consistent 
with  the  given  information,  systematically  examine  each 
and  derive  a  contradiction  for  all  but  one  of  them  (p.  115). 

Claasificatory  Contradiction— Large  Search  Space:    Use  some 
efficient  search  strategy  for  contradicting  large  sub- 
groups of  alternative  goals  at  a  time  (p.  126). 

Iterative  Contradiction  in  Infinite  Search  Spaces 

[A  method  of  contradiction]  ,  .  .  used  in  problems  that 
have  an  infinite  number  of  possible  solutions  .  .  .  [in 
^  which  we]  rule  out  large  or  infinite  classes  of  alter- 
natives ...  (p.  133). 

WORKING  BACKWARDS 

We  start  with  the  goal,  but  instead  of  drawing  inferences 
from  it,  we  try  to  guess  a  preceding  statement  or  state- 
ments that,  taken  together,  would  imply  the  goal  statement. 
Hence,  the  direction  of  inferences  is  the  same  as  working 
forward — namely,  from  the  given  information  to  the  goal. 
We  start  at  the  end  point  and  try  to  determine  preceding 
statements,  which  need  not  necessarily  be  given  statements 
but  which,  when  taken  together,  will  produce  the  goal. 
Then  we  try  to  determine  statements  that  will  determine 
those  statements,  gradually  working  our  way  back.    We  hope 
to  arrive  at  given  information  that  is  sufficient  to  derive 
everything  in  between  the  givens  and  the  goal  (pp.  137-138). 
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The  sixth  method  described  by  Wickelgren  is  the  netlKJd  of  working 
backwards.    It  is  what  Pappus  has  called  "analysis"  (see  Polya,  1957, 
pp.  141-147)  and  is  suggested  as  plausibly  useful  whenever  a  "task 
satisfies  two  conditions.    One  of  these  "...  is  that  the  problen  should 
have  a  uniquely  defined  goat/'  while  the  other  is  that  the  operations 
should  be  unitary  and  one-to-one.    Task  variables  that  suggest  this 
heuristic  process  are  rather  explicit  in  these  two  stated  characte*^- 
istics  and  imply  its  applicability  to  such  broad  classes  of  problem  as 
geometric  proofs,  inequalities,  and  algebraic  and  trigonometric  identi- 
ties.   Problems  of  the  "to  find"  classification  are  not  as  apt  to  yield 
to  working  backwards,  although  Wickelgren  presents  several  such  problems, 
such  as  the  "Nim"  family  of  games,  in  his  exposition. 

Wickelgren  further  suggests  that  there  are  five  fundamental  rela- 
tionships between  pairs  of  problems.    These  are  shown  in  Table  5,3, 

Suffice  it  to  say  that  for  similar  problems  the  metlwdCe)  of  solv- 
ing one  generally  provide (s)  a  substantial  asKiudt  of  useful  information 
about  the  method (s)  of  solving  the  other.    As  tHe  description  of  similar 
problems  (see  Table    5.3)  implies,  the  task  variables  involved  change 
in  content  (quantities)  rather  than  in  structure.    However,  prob- 
lems are  also  considered  "similar"  whenever  minor  «fetructure  character- 
istics are  varied.    In  particular,  variations  of  problems  that  preserve 
most  essential  elements  and  relations  also  preserve,  generally,  pro- 
cesses appropriate  for  solution. 

Wickelgren  does  not  completely  characterize  similes*  prohlems, 
although  he  gives  a  heuristic  discussion  of  ways  one  problem  may  be 
simpler  than  another.    It  is  frequently  the  case,  for  simpler  problem 
creation,  that  the  preservation  of  abstract  relationships  among  sevens 
and  operations  is  more  important  than  the  preservation  of  more  concrete 
similarities.    An  example  of  a  way  to  create  simpler  problems  is  the 
heuristic  process  "create  a  special  case," 

The  logical  inverse  of  "simpler  problems"  is  "more  complex  prob- 
lems." One  can,  generally,  "invert"  the  heuristic  advice  for  working 
with  simpler  problems  in  order  to  obtain  appropriate  advice  for  "fl»re 
complex  problems."  Thus,  for  example,  a  way  to  create  a  more  complex 
problem  is  the  heuristic  process  "generalize." 

The  significance  of  generalization  to  problem  solving  as  it  relates 
to  problem  relationships  is  threefold,  in  Wickelgren 's  view. 

First,  as  a  necessary  part  of  problem  solving,  we  usually 
abstract  from  a  problem  certain  properties  belonging  to  a 
-more  general  class  of  problems  and  thus  relevant  for  deter- 
mining the  previously  established  principles  for  solving  our 
present  problem.    Second  ...  it  is  often  useful  to  consider 
whether  we  could  generalize  a  solution  from  it  [our  problem] 
to  a  wider  class  of  problems,  in  order  to  derive  a  more 
general  conclusion  ....     Third,  it  may  be  useful  to  pose 
and  attempt  to  solve  a  taoxe  general  problem  prior  to  working 
on  the  current  problem  ....  (p.  180) 
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Table  5.3   Relations  Betueen  Ppoblms  According  to  yioketgrBn  (1974^ 
pp.  1S3-168) 

Equivalent  problem;    Problems  that  differ  only  with  respect 
to  the  names  attached  to  different  elements  of  the  problem, 
but  all  of  whose  relations  and  operations  are  identical  .  .  . 
they  are  completely  analogous  or  iamopphia. 

Unrelated  Problems:    Problems  that  are  unrelated  have  no 
elements  in  common. 

Similar  Problems:    Problems  are  similar,  if  they  .  .  .  differ 
only  in  the  quantities  of  certain  el^ents  of  the  problem 
.  .  .  [and  have]  all  of  the  qualitative  or  structural  charac- 
teristics ,  .  .  identical  or  when  they  are  .  .  .  partly 
analogous  problsns  in  which  the  structure  is  somewhat  different 
in  the  two  problems  being  compared  but  still  highly  similar. 

Simpler  Problems:    Problem  a  is  simpler  than  problem  b  (a  and 
b  may  well  be  similar)  implies  that  many  of  the. methods  used 
Tn  solving  a  are  also  methods  useful  in  solving  b^  (the  more 
complex  problem  -may  require  one  or  a  few  additional  methods) ; 
simplicity  generally  relates  to  the  number  of  different  elements 
or  complications,  but  it  is  by  no  means  a  simple  quantitative 
idea. 

More  Complex  Problems;    Posing  a  problem  that  is  more  complex 
is  the  logical  inverse  of  posing  a  problem  that  is  simpler 
than  the  given  problem. 
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In  his  discussion  of  "Relations  Between  Problems,"  the  combined 
influence  of  IPS  and  Polya  is  clear.    From  his  discussion  of  isoB»r- 
phic  problems  (cf.  Chapter  IV) 'to  his  discussion  of  generalization 
and  specialization,  the  underlying  idea  of  developing  a  theory  of 
problems  is  dominant.    The  nature  of  Wickelgren*s  presentation  is 
that  of  heuristic  advice;  thus,  he  is  implying  a  close  tie  between 
a  theory  of  problems  (of  task  variables)  and  heuristic  procfsses. 

ReseoPQh  PeTspeotiv'es  (Bxpepimental) 


Several  stijidies  of  the  comparative  effectiveness  of  heuristic 
metlwds  and  other  metlK>ds,  or  comparisons  of  one  heuristic  approach 
to  another  heuristic  approach,  have  been  conducted.    Three  of  these 
will  be  reviewed  here.    Ashton  (1962)  performed  an  experiment  im'clv- 
ing  ten  ninth-grade  algebra  classes.    One  of  two  classes  of  student u 
of  above  average  ability  in  each  of  five  schools  was  taught  to  use 
heuristic  methods  of  solving  algebra  problems  while  the  other  was 
taught  the  "textbook"  method.    In  each  school  the  same  teacher  taughf 
both  contrasting  methods. 

The  heuristic  method  consisted  of  aiding  students  in  the  discovery 
of  the  solutions  of  algebra  problems  through  suggesting  questions  from 
Polya *s  list.    The  "textbook"  method  provided  model  solutions  or  prob- 
lem types  for  imitation  and  practice,  with  model  solutions  being 
presented  by  the  teacher  and  by  the  textbook.    The  hypothesis  that 
students  taught  to  'polve  algebra  problems  by  using  Polya' s  heuristic 
processes  would,  afber  ten  weeks  of  treatment,  show  significantly 
greater  gains  in  solving  problems  than  those "using .the  "textbook" 
method  was  sustained  by  the  results  of  the  one-tailed  t-test  for  inde- 
pendent samples.    Five  separate  t-tests,  one  for  each  of  the  five 
schools,  were  reported;  each  showed  significant  differences  in  gain 
scores  favoring  the  heuristic  method  (one  was  significant  only  at 
p  -  .07). 

Ashton  points  out  that  the  subjects  of  this  experiment  were  all 
females.    This  limitation,  as  well  as  the  fact  that  intact  classes 
were  used  and  individual  subjects  were  considered  as  the  experimental 
unit  rather  than  classes,  must  be  noted. 

Each  of  two  other  studies  proposed  to  determine  the  effects  of 
instructing  subjects  in  the  use  of  general  versus  task-specific  heur- 
istic processes.    These  studies,  by  Wilson  (1967), and  Smith  (1973), 
hypothesized  that  instruction  in  the  use  of  general  heuristic  pro- 
cesses would  facilitate  transfer  to  tasks  dissimilar  to  those  of 
instruction,  while  instruction  in  task-specific  heuristic  processes 
(advice  not  readily  general izable)  would  be  more  useful  in  solving 
probleas  similar  to  those  encountered  in  instruction.    In  each  exper- 
iment, the  main  dependent  variables  were  time  to  solution  and  the 
number  of  correct  and  relevant  steps  to  solution. 

Wilson  developed  two  units  of  self-instructional  materials 
"algebra-proofs"    and  "expressions"    (logic  proofs X  with  each  unit 


80i 


-187- 


eontainins  three  sets:  a  set  on  (Beans-eods  analysis  and  one  on  planning 
heuristic  processes  (with  characteristics  of  the  concepts  {saralleling 
those  of  Newell,  Shaw,  and  Simon),  as  well  as  one  set  on  task-specific 
heuristic  processes.    These  variables,  along  with  the  order  of  presenta- 
tions of  instructional  tasks,  constituted  the  three  independent  varia- 
bles of  this  experiment.    Thus,  a  3x3x2  factorial  design  with  three 
levels  of  training  in  the  "expressions"  task  (specific,  sieans-ends, 
and  planning),  three  levels  of  training  in  the  algebra  task  (specific, 
means-ends,  and  planning),  and  two  levels  of  "order"  (expressions- 
algebra,  algebra-expressions)  were  used.    The  problem-solving  tasks 
that  served  as  posttests  were  the  Expressions  Task,  Algebra  Task,  and 
Functions  Task;  transfer  tests  used  as  posttests  were  tlie  Geometry  Tests., 
Box  9  Test.  Maps  Test,  and  Pentoroinoes  Test. 

One-himdred  forty-four  high  sclu^ol  students  who  had  completed  a  * 
course  of  algebra  and  a  course  of  geometry  served  as  the  subjects  of 
this  experiment*    Analysis  on  fourteen  dependent  ensures  (seven  for 
time;  seven  for  correct  steps)  yielded  the  following  results: 

1.    Main  effects  were  found  for: 

A.  "order"  on  the  Expressions  Task  on  both  the  time  and 
correct  steps  favor^  the  algebra-expressions  order* 

B.  level  of  heuristic  processes    on  thfe  Algebra  Task 
favored  planning  heuristic  processes  over  both  other 
forms  on  the  time* 

C.  level  of  heuristic  processes  on  the  Box  9  Test  favored 
planning  and  iMans-ends  processes  over  task-specif ic 
processes  on  the  time  variable* 

2*    Interaction  occurred  on  some  dependent  measure  for  each 
combination  of  independent  variables* 

The  general  hypothesis  was  not  supported. 

The  study  done  by  Smith  was  similar  in  many  ways  to  that  of  Wilson. 
The  general  conception  of  the  study  was  to  "strengthen"  the  instructional 
aspects  of  the  Wilson  study.    This  was  done  by  using  three  rather  than 
two  different  task  environments  of  problems  representing  the  general  and 
task-specific  heuristic  processes.    Further,  the  planning  heuristic  pro- 
cess became  the  only  form  of  general  heuristic  processes  so  that  greater 
emphasis  could  be  placed  bn  the  varied  ways  that  this  process  could  be 
used .  , 

The  Smith  study,  which  involved  college  subjects  (but  with  only 
one  year' of  algebra  and  one  year  of  geometry  as  mathematics  background), 
employed  a  2x3x3  factorial  design.    Two  levels  of  heuristic  processes 
(planning  and  task-specif ic) ;  three  levels  of  order  of  presentation 
(geometry/logic/Boolean  algebra,  geometry/ Boolean  algebra/ logic,  and 
Boolean  algebra/georaetry/logic),  and  three  levels  of  order  of  tests 
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(sane  as  order  of  presentation)  constituted  the  treatment.    In  addition 
to  learning  tests  that  contained  problems  related  to  the  instructional 
units.  Smith  administered  two  transfer  tests.    One  of  the  transfer  tests 
was  similar  to  Wilson *s  Functions  Test,  while  the  other  involved  trans- 
formation tasks  on  ordered  triples  of  integers.    Again  "time"  and 
"number  of  correct,  relevant  steps  toward  solution"  were  the  dependent 
variables.  ** 

The  results  of  the  analysis  of  data  shoved  that  the  task-specific 
instructional  group  solved  significantly  more  logic  problems  and  com- 
pleted' the  logic  test  and  the  Boolean  algebra  test  significantly  faster; 
the  general  heuristic  processes  instructional  group  completed  the 
geometry  test  significantly  faster.    No  other  main  or  Interaction 
effects  were  significant.    In  addition  to  the  data  described  atove. 
Smith  obtained  information  through  questionnaires  and  interviews. 
From  *his  evidence.  Smith  conclufied  that  few  subjects  used  the  heuris- 
tic . advice  on  transfer  problems,  but  even  those  who  did  not  use  such 
advice  did  use  other  heuristic  processes  in  the  solution  of  the  test 
problems. 

Reseopah  Perspectives  (Exploratory) 

The  review  of  the  research  literature  will  be  limited  to  those 
studies  that  have  investigated  heuristic  behavior  variables.    It  will 
attempt  to  determine  (1)  what  heuristic  processes  have  be^  shown  to 
"exist"  in  the  procecs  sequences  of  subjects,  and  (2)  wl*at  heuristic 
behaviors  have  been  developed  as  a  result  of  heuristic  instruction. 
In  the  review,  both  experimental  and  empirical-behavioral  research 
will  be  included.    In  a  later  section,  i  <iiscussion  of  the  progress 
that  has  been  made  toward  developing  process-sequence  coding  systems 
and  process-product  scoring  schemes  will  be  pursued. 

The  use  of  "thinking  aloud"  techniques  for  acquiring  data  (to  be 
discussed  later)  has  been  employed  by  researchers  to  capture  the  nature 
of  the  heuristic  processes  that  subjects  ii»y>hsve  acquir<^,  indepen- 
dently (supposedly)  of  formal  and  systematic  study  of  heuristic 
processes.    Additionally,  it  has  been  used  by  some  researchers  who 
attempted  to  monitor  the  developmait  of  subjects*  use  of  heuristic 
processes  during  instruction.    Dimcker  (19A5)  used  thliiking-^aloud 
techniques  to  obtain  data  in  an  attempt  to  determine  how  and  in  what 
ways  solutions  of  problems  are  attained  from  a  problem  environ- 
ment.   His  selection  of  problems  was  quite  atsrpical  of  research  in  the 
19308. and  1940s  in  that  the  problems  would  be  classified  as  non-routine 
mathematical  and  practical  problems.    They  were  also  probably  more 
difficult  than  those  used  in  the  typical  research  of  that  day  in  that 
they  required  the  invention  of  solution  processes  whUe  at  the  same 
time  assumed  mathematical  and  practical  knowledge.    Examples  of  prob- 
lems posed  by  Duncker  include; 
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5.2    For  a  oloak  to  go  acauratelyf  the  sidng  of  tJw  pendU" 
Iwn  must  be  striatly  regular.    The  duration  of  a 
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penduim'B  sinng  depends,  among  other  things ,  on 
its  length,  and  this  of  oonrse  in'tum  on  the  temper^ 
atux'e.    But  the  oloak  should  go  with  absolute  • 
regularity.    How  aan  this  be  brought  about? 

5,2    Why  are  all  six-place  nwnbsrs  of  the  form  a^,abo, 
such  as  2S4,2S4,  divisible  by  13? 

*  < 

Through  analysis  o£  protocols  of  subjects,  Ihmcker  was  able  to 
Identify  heuristic  processes  that  ranged  from  general  to  tff-'k-specif ic. 
Further,  the  observed  solution  processes  paralleled  those  identified  by 
Polya.    The  identified  heuristic  processes  that  arose  from  Duncker's 
analyses  included  what  was  called    • (1)  analysis  of  the  situation  and 
(2)  analysis  of  the  goal.    Analysis  of  the  situation  i'^.cluded:  (a) 
analysis  of  material,  a  more  surface  form  of  analysis  involving  direct 
deductions  from  the  problem  elements  without  (necessarily)  "foresighted- 
ness"  into  the  use  to  which  the  deductions  might  be  put;  and  (b)  analy- 
sis of  Conflict,  which  focused  on  varying  certain  elements  in  attempts 
to  gain  "insight"  into  the  relationships  among  the  elements  and  the 
goal.    Analysis  of  the  goal  was  seen  by  Duncker  as  of  parairount  impor- 
tance and  included  a  focus  not  only  on  what  was  demanded  by  the  problem, 
but  on  what  might  be  the  predecessor  (as  stated  by  Duncker,  "what  do  X 
really  want"  [p.  23])    and  what  might  be  nonessential  to  the  goal. 

Duncker' 8  analyses  of  protocols  1^  to  his  belief  that  powerful 
heuristic  processes  are  those  that  (1)  are  goal  oriented  and  (2) 
involve  the  selection  and  accomplishment  of  a  sequence  of  easier 
subgoals.    Although  the  work  from  which  these  conclusions  are-  drawn 
predominantly  involves  the  direct  analysis  of  protocols  derived  from 
independent  attempts  of  sub:5ects  to  solve  problems,  cjn  occasion  hints 
and  preparatory  problems  are   provided  in  order  to  determine  thei^ 
effects  on  the  solution  process.    Thus,  Duncker  recognize  (1)  the 
difference  between  task-specific  and  general  heuristic  processes,  (2) 
subgoal  reduction  and  goal-oriented  heuristic  processes,  (3)  processes  . 
of  variation  of  a  problem,  and  (4)  means-ends  heuristic  processes. 

Like  Duncker,  Kilpatrick  (1967)  asked  subjects  to  think  aloud  as 
they  solved  mathematical  probletns.    Other  points  of  similarity  between 
the  Duncker  and  the  Kilpatrick  studies  include:    (1)  the  complex 
nature  of  the  problems  used,  and  (2)  the  assumption  of  content  know- 
ledge in  additioii  to  the  requirement  of  invention  of  solution  processes. 

Vtdch  of ,  Kilpatrick*  s  work  is   developmental  in  the  sense  of  creat- 
ing mechanisms  for  analyzing  protocol  material.    His  aim  is   to  develop 
a  way  of  classifying  subjects  according  to  the  heuristic  processes  used 
in  solving  word  problems  and  to  determine  how  the  variables  of  classi- 
fication relate    to  such  variables  as  aptitude,  achievement,  and  cogni- 
tive style.    As  a  part  of  the  process,  he  develops    a  protocol  coding 
system  that  includes  both  heuristic  processes  and  non-heuristic 
processes,  with  the  heuristic  processes  being  derived  from  the  work 
of  Poly  .    A  series  of  preliminary  pilot  studies  was  used  to  perfect 
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tf  workable  coding  system.    Although  Foly«*9  checklist  (see  Chapter  I) 
was  the  starting  point  for  the  heuristic  processes  of  the  coding  system, 
considerable  refinement  (predominantly  elimination  and  clarification) 
tras  necessary  for  the  production  of  a  reliable  system  that  included 
the  processes  used  by  the  eighth-grade  subjects  of  the  study.  The 
major  divisions  of  the  processes  arei      (1)  preparation,  (2)  production, 
and  (3)  evaluation.    The' heuristic  processes  included  In  these "divisions, 
as  well  as  the  process  coding  systems,  vill  be  presented  later. in  this 
chapter. 

Although  the  coding  system  developed  by  Kilpatrlck  was  a  major  part 
of  the  research  effort  and  has  served  to  spark  th^  development  and  use 
of  related  coding  systems  and  process  research  in  mathematics  education,.* 
we  shall  forego  further  discussion  of  it  at  this  time  and  return  to  the 
heuristic  processes  that  kilpatrick  observed  in  his  subjects.    The  pro- 
cesses used  by  subj  ects  and  found  to  be  reliably  codable  (high  intercoder 
reliability)  included:     (1)  drawing  a  figure,  (2)  using  successive 
approximation,  (3)  questioning  the  existence/uniqueness  of  the  solution, 
(4)  using  a  deduction  process,  (5)  using  an  equation,  (6)  using  trial 
and  error,  and  (7)  checking  the  solution.    These  were  taken  from  the 
final  coding  system  that  contained  both  a  checklist  and  a  process- 
sequence  code.    Of  these  processes,  drawing  a  figure  and  questioning 
the  existence/ uniqueness  of  the  solution  were  coded  only  on  the  check- 
list. •• 

Kilpatrlck  found  that  the  tape-recorded  protocols  of  his  56  above- 
average  eighth-grade  subjects  contained  the  use  of  only  a  few  of  Polya's 
heuristic  processes.    Those  observed  were:    (1)  the  drawing  of  figures 
while  solving  problems  (found  to  be  unrelated  to  success  in  solving  the 
problem  or  to  the  use  of  other  processes) ;  (2)  the  use  of  trial  and 
error  (frequently)  and,  to  a  much  lesser  extent,  successive  approxima- 
tion trial  and  error  (related  to  success  in  solving  problems) ;  and 
(3)  checking  work  (seldom  used  except  on  two  or  three  specific  prob- 
lems) . 

In       attempt  to  produce  meaningful  clusters  of  subjects  by  use  of 
the  coding  system,  Kilpatrlck  found  that  the  most  promising  differences 
appeared  to  be  in  the  use  of  tyial-and-error  forms  in  contrast  with 
forms  of  deductive  inference.    His  final  classification  of  subjects 
was  into  four  equal-sized  groups  as  follows: 

(a)  subjects  who,  at  least  once,  attempted  to  set  up  an 
♦    ,       equation  in  solving  the  problem. 

(b)  subjects  wl^  attempted  trial  and  error  before  attempting 
deduct ion »  ,  ' 

(c)  subjects  who,  by  comparison,  used  trial  and  error  with 
moderate  frequency,  and 

(d)  subjects  who  did  not  use  algebra  and  who  used  trial  and 
error  infrequently. 
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Kllpatrick  found  the  subjects  f roa  the  first  group,  when  classi- 
fied in  this  way,  were,  on  the  average, .  hi£^b  in  quantitative  ability, 
high  in  Q^thematical  achievement,  and  of  a  reflective  conceptual  tempo. 
Those  of  the  second  group  were  high  on  quantiti^tive  ability,  moderately 
high  in  mathematics  achievement,  and  of  a.  reflective  conceptual  tempo. 
In  contrffst,  the  third  group  stood  bet<teen  the  seco^  and  the  fourth 
group  inStptitude  and  achievement  and  were  moderately  impulsive,  while 
the  fourt^i  group  were,  in  general,  lowest  in  math&aatics  achievement 
and  aptitude  and  were  the  most  impulsive  (pp.  100-101). 

The  coding  system  and  the  analysis  of  problem-solving  processes 
as  suggested  by  Kilpatrick*s  work  have  been  modified  in  several  subse- 
quent studies.    For  exatj^le,  Webb  (1975)  conducted  an  exploratory  study 
involving  40  high  school  students  in  "a  second  year  of  algebra.  Three 
aims  of  the  study  were: 

(1)  to  determine  relations  among  cognitive  ability,  problem- 
solving  ability,  and  the  use  of  problem-solvliig  processes. 

(2)  to  categorize  selected  heuristic  processes  as  problem- 
specific  or  general  (categorization  to  be  accomplished 
with  respect  to  use  by  the  subjects  of  the  research). 

(3)  to  use  "sets  of  processes"  as  a  means  of  identifying 
clusters  of  students  according  to  the  probli^m-solving 
modes  they  employed. 

In  terms  of  the  analysis,  Webb  employed  .regression  ^alysis  to 
answer  the  first  question,  the  Cochran  Q  test  to  answer  the  second, 
and  cluster  analysis  to  answer  the  third.    From  these  analyses,  Webb  ^ 
found  that  mathematics  achievement  was,  by  comparison ,- highly  related- 
to  the  problem-solving  scores;  it  a^ccounted  for  50  percent  of  the 
variance  of  the  total  scares.    Verbal  reasoning  accounted  for  an 
additional  5  percent  (a  significant  amount  at  the  .05  level),  and  the 
heuristic  process,  pictorial  vepresentation ,  accounted  for  8  percent 
of  the  variance  beyond  that  for  which  the  pretest  components  had 
accounted. 

Webb,  like  Kilpatrlck,  limited  the  detailed  analysis  of  heuris- 
tic processes  to  those  of  relatively  frequent  occurrence  and  to  those 
with  intercoder  reliability  in  excess  of  .88  (with  two  exceptions  for 
particularly  interesting  processes).    The  Cochran  Q  test  was  used  to 
determine,  based  on  the  use  of  the  heuristic  processes  by  the  subjects, 
the  ones  that  were  problem-specific  ks  opposed  to "general  processes. 
Problem-specific  heuristic  processes/identified  were:    uses  mnemonic, 
notation,  draws  a  representative  diagram,  recalls  a  related  problem, 
uses  inductive  reasoning,  uses  specialization,  uses  successive  approk- 
imation,  checks  the  solution  by  substituting  in  an. equation,  and  checks 
that  the  solution  satisfies  the  condition.    Webb  used  the  decision  rule 
that,  "a  process  is  a  general  heuristic  praaeas  provided  the  percentage 

.of  use  of  the  process  Is  no  sreater  for  some  problems  than  for  others." 
Applying  this  rule,  "deriving  a  solution  by  another  method"  and  "having 
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-a  bright  idea"  were  found  to  be  general  heuristic  processes  (p.  95). 
A  more  complete  description  of  research  related  to  general  versus 
task-specific  heuristic  processes  va^  included  in  the  reviev  of  the 
studies  by  Wilson -and  by  Smith. 

J 

Finally,  Webb^ described  three  problem-solving  modes  as  charac- 
terized by  heuristic  processes.    The  three  groups  representing  the 
modes  were  as  follows: 

(1)  subjects  who  used  a  wide  range  of  strategies, 

(2)  subjects  who  did  not  use  "checks  the  solutipn  by  sub- 
stituting in  an  equation,"  "checks  by  specialization," 
or  "derives  the  solution  by  another  metiK}d,"  and 

(3)  subjects  who  did  not  use  inductive  reasoning,  general- 
ization, specialization,  or  successive  approximation. 

In  comparison  with  Kilpatrick's  subjects,  Webb's  subjects  performed  as  follows: 

(1)  those  who  used  equations  and  trial  and  error  moderately 
and  who  made  few  structural  errors  performed  best  on  a 
problem-solving  performance  measure, 

(2)  those  who  used  equations  relatively  more  frequently  but 
used  trial  and  error  relatively  infrequently  were  more 
intermediate  in  their  problem-solving  performance,  and 

(3)  those  who  used  trial  and  error  relatively  more  frequently 
and  equations  relatively  less  frequently  were  the  least 
adept  problem  solvers  (p .  96) , 

'  Thus,  Webb  found  that  subjects  ^jtvolved'  in  a  second  year  of 
algebra,  in  contrast  to  high-ability  eighth-grade  subjects  of  Kil- 
patrick  who  had  not  been  taught  algebra,  were  more  successful  as 
problem  solvers  when  they  made  greater  use  of  equations  and  supple- 
mented this  process  with  trial  and  error. 

Blake  (1975),  like  Webb,  examined  problem-solving  processes  of 
. eleventh-grade  subjects  who  were  engaged  in-  a  second  course  of  algebra. 
He  obtainf!  thinking-aloud  protocols  on  each  of  five  problems  from  40 
subject:?  randomly  selected  from  14  different  schools.    The  subjects 
had  an  I.Q.  range  of  115  to  125.    Blake  administered  the  Embedded 
Figures  Test  to  the  subjects  to  classify  them  as  field  indep^dent  or 
field  dependent.    He  also  administered  two' types  of  tasks  which  were 
classified  by  context  as  either  real-world  setting  or  mathematical 
setting. 

Using  a  model  of  mathematical  problem  solving  based  on  the  work 
of  MacPherson,  Blake  sought  answers  to  the  f6'llow^.ng  questions  J 

(1)    What  heuristic  processes  are  used  by  students  of  algebra 
in  the  solution  of  ma«.h^cical  problems? 

2nf 
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(2)    What  patterns  are  exhibited  in  the  uae  of  heuristic 
processes  in  solving  word  problems? 

The  MacPherson  problem-solving  model  Involves  three  major  components: 
(a)    knowledge  of  mathematical  content  (called  »*core"),  (b)  heuristic  pro- 
cesses, and  (c)  application  (called  "lore").    Blake  devised  a  process 
coding  system  (to  be  discussed  in  more  detail  later)  that  incorporated 
the  elements  of  the  MacPherson  model.    In  particular,  it  included  the 
heuristic  processes:    (a)  smoothing,  (b>  analysis,  (c)  cases,  (d)  tem- 
plation,  (e>  deduction,  (f)  inverse  deduction,  (g)  invariation,  (h) 
analogy,  (i)  symmetry,  (j)  preservation,  (k)  variation,  and  (1)  extension. 
Except  for  sidoo thing,  templation,  and  preservation,  each  of  the  processes 
was  defined  similarly  to  processes  from  Polya's  list.    Templation  is  " 
essentially  a  category  that  includes  recalling  relate  problems  and 
recalling  results  and  methods,  much  as  Polya  defines  them.  Preserva- 
tion deals  with  extending  the  properties  of  a  mathematical  system  con- 
sistently, while  eaaoothing  is  defined  as  altering  a  problem  so  as  to 
produce  an  isomorphic  problem  in  a  mathematical  system.    Smoothing  is, 
in  a  sense,  a  heuristic  process  appropriate  for  the  "matheaatical  model- 
ing" in  "applied"  problem  solving. 

In  mild  contrast  to  the  study  of  Webb,  who  found  a  relatively  large 
percentage  of  variance  attributable  to  mathematical  achievement  (20  per- 
cent) and  a*  smaller  percentage  attributable  tc.heuristic  processes  (13 
percent),  Blake  concluded  that  heuristic  processes  and  "core"  account 
for  approximately  equal  amounts  of  variance.    His  analysis  indicated 
that  41  percent  of  variance  could  be  attributed  to  heuristic  processes 
and  40  percent  attributed  ,to  "core,"  with  a  "common-shared"  20  percent 
of  variance,  (in  comparison  tb  40  percent  "shared"  in  the  Webb  study). 
In  addition,  Blake  found  considerable  evidence  of  the  use  of  random 
cases  (three-fourths  of  the  subjects  us^fd  it  at  least  once)  and  sequen- 
tial cases  (over  half  of  the  subjects  used  it  more  than  once),  as  well 
as  some  evidence  of  critical  (special)  cases.    He  further  concluded  that 
these  trial-and-error  processes  related  closely  to  correct  solutions. 
In  contrast,  Webb  concluded  that  trial-and-error  processes  were  related 
to  success  in  problem  solving  only  when  used  moderately  in  conjunction 
with  deduction.    '> 

Blake  found  that  templation  and /Random  cases"  were  the  most  fre- 
quently occurring  processes  in  the  plrotdcols,  with  three-fourths  of  the 
subjects  using  these  processes  (ovei  half  of  the  protocols  contained 
multiple  occurrences) .    He  also  found  analysis  (subproblem  decomposi- 
tion) ,  smoothing,  and  sequential  ca8ei^( successive  approximation)  in 
protocols  of  one-fourth  of  the  subjectsT   Further,  trial  and  error, 
direct  deduction,  variation,  and  inverse  deduction  (working  backwards) 
were  the  only  other  heuristic  processes  observed,  and  they  were  observed 
infrequently. 

Further  conclusions  from  this  exploratory  study  that  involved  no 
instruction  are: 

(1)    Total  number  of  heuristic  processes  us&i  and  the  number  of 
different  heuristic  processes  used  are  positively  related 
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to  success  In  problem  solving  and  contributed  significant 
annunts  of  variance  to^  the  number  o£  correct  solutions. 

(2)    Field  independent  subjects  use  "higher  order"  heuristic 
processes,  use  a  greater  variety  of  heuristic  processes, 
change  their  probl^  solving  mode  more  readily,  and  solve 
aure  problems  correctly  than  do  their  field-dependent 
counterparts. 

<3)    Subjects  rely  heavily  on  "core"  In  their  attempt  at  solu- 
tion, and  they  use  "templation"  most  frequently  of  any 
heuristic  process.    However,  Blake  concludes  that  they 
are  "ineffective"  in  their  use  of  templation. 

In  contrast  to  the  research  of  Duncker,  Kilpatrick,  Webb,  and 
Blake,  who  sought  to  find  out  what  heuristic  processes  were  used  by 
subjects  independently  of  instruction  designed  to  prepare  subjects  in 
heuristic  processes,  researchers  such  as  Lucas  (1972)  and  Kantowski 
(1974)  sought  to  find  out  what  heuristic  processes  would  be  used  by 
subjects  who  were  specifically  taught  by  and  about  Polya's  maxims. 
The  research  of  both  Lucas  and  Kantowski  was  clinical-exploratory; 
both  described  the  associated  teaching  as  heuristic  teachlx^.  The 
following  paragraphs  will  describe  the  studies  of  Lucas  and  Kantowski, 
respectively,  and  suaaoarizp.  their  ^ndljigs  §is^hey  relate  to  the  devel- 
opment of  heuristic  processes. 

The  Lucas  study  was  a  diagnostic-behavioral  study  in  the  sense  that 
audio-taped  problem-solving  interviews  of  subjects  were  collected  both 
before  and  after  diagnostic  instruction.    The  pre-instructional  problem- 
solving  interviews  contributed  to  the  design  of  instruction.    The  ^ 
subjects  of  the  study  were  classes  of  27  and  25  students  of  Calculus  I. 
The  class  of  27  received  heuristic-oriented  instruction,  while  the  class 
of  25  was  the  control  group.    Eight  of  the  27  and  six  of  the  25  students 
were  interviewed  prior  to  their  respective  instructional  phase;  the  same 
eight  &nd  six  students  and  an  additional  nine  and  seven  students  were 
involved  in  individual  tape-recorded  post-instruction  problem-solving 
interviews  (pp.  273-275). 

Lucas  modified  and  extended  the  process  coding  schene  of  Kilpatrick  = 
for  use  with  the  first-year  college  students  of  his  study.    The  major, 
changes  were  the  addition  of  several  heuristic  behavior  categories  and 
the  omission  of  several  non-heuristic  behavior  categories.    These  changes, 
which  based  on  a  pilot  study,  will  be  discussed  in  more  detail  in  a 

later  section  of  this  chapter. 

A  summary  of  the  results  of  the  study  will  answer  the  questions 
posed  by  Lucas: 

(1)    He  found  that  Kilpatrick' a  system  of  behavioral  analysis 
(a  process-sequence  code  and  a  checklist)  could  be  satis- 
factorily modified  in  terms  of  reliably  codable  processes 
for  analysis  of  problem-solving  in  the  content  area  of 
calculus. 
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(2)  In  answer  to.  the  main  ques*-ion,  "What  heuristic  processes 
are  subject  to  change  under  heuristic  instruction,"  Lucas 
found  the  following: 

(a)  the  kind  of  notation, 

(b)  applying  the  method  of  a  related  problem. 


He  did  not  find  effects  on  such  heuristic  processes  as  drawing  or  modi- 
fying a  diagram,  looking  back,  trial  and  error,  reasoning  by  synthesis, 
or  productivity  (relationships,  eqxjations,  or  algorithmic  processes)  . 
(Lucas,  1972,  pp.  427-428). 

Kantowski  performed  a  "teaching  experiment"  (in  the  sense  *of  Soviet 
research)  on  eight  students  of  above-average  ability.    Using  geometry  as 
the  mathematical  content  area,  the  longitudinal  clinical  study  involved 
four  phases.    Students  were  asked  to  "think  aloud"  as  they  solved  eight 
problems  at  the  outset  of  this  exploratory  study  of  mathesati<;ai  pro- 
cesses.   Then  came  a  "readiness  for  instruction"  ph^ise  that/r  accustomed 
the  subjects  to  heuristic  instruction.    Following  the  administration  of 
another  pretes%  students  were,  taug^  three  units  of  geometric  content 
through  heuristic  instruction.    Interspersed  throughout  this  instnic- 
tional  period  were  mid-imit  and  end-of-unit  tests.    The  final  phase 
involved  a  prerequisite  knowledge  test  and  a  geometry  and  verbal  prob- 
lems test  on  which  the  students  were  again  asked  to  think  aloud. 

The  written  and  the  tape-recorded,  thinking-aloud  protocols  were 
subjected  to  a  protocol  analysis  and  each  problem  was  given  a  process- 
product  score.    The  process-sequence  was  again  based  on  a  modification 
of  the  coding  scheme  of  Kilpa trick.    Process-product  scores  were  given 
for  each  of  44. problems  solved  by  each  of  the  eight  subjects.  Each 
individual's  median  score  on  the  44  problems  was  computed  aud  was  used 
as  a  basis  for  judging  the  relationship  among  ^roblea-solviag  processes 
as  problem-solving  ability  developed  (over  time). 

« 

Ten  questions  were  posed  to  guide  the-  analysis.    Six  of  these  ques-^ 
tions  are  directly  related  to  heuristic  processes  and  will  be  discussed 
in  t±ie  following  paragraphs.    In  answer  to  the  question  "Is  $here  a 
relationship  between  the  tendency  to  use  heuristics  and  success  in 
problem  solving?",  Kantowski  found  that  heuristic  processes  were  evident 
in  59  ..to  95  percent  of  the  solutions  whi«ih  had  scores  above  the  indi- 
vidual's median  score,  while  52  percent  or  fewer  of  the  problem  solutions 
with  scores  below  the  individual's  median  contained  evidence  of  the  use 
of  heuristic  processes  (pp.  52-67). 

Taking  process-product  scores  above  the  individual *s  median  as  evldenc 
of  "success  in  problem  solving,"  Kantowski  concluded  t^jat  "the  tendency 
to  use  heuristics  increases  as  problem-solving  ability  develops." 


(c) 
(d) 
<e) 


applying  the  result  of  a  related  problem, 
reasoning  by  analysis,  and 
organizing  data. 
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Support  for  this  conclusion  was  that  on  the  pretest,  there  was  from  14 
to  72  percent  use  ot  heuristic  processes  (with  the  median  subject  having 
a  percentage  of  '36) ,  while  on  the  posttest  there  was  from  14  to  100  per- 
cent use  of  heuristic  processes  (with  a  median  percentage  of  72), 
Additional  support  was  obtained  from  the  unit  tests.    On  Teat  Block  I 
there  was  from  17  to  50  percent  use  of  heuristic  processes  (with  a  median 
percentage  of  25) t  on  Test  Block  II  there  was  from  32  to  84  percent  use 
(with  a  median  fercentage  of  47),  and  on  Test  Block  III  there  was  from 
31  to  100  percent  use  (with  a  median  percentage  of  77)  (pp.  68-69). 
,1 

Kantowski  found  strong  evidence  to  indicate  that  successful  prob- 
lem solvers  exhibit  more  regular  patterns  of  analyiiis  ("decompose" 
heuristic  process)  and  sjmthesis  ("recombine"  heuristic  process)  in 
their  ptocess  sequences.    From  77  to  100  percent  of  the  subjects*  solu- 
tions (with  a  median  percentage  of  95)  did  exhibit  such  patterns,  con- 
sidering only  solutions  for  which  scores  were  above  the  subject's  median 
process-product  score.    From  IB  to  41  percent  of  the  solutioxis  with 
scores  below  the  subject's  median  exhibited  such  patterns  (with  a  median 
percentage  of  23).    Furthermore,  the  interrelationship  between  aualy tic- 
synthetic  patterns  and  heuristic  processes  was  quite  evident  in  problem 
solutions,    Kantowski  concluded  that  goal-oriented  processes,  those 
processes  specifically  related  to  the  conclusion  of  the  problem,  tended 
to  occur  in  solutions  that  are  more  efficient,  and  they  tended  to  precede 
ifflmediately  regular,  pat ^ms  of  analysis  and  S3mthesi8  (p.  106).    In  fact, 
frcHB  50  to  92  percent  of  solutions  with  scores  above  the  subject's  median 
contained  the  use  of  analytic-synthetic  processes  and  other  heuristic 
processes  in  combination.    At  most,  33  percent  of  the  less-successful 
attempts  at  problem  solution  contained  these  processes  in  combination 
(p.  71). 

With  respect  to  "looking  back"  heuristic  behaviors,  protocols 
provided  very  little  evidence  of  the  iise  of  these  behaviors.  Further, 
an  increase  in  the  use  of  these  processes  was  not  evidenced  as 
problem-solving  ability  developed. 

Finally,  there  was  evidence  of  the  use  of  related  problems  in  prob- 
lem solutions.    The  evidence  relating  previously  solved  problems  and 
success  in  problem  solving  was  gathered  on  problems  that  occurred  in 
more  than  one  of  the  test  batteries.    Subjects  :were  observed  to  recall 
and  use  both  the  results  of  related  problems  ai^  the  methods  of  related 
problems.  - 

In  summary,  Kantowski 's  teaching  experiment  suggests  that  subjects 
given  heuristic  instruction  were  observed  to  increase  their  use  of 
heuristic  processes  as  problem-solving  ability  developed  and  that 
success  in  solving  V^o^^^^s        directly  related  to  their  use  of  these 
heuristic  processes.    Mo^t  pronounced  in  the  protocols  were  regular  . 
patterns  of  analysis  and  synthesis  and  goal-oriented  processes., 
"Insight"  in  the  form  of  either  a  general  or -a  taskrspec:  if  ic  heuristic  _ 
process  related  to  the  goal  tended  to  initiate  the  regular  patterns  of 
analysis  and  synthesis.    Little  use  of  such  processes  as  "looking  back" 
was  observed. 
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'The  investigation  of  processes  used  in  solving  loathematical  prob- 
leais  is  a  prominent  area  of  research  in  the  Soviet  Union,    One  of  the 
most  thought-provoking  and  penetrating  series  of  assalyses  centers 
around  the  work  of  Krutetskii  and  his  colleagues  (1976).    This  inves- 
tigation, of  xaore  tlum  twelve  years  duration,  was  based  on  some  26 
series  of  problems,  containing  from  one  to.  eight  tests  per  series 
and  from  one  to  sixteen  problems  per  test.    The  layout  of  the  problem^ 
Solving  task  instruments  is  given  in  Table  5.4. 

The  table   doaonstrates  the  breadth  and  depth  of  problem  types, 
classified  by  Krutetskii* s  view  of  mathematical  abilities.    Any  prob- 
lem of  a  set,  according  to  the  design  of  the  sets,  was  apt  to  evoke 
the  "ability"  from  subjects  with  the  ability  to  which  the  set  related. 
For  eacample,  "flexibility  of  thinking"  is  a  general  label  for  an 
ability  hypothesized  by  Krutetskii.    Four  sets  of  problems:  Series 
XIII  (Problems  with  Several  Solutions),  Series  XI7  (Problems  with 
Changing  Content),  Series  XV  (Problems  on  Reconstructing  an  Operation), 
and  Series  XVI  (Problems  Suggestixig    Self-restriction)    were  used  by 
Krutetskii  to  assess  the  existence  and  the  quality  of  development  of 
the  ability  "flexibility  of  thinking." 

Examples  of  "problems  with  several  solutions"  are  given 
below: 

5.3  In  how  many  way  a  aan  ?8  rubles  he  paid  if  the  money 
ia  in  d'tntble  and  S'xntble  notes? 

5.4  Four  liters  of  water  at  room  temperature  '(2S°C)  were 
added  to  3  liters  of  water  at  a  temperature  of  36° C, 
What  temperature  was  established  in  the  vessel?    (p.  136 X 


Examples  of  "problems  with  changing  content"  are  the  following: 


5,S   A  horse  moved  at  a  speed  of  12  kn  per  hour  for  half 
the  time  spent  on  a  journey j  and  4  hn  per  hour  for 
the  rest  of  the  time.    Find  the  horse's  average  speed. 

S.S  -(2nd  variant:    "travelled  half  a  journey  at  a  speed 
of  12  hn  per  hour^  and  at  4  hn  per  hour  for  the  rest 
of  the  journey")  (p.  138)  . 

These  problems  represent  taskfi  designed  to  evoke  activity  from 
which  Krutetskii  inferred  the  existence  of  flexibility  of  thought  in 
subjects  who  were  "successful"  in  solving  them.    Additionally,  a  certain 
sense  of  varying  "quality"  of  flexibility  of  thought  was  "evident"  in 
the  responses  of  "capable'*  as  compared  with  "average"  or  "incapable" 
subjects,      Krutetskii  gathered  thinking-aloud  protocols  and  provided 


Zl2 


-198- 


Table  S.4  Kzmtetskii'e  System  of  Exper^entckl  B*oblm8  for  Investigating 

SdhoolohitSpen' s  Mathematiaal  Abilities* 


Category 


Group 


Series 


Information 
gathering 


Perception 
(interpretation 
o£  a  problem) 


Information 
processing 


Generalization 


Flexibility  of 
thinking 


I.  Probleas  vith  an  unstated 
question 
II,  ProbletBS  »ith  incomplete 

information 
III.  Problems  with  surplus  infor- 
mation 

IV.  Problems  with  interpenetrat- 
ing elements 

v..  Systems  of  problems  of  a 
single  type 
VI.  Systems  of  problems  of 
different  types 
'  VII.  Syst&ns  of  problems  vith 

gradual  transformation  from 
concrete  to  abstract 
VIII.  Composition  of  problems  of 
&  given  cype  * 
IX.  Problems  on  proof 
X.  Composition  of  equations 
using  the  terms  of  a  problem 
XI.  Unrealistic  problems 
XII.  Formation  of  artificial  con- 
cepts ' 

XIII .  Problems  with  several  solutions 
XIV.  Problems  with  changing  content 
XV.  Problms  on  reconstructing  an 

operation 
XVI.  Problems  suggesting  "self- 
restriction" 


Reversibility  of 
mental  processes 

Understanding; 
reasoning;  logic 


Information 
retention 

Typology 


Math^aatical 
memory 

Types  of  mathe- 
matical ability 


ERIC 


£t3 


XVII.  Direct  and  reverse  problems 

XVIII.  Heuristic  tasks 

XIX.  Problems  on  comprehension 
and  logical  reasoning 
XX.  Series  probl^&s 
XXI.  Mathematical  sophisms 

XXII.  Problems  with  terms  that  are 
hard  to  rasember 

XXIII.  Problems  with  varying  degrees 
of  visuality  in  their  solution 
XXIV.  Problems  with  verbal  and 

visual  formulations 
XXV.  Problons  related  to  spatial 
concepts 

XXVI.  Problems  that  expose  correla- 
tions between  visual-pictorial 
and  verbal-logical  componiints  of 
cofwmthematical  Intellectual  activity^ 


*Krf.il-ei;skii^l976.  po.  100-104),  «»  abridged  by  Goldin  (ig??^ 
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excerpts  of  these  to  illustrate  the  comparison  of  the  existence  and 
quality  of  this  ability  in  various  subjects.  ^ 

The  examples  given  here,  as  well  as  others  in  these  series,  are 
convincing  evidence,  upon  at. least  minimal  scrutiny,  that  the  careful 
"engineering"  of  tasks  is  fruitful  for  evoking  the  desired  behaviors. 
It  is  very  plausible  that  a  subject  who  can  perform  "many"  of  the 
following  activities  is  more  flexible  in  thought  than  one  who  can  do 
"few"  of  them.  > 

Refer  to  Problem  S»3: 

*       (a)    Note  that  78  rubles  is  the  same  as  (75  +  3)  rubles 
or  15  five-ruble  not^s^and  1  three~ruble  note. 

(b)  Note  that  5  three-ruble  notes  are  equal  i&  value 
to  3  five-ruble  notes;  that  10  three-ruble  notes 
equal  6  five-ruble  notes,  etc. 

p 

Refer  to  Problaa  5,4: 

(c)  The  weighted  average  of  4_  x  15**  and  2  »  3^*  is  . 
•■•  .... 

(d)  The  temperature  will  be  3/7  cf  the  "distance"  from 
15*  to  36". 

(e)  36*  ■ 


V  4 


15* 


(see  Krutetskii,  1976,  p.  279) 


Refer  to  Problems  5.5  and  5,6: 


(f)  The  average  speed  in  the  problem  is  the  average 
of  the  speeds ,  and  by  contrast  in  the  second 
variant  the  average  speed  is  the  total  distance 
divided  by  the  total  time, 

(g)  The  average  speed  in  the  second  variant  is  inde- 
paident  of  the  length  of  the  journey;  whereas  the  '  ■> 
average  speed  in  the  original  problem  is  independent 
of  the  time. 


ERIC 
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A  most  fundamental  aasimption  underlying  this  enonaously  involved 
and  fruitful  cooiplex  of  investigations  is_  that  problem  tasks  can  be  so 
comjxjsed  that  they  extract  from  the  experimental  subjects  the  varied 
mental-psychological  operations  that  characterize  their  mathematical 
abilities.    Throughout  these  studies,  certain  series  of  tasks  were 
administered  to  subjects  classified  as  capable,  average,  and  incapable 
so  as  to  analyze  the  thought  and  problem-solving  processes  and  how 
they  relate  to  mathematical  abilities.    As  another  example,  four  or 
five  oi  the  tasks  were  designed  to  extract  from  subjects  their  ability 
to  reverse  their  mental  process.    The  ftmdamental  assumption  under lyixig 
these  problem  tasks  was  that  subjects  who  could  reverse  their  mental 
processes  would  be  led  to  do  so  by  these  tasks  and  %rould  be  successfikl 
in  solving  the  problems  of  these  series.    On  the  other  hand,  subjects 
who  could  not  switch  from  one  mental  operation  to  its  reverse  would  be 
less' able  (or  relatively  less  successful)  in  solving  these  problems  due 
to  the  underdevelopment  of  the  ability  (not  due  to  the  lack  of  an 
appropriate  type  and  intensity  o"?^  stimulation  from  the  task  presenta- 
tion or  of  -inadequate  content  Imowledge). 

The  basic  connection  of  heuristic  reasoning  to  the  complex  of 
investigations  carried  out  under  the  direction  of  Krutetskii  is  that 
"heuristics — the  study  of  the  ways  and  means  of  problem  solving,  par- 
ticularly the  mental  operations  involved  in  it"  (Polya,  1957) — focuses 
nipon  the  mental  operatiotrs  or  mental  activity.    Similarly,  Krutetskii  - 
states  that  his  work  was  intended  ".  .  .  to  reflect  the  basic  specific 
character  of  mathematics  withiii  the  framework  of  the  demands  it  makes 
on  a  person's  mental  activity."    Krutetskii  is,  of  course,  interested 
in  the  cognitive  and  psychological  aspects— the  mental  operations — 
required  to  characterize  a  "capable"  mathematics  student's  thinking. 

Although  heuristic  processes  and  mathematical  abilities  share  the 
common  characteristic  of  being  based  in.  mental  activity,,  thought  and 
operations  of .the  mind  related  to  and  inferrable  from  these  mathemati- 
cal activities^'differ  in  rather  significant  ways.    Heuristic  processes 
are  volitionally  related  processes.    As  Polya  indicated,  his  desire  is 
that  "...  the  stud  Kit  may  absorb  a  few  of  the  questions  ...  so  well 
that  he  is  finally  able  to  put  to  himself  the  right  question  at  the 
right  time  and  perform  the  corresponding  mental  operation.  .  ."  (1957, 
p.  4);  thus,  he  implies  the  deliberate,  volitional  nature  of  question- 
based  heuristic  processes.    In  contrast,  mathematical  abilities  are 
more  a  product,  a  synthesis  of  mental  processes.    Krutetskii  infers  the 
definition  of  mathematical  abil^.ties  from  his  definition  of  ability  to 
learn  mathematics.    [He  is,  in  context,  making  reference  to  abilities 
in  school  mathematics.]    Tha  individual  psychological  traits  undergird- 
ing  the  creative  mastery  of  mathematics,  including  the  rapidity, 
fluency,  and  thoroughness  of  mastery  of  mathematical  knowledge^  skills 
and.  habits,  are  indicative  of  mathematical  abilities    in  Krutetskii  *s 
view  (1976,  pp.  74-75).    He  further  emphasizes  that  abilities  derive 
from  a  synthesis  or  a  combination  of  mental  processes  such  as  percep- 
tion, memory,  attention,  imagination  and  thought,  to  mention  a  few 
(p.  75')» 
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Thus,  heuristic  processes  are  oental  o|mratioast  «eciv;|tties  and 
the  like,  voUtzonally  controllable  or  initiatatla,  that  direct, 
organize,  plan^  and  conduct  the  problem-solving  process.  Mathematical 
abilities  refer  to  the  relatively  taore  involuntary,  more  synthetic  co«- 
binationof  mental  processes  that  assume  a  degree  of  success'  in  all 
doxsains  for  which  the  particular  ability  or  abilities  ara  "suitable." 
Referring  to  the  examples  of  "flexibility  of  thought"  mentioned  ^rlier, 
the  evidence  Krutetskii  presents  of  capable  students*  activity  in  these 
examples  is  wrthy  of  note.    Their  solutions  d&aonstrated  "mental 
freedom"  to  "look  at"  a  problem  one  way,  and  solve  it,  then  to  "look 
at"  It  another  way  and  produce  a  very  different  solution   In  terms  of 
representation  and  process;  to  "know"  how  many  solutions  to  expect  in 
"multiple  solutions"  problems  and  rapidly  tQ  find  all  of  them;  to 
attack  similar  but  contrasting  variants  of  the  same  problem  and  to 
"cut  through"  the  less  relevant  features  and  isai^iately  abstract  the 
contrasting  features  of  problem  structure,  ixi  a  sense  avoiding  mental 
fixedness;  doid  to  avoid  remaining  "fixed"  on  cei|taln  possibilities  to 
the  exclusion  of  others. 

I  « 

I 

Techniques  for  Coding  and  Scoring  Px^bl&rt^Solvif^  Proeeasea 

« 

■  Thinking  Aloud,  Retrospection,  and  Introapeotion 

»  ■  .        ••  » 

The  definition  of  heuristic  processes,  be  it  related  to  Polya's 
idea  of  the  mental  operations  typically  useful  in  discovery  and  inven- 
tion in  problem  solution  or  to  the  IPS      Ideas  related  to  the  tech- 
niques for  selecting  and  ordering  the  search" for  solution,  implies  that 
the  collection. of  da^a  on  which  to  base  observation  must  be  objective 
a^  undlstorted. and  "must  be  "externalized"  and  sequenced  among  the 
total  set -of  prolJl em-solving  behaviors.    In  order  to  "see"  the  influ- 
ence of  the  problen  task   on  the  heuristic  processes  employed  in  its 
solution,  a  complete  record  of  problem-solving  effort  on  the  task  must 
be  captured. 

In  this  country,  Kilpatrick  (1967)  initiated  the  use  of  thinking 
aloud  as  the  presently  most  appropriate  'Sway  for  getting  subjects  to 
generate  observable  sequences  of  behavior"  (p.  4)  in  the  realm  of  pro- 
cesses used  in  mathematical  problem  solving.    Drawing  from  available 
methods  for  collecting  data  related  to  "thought"  and  using  Polya's 
problem-solving  model,  Kilpatrick  saw  the  necessity  for  collecting' 
as  complete  and  undlstorted  a  "motion  picture"  of  the  entire  solution 
process  as  is  possible  in  order  to  be  able  to  analyze  the  temporal, 
behavioral  manifestations  of  the  msttal  operations  involved  in  the 
problem-solving  process. 

Psychology  has  used  four  basic  methods  of  gat  bar  lag  data-on- com- 
plex tasks.    Retrospection,  introspection,  material/mechanical  "choice" 
devices,  and  thinking  aloud  have  all  been  used  during  this  century  to 
"get  close  to"  thinking. 


2ie 


202 


Retrospection  is  a  s«lf -reporting  technique  in  which  the  subject 
who  is  asked  to  perform  a  task  is  also  asked  reflectively  (after  the 
fact)  to  describe  his  or  her  thinking  as  the  task  is  performed.  In 
problem  solving  the  search  for  solution  often  involves  false  starts, 
following  .paths  that  lead  to  blind  alleys,  end  exploration  of  widely 
differing  alternatives.    Hadamard  (1945)  and  Poincare  (1908)  both 
suggest  that  sudden  inspiration  and  flashes  of  insight  often  precipi- 
tate a  solution.    The  -time  sequencing,  for  example,  of  the  occurrence 
of  exploration  of  particular  alternatives,  the  discovery  of  a  blind 
alley,  and  flashes  of  insight,  though  particularly  crucial  for  under- 
standing the  solution  process,  are  subject  to  Siting,  reordering,  and 
distortion  from  incon^lete  memory  when  retrospection  is  the  source  of  , 
data  collection. 

Introspection  is  .also  a  self -reporting  technique  which  is  depen- 
dent upon  the  subject  who  is  solving  a  probl^n  svmttcateoualy  to  solve 
the  problem  and  report  the  internal  (including  mental)  and  external 
forces  in  operation  along  the  entire  solution  path.    Used  by  Binet 
(1903)  in  the  early  part  of  the  twentieth  century,  introspection  was 
successful  in  getting  "thought"  externalized,  but  it  required  much 
time  both  in  preparing  a  subject  to  introspect  and  in  collecting  the 
data  after  the  training  and  practice  in  the  technique  of  introspect- 
ing had  been  completed.    Consider  the  time  consumption  involved  in 
tape-recording  the  Solution  of  a  complex  problem.    The  relative  amount 
of  time  involved  in  introspectively  solving  a  problem  can  now  be  esti-  " 
mated  by  adding  to  the  time  of  solving  the  problem  the  time  one  would 
take  to  explain,  carefully  all  aspects  of  the  solution  process  (much 
like  recording  yourself  solving  the  problem  and  then  "teaching"  another 
person  to  solve  the  problem).    Two  basic  difficulties,  with  the  method 
of  introspection  as  a  tool  for  data  collection  are  recognized  and 
regarded  as  insurmountable  difficulties.    These  are  the  disruption 
of  thought  by  introspecting,  along  with  the  implied  loss  of  temporal 
sequencing  and  the  lack  of  observational  reliability.    The  observa- 
tional reliability  difficulty  (see  Johnson,  1955) " is  basically  that 
different  interpreters  (analyzers)  of  the  introspectively  collected 
data  infer  very  different  "qualities  of  thought"  from  the  same  data. 
The  difficulty  is,  at  least  partially,  a  problem  of  attaching  various 
levels  of  confidence  to  the  introspective  accounts  and  of  inferring 
sequencing  of  processes  and  relationships  among  processes  that  are 
"clouded"  by  interruption  caused  by  taking  time  out  to  introspect. 

The  use  of  material  devices,  such  as  the  well-known  "envelope 
test"  of  Lazerte  (1933)  and  mechanical  devices  such  as  branched-program 
machines  (the  autotutor  and  the  Problem-Solving  Information  Apparatus), 
is  a  third  mettod  for  cpllecting  data  on  processes  involv«i  in  solving 
problems.    These  devices,  though  somewhat  effective  as  tools  to  assess 
certain  decision-making  skills,  have  severe  limitations  as  data- 
collecting  methods  for  complex  problem  solving.    The  most  obvious  and 
most  serious  drawback  is  that  the  devices  are  "pre-programmed"  with  the 
options  and  as  a  result  may  lead  the  subject  through  a  solution  path 
rather  than  allow  the  subject  to  discover  and/or  devise  a  solution. 
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Thinking  aloud  is  a  method  too  it  conaaonly  agreed  upon  (Taylor , 
1966;  Kantowski,  1974)  as  the  most  valid  means  available  today 
for  collecting  data  on  problem-solving  processes.    As  Kilpatrick 
states,  "There  is  one  method  of  getting  subject^  to  produce  sequen- 
tially-linked, observable  behavior  that  requires  neither  skill  in 
self-observation  nor  the  manipulation  of  mechanical  devices:    have  the 
subject  think  aloud  as  he  works"  (1967,  p.  6).    As  Taylor  pointed  out, 
'*The  use  of  'thinking  aloud*  has  repeatedly  proved  fruitful  in  the 
analysis  of  process"  (1966,  p.' 123).    What  mal:e8  it  fruitful  is  that 
it  eliminates  or  at  least  minimizes  the  shortcomings  of  retrospection,  . 
Introspection, and  material/mechanical  devices.    There  is  not  the  edit- 
ing and  distortion  from  incomplete  memory  as  is  potentially  present  in 
retrospection,  since  thinking  aloud  reports  activity  and  thought  in  the 
time  sequence  of  their  occurrence.    There  is  not  the  disruption  of 
chought  to  introspect  nor  tljie  loss  of  toaporal  sequencing  of  thought 
axid  activity  associated  with  introspection,  since  thinking  aloud  does 
not  require  the  subject  to  stop  and  interpret  ti»ught  and  activity; 
lather,  it  is  reported  as  it  occurs.    Again,  there  is  not  the  external 
imposition  of  a  "structure"  on  the  course  of  solution— a  "pre- 
programming" of  an  exteimally  imposed  a^t  of  options  as  with  the 
"envelope  test"  or  the  autotutor;  rather,  the  solver  is  free  to  create 
and  try  whatever  options,  processes,  actions,  and  activities  he  or  she 
chooses  in  the  attempt  to.devise  a  solution  strategy.    A^itlonally,  .  , 
the  data  arising  from  thinking  aloud  permit    a  full  range  of  observa- 
tions, including  all  verbalized  and  written  attempts  at  solution  as 
well  as  whatever  notes  an  observer  may  wish  to  tffke  as  the  subject  is 
being  observed. 

Two  categories  of  thinking  aloud  methods  appear  to  be  emerging  in 
mathematical  problem-solving  process  research.    These  relate  to  whether 
the  subject  is  being  observed  by  an  investigator  or  is  privately  record- 
ing problem-solving  episodes.    The  strength  of  each  of  these  -thinking- 
aloud  methods  may  well  be  the  weakness  of  the  other.    The  pres^ce  of 
an  observer  allows  "prodding"  the  student  to  talk  in  those  moments  when 
he  ot  she  may  fall  silent;  also,  the  observer  may  make "notes  to  provide 
a  more  complete  "picture"  of  the  problem-solving  process  (for  example, 
noting  what  was  written;  in  what  order,  related  to  what  verbalization). 
An  inherent  difficulty  with  the  presence  of  an  obsetver  is  that  the 
subject  may  be  inhibited  by  the  presence  or  verbal  statements  of  the 
observer.    Similarly,  having  someone  physically  present  may  cause  a  ♦ 
subject  consciously  to  change  hig  or  her  activity  iLad  verbal ization.,,.^^^^ 
On  the  other  hand,  the  more  private  recording  of  problem-solving  epi- 
sodes may  lead  to  the  opposite  difficulty.    Without  the  reminder  and 
conscious  awareness  that  objective  data  requires  complete  verbalization 
and  complete  outpouring  of  attempts,  a  subject  may  lapse  into  silence, 
provide  only  sketchy  written  supplements,  or  may  even  erase  portions 
of  the  solution  attempts. 
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Recent    research  i^lated  to   die  processes  involved  in 
mathematical  problem  solving  has    necessitated  the  development  n£ 
coding  schemes  and  scorixlg  procedures  for  these  recesses.    In  1967 
Kilpatrick  developed  a  coding  System  that  subsequently  was  used,  in 
modified  form,  in  several  process-oriented  research  efforts.  The 
evolution  of  the  Kilpatrick  (1967)  process  sequence  coding  scheme 
will  be  described  together  with  the  modifications  by  Lucas  (1972) 
and  Kantowski  (1974),  as  well  as  a  somewhat  different  approach  by 
Blake  (1976).    Following  this  discussion,  efforts  to  date  to  produce 
a  scoring  system  that  includes  process  as  welj.-«s" products  in  tl» 
evaluation  will  be  presented. 

The  preliminary  approach  taken  by  Kilpatrick  toward  producing  a 
vorkable  process  coding  system  involve  the  creation  of 'a  checklist  of 
36  questions  taken  from  Polya*s  "How  to  Solve  It"  list  (see  Chapter  I). 
Attempts  to  use  this  checklist  led  to  the  conclusion  that  large  numbers 
of  these  heuristic  processes  were  not  used  by  the  pilot-study  subjects 
and  the  processes  could  not  be  reliably  coded,    Kilpatrick  then  reduced 
the  list  io  a  set  of  "behaviors"  (see  Table  5.5).     Those  contained  in 
the  reduced  list  were  processes  that  could  be  cod«i  reliably,  were  used 
by  the  subjects,  and  were  central  to  the  purpose  of  the  research. 

This  checklist  allowed  a  counting  of  the  number  of  heuristic  pro- 
cesses used  by  a  given  subject  as  well  as  a  comparison  across  problems. 
Yet  the  amount  of  process-related  information  "lost"  in  its  application 
led  Kilpatrick  to  construct  other  systems  that  incorporated  the  sequenc- 
ing of  behaviors.    A  preliminary  system  for  process-sequence  coding 
that  included  21  "terms"  (problem  elements,  either  completely  specified 
or  unspecified),  67  "processes"  grouped  intd  10  categories  (e.g., 
recalling  information,  looking  ahead),  11  'hnodif iers,"  and  8  "punc- 
tuati  )ns"  was  found  to  be  unwieldy  due  to  its  "size"  and  the  require- 
ment of  "fine  distinctions"  of  processes  (for  a  complete  description, 
see  KUpatrick,  1967,  pp.  48-50,  140-148). 

Kilpatrick  then  evolved  the  coding  system  shown  1^  Table  5.6  , 
together  with  a  checklist  that  was  used  for  recording  a  wider  variety 
of  behaviors  than  those  sequence-coded,    A  more  complete  description 
of  the  use  of  the  coding  system  and  the  checklist  will  occur  as  other 
coding  systems  are  discussed;  however,  a  complete  description  of  the 
application  of  such  coding  systems  will  be  reserved  for  Chapter  VIII ,B. 

The  analytic  tools  for  exaalning  processes  involved  in  mathenatical 
probl^  solving  that  Kilpatrick  developed  were  modified  by  Lucas  and  by 
Kantowski  in  preparation  for  studies  of  problem  solving  in  the  content 
areas  of  calculus  and  geometry,  respectively.    Each  of  these  researchers 
maintained  (1)  the  ch^icklist  approach,  (2)  the  process-sequence  coding 
approach,  and  (3)  major  portions  of  the  process  codes  as  well.  They 
did,  towever,  modify  several  codes  and  introduced  others  so  as  to  cap- 
ture additional  processes  of  geometry  and  calculus  subjects,  while  at 
thd  same  time  making  finer  distinctions  in  such  processes  as  deduction, 
use  of  diagrams,  and  use  of  standard  processes  (equations  and  algorithms). 
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Table  5.5   KUpatpick*8  Modified  Checklist 


A.  Understanding  the  Problem 

1.    Identifies  unknown,  data, 
or  condition 

.Z»    Dravs  figure 

3«    Introduces  notation 

B.  Devising  a  Plan 

1.  Rephrases  problen 

2.  Considers  a  related  problem 
(special  cases  or  part  Qf 
problem) 


C.  Carrying  out  the  Plan 

1.  Uses  successive  approximation 

2.  Checks  steps  before  finding 
results 

D.  XAKjking  Back 

1.    Checks  that  result  is  reasonabltt 

2;    Checks  that  result  satisfies 
ccmdition 

3«    Retraces  steps  of  argument 

4 «    Derives  results  by  another  method 

(Kilpatrick,  1967,  p.  46) 


Table  5*6   Kilpatriak^s  Proaea 8 ^Sequence  Coding  System 

Process  Symbols 


Preparation 
Production 


Evaluation 

Number  Folloving 
Production  Processes 
Symbols 


R  m  Reading  and  trying  to  understand  problem 

D  «  Deduction 

E  ■  Setting  up  equation 

T  »  Trial  and  Erro^ 

C  «  Checking  Solution 

1  ^  Incomplete 

2  4  Impasse 

3  ^  Intermediate  Result 

4  "  Incorrect  Result 

5  -  Correct  Result 


Modifiers 

Bar  over  symbol  -  structural  error  in  process  (used  only  with 
symbols  for  production) 

Underlined  symbol  -  Difficulty  (hesitation,  repetition)  in  process 
Punctuation 

,    inserted  between  successive  processes 
I    work  stopped  without  solution 
,    work  stopped  with  solution 


(Kilpatrick,  1967,  pp.  154-155) 
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Ttble  5 « 7  .Lueas '  PeocessSequenae  Coding  ^^'^ 

Proceas  Sequence  Variables 
R      Reads  the  problem 
S       Separates /Suamarlzes  data 
Hf     Introduces  model  by  neans  of  a  diagram 
Mf*    Modifies  existing  diagram 

Mfj.    Introduces  diagram  with  coordinate  system  imposed 
DS     Deduction  by  synthesis 
DA     Deduction  by  analysis 

T       Trial  and  error;    successive  approximation 
An     Reasoning  by  analogy 

Me     Model  introduced  by  means  of  equatio^i,  expression,  or  other 
relationship  '        /  ' 

Alg    Algorithmic  process 

N     "Not  classifiable 

C   '    Checks  the  result  ,       -  ^ 

Va     Varies  the  problem  (by  analogy;  by  changing  condition^) 

Outcomes  of  DS,  DA.  T  Processes 

1  Abandons  process 

2  Impasse  •  . 

3  Incorrect  final  result 

4  Correct  final  result 

5  Intermediate  result  (correct  or  incorrect) 
Punctuation  Marks 

-  (dash)  hesitation  of  approximately  2  units  (30  seconds) 

(  )    scope  of  DS,  DA,  or  T  process 

,       inserted  between  successive  processes 

/       stops  without  solution 

stops  with  solution  (correct  or  incorrect) 

Errors 

^     over  process  symbol  "  structural  error 

in  process  tf^ 

^     over  process  symbol  -  executive  error  in  process 

*  *  (asterisk  over  error  symbol)  -  previous  error  of  type 

indicated  was  corrected 

(Lucas,  1972,  pp.  443-444) 
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S.S   &sntcJ9ki*s  Pvoo«M»-^equtna4  Coding  Syttm 


Procuaci 

R 

ftMdft  FroblM 

Sd 

Sttparatiii  or  msmmttmrn  daui  or  wriui  diagrw 

Sc 

SuaaarizM  cooditiotis 

&^hrMM  quutim 

Drsva  diafi^M 

»• 

A^U  ftifl|ill«ry  conscructloa 

Sc^gnta  plan  for  Html  to«i 

'l 

Sttgswts  pXra  for  int«rBodi«to  fMl 

SUtM  thOOrM  CO  MO 

ScatM  oporatlon  to  um 

ScatM  chooroa/oporacioo  unod 

N 

Sttggftato  oood^  datua 

Dodttcclon  (Aaalysio/tynthulo) 

Dd 

Doduccion  from  diAgraa 

0 

OoM  alcomato  eouapt  lapli^  by  data 

I 

Oaaa  iaduetioo 

Uaaa  raacba  trial  asui  arror 

Uaaa  aoeetaaiva  i^rosiMtioo  trial  aad  arror 

V 

IntnM^eaa  variabla 

B 

lotroducaa  a^ttatloa 

A 

Uaaa  algoritba 

C 

Cbacka  aolutlon 

Cm 

locrodttcaa  altamata  proc«iura 

Cm 

TrlM  to  sittoUfv  sroof 

SuUMta  Mv  problas 

X 

Haa  forgottao  or  ooaa  oot  Kaov  fiov  to  oo  proDi.aB 

1 

Abasdooa  procaaa 

2 

Ispassa 

3 

Corract  final  raaults 

4 

Corraot  IfttatMdlata  raault 

5 

loeorract  raauXe 

Pxmetustidn 

f 

Is&aartad  batwaao  tuceaaalvt  procaaaaa 

/ 

Stops  vlthottt  aolutioft 

• 

St^pi  vith  solution 

Error 

S true rural 

Eieaoutiva 

Orar  syabol     corr ae  cad 

(dndarllfia)  ---^  difficulty  vith  procasa 

(Kaneovcki,  1974,  pp.  141-142} 


Tabltt  5,9   3lak4i*9  Coding  Sy^tm 


RMdinii  probXta 
tequMt  definition  of  t«nii 

Eumll  ralAtad  pxchltm  < 
SftuU  probla  t7p« 
tecmll  r«l«tad  face 
OrAir  diaf  f n 
Modify  diagTM 
*  Idwcift  vATiAbla 

Sotting  up  oqaotiosw 
Algorithas— ^S*br&ie 
Alforitfamo— oritiMtic 
GttOMlas 
Saoo  thins 
Antlytia 
Tnplstioa 
Caoos~«11 
riioo  nn^rw 
Cuos-^yotiMtie 

CAOttS-*-CritiCAl 

C««s— so^ttoatiAl 

.  Ooductipn 
XnvoTM  doducticm 

XnVATiAtic^ 

Aoalojor 

CH»toiii  soltttioo 
ChtrVInt  part 
Oioeking  tolatioa 
\sf  ^ot«  is  option 
by  rotraciag  otopo 
by  touonablo/rMliotic 
ttttcedoblo 
Gooeorn-^HMtbod 
£sp.  eooe«rti<*^«I|oritb« 
Eacp,  coneon-''-«qaotim 
bp«  concow"  wlutioa 

Work  otoppod— ioXutloii 
Work  »topp«d— no  tolutio© 


CBUko,  p*  142} 
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These  uote  complex  process-sequence  coding  sches»a  were  built 
upon  Kllpatrick's  firm  basis.    These  schemes,  presented  in  Table  5.7 
and  Table  5.8,  generalized  the  codable  behaviors  used  by  supposedly 
more  sophisticated  problem  solvers  than  the  pre-algebra  subjects  ifhose 
behavioxB  Kilpatrick  analyzed^  and  were  found  by  the  researchers  to  be 
reliably  usable  and  representative  of  ^ir  subjects  I  probl^-solving 
behaviors.'  It  should  be  noted,  by  point  of  contrast,  that  the 
Kilpatrick  scheme  focused  on  produation  ppoceaaeSf  implying  that  each 
process  ended  with  a  product — correct  or  incorrect;  intermediate 
or  final;  complete,  incomplete,  or  uncomple table.    By  comparison, , 
"reasons  by  analogy"  and  "varies  the  processes"  (see  Lucas)  required 
more  inference  by  the  coder. 

Further  contrasts  among  the  Kantowski,  Lucas,  and  Kilpatrick  cod- 
ing schemes  include: 

(1)  the  addition  of  preparation  processes  such  as  (a) 
separating  and  summarizing  data  and  (b)  drawing  and 
modifying  diagrams; 

(2)  modifying  "deduction"  to  istdude  analytic  and  synthetic 
deduction  as  well  as  (for  Kantowski)  deduction  from 
diagrams; 

(3)  use  of  equations  I  "algorithms,  and  random   as  well  as 
more  syst&oatic  trial— and-error  forms; 

(4)  more  categories  of  recall  (states  theorems,  operations, 
and  so  on  by  Kantowski); 

(5)  iwjre  looking-back  categories  (alternate  procedures,  simpli- 
fies proof,  by  Kantowski);  and 

(6)  reasoning  by  analogy  and  varies  the  process  (by  Lucas). 

\  ■ 

In  addition  to  these  changes  in  the  process  sequ^ce  coding  system 
the  checklists  were  correspondingly  modified.    These  checklists  were 
also  reorganized  to;    (1)  parallel  more  completely  Polya's  four-stage 
model  and  (2)  separate  out  (physically)  productiva  processes  from  more 
error-oriented  processes. 

Blake  (1976)  developed  a  coding  system  (see  Table  5.9)  that  resem- 
bles, somewhat,  the  Flanders  Interactional  Analysis  System  in  that 
behavioral  categories  are  matrixed  against  a  rectangular  tlme-scquenced 
checking  array.    It  differs  from  the  other  three  coding  schemes  in  that 
"<*ore"  (mathematical  content  knowledge),  heuristic  procesii6s,  and  other 
processes  such  as  checking  work  and  expressing  concern  are  made  more 
distinct  and  are  located  together  as  clusters  on  the  coding  matrix. 
Further,  the  Blake  scheme  assumes  a  hierarchical  relationship  among 
heuristic  processes  with  "smoothing"  and  analysis  as  least  sophisti- 
cated and  invar iat ion  and  analogy  as  most  sophisticated. 
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In  terms  of  usage,  the  process  sequ«ice  coding  systems  of  Kil-  . 
Patrick,  Lucas,  and  Kantovski  are  a  o»ans  of  producing  a  string  of 
syiaboXs,  with  Appropriate  punctuation  and  laodif ication,  to  indicate 
the  major  tlme-sequenced  mental  and  concrete  (written  or  spoken) 
actions  of  the  problem  solver,    Sy  comparison,  the  Blake  system 
Involves  placing  checks  in  the  ro^f^olumn  blocks  corresponding  to  the 
listed  behaviors  (rov)  and  the  order  of  occurrence  of  the  behaviors 
(column) • 

Chapter  VIII, B  contains  the  complete  description  of  a  process* 
sequence  coding  syst^  together  with  a  definition  of  all  terms, 
sample  cod&l  protocols,  asui  applications  of  the  system.    Tiuis  the 
general  and  abbreviated  discussion  above  will  be  made  su>re 
specific  and  concrete  in  that  chapter. 

Process-product  scoring  systems  have  been  devised  for  the  eval- 
uation of  problem-solving  effectiveness.    Lucas  (1972)  based  a 
five-point  per 'problem  score  on  chree  factors.    In  this  system,  one 
point  was  possible  for  "approach,"  two  points  were  i«>sslble  for 
"plan,"  and  two  points  were  possible  for  "result."    To  qualify  for 
the  one  point  for  "approach,"  a  subject  necessarily  displayed  an 
"understanding"  of  the  problem;  no  misinterpretation  of  data,  condi- 
tion,   or  goal, and  no  structural  errors  due  to  misinterpretation, 
constituted  additional  criteria  for  the  "approach"  point.    The  tvo 
points  for  "plan"  required  the  derivation  of  relationships  or  approx- 
imations sufficient  to  focus  upon  the  correct  result,  provided  no 
executive  errors  were  committed.    (One  point  of  credit  wds  possible 
for  "plan"  whenever  all  but  one  relationship  necessary  for  solution 
were  Included.)    "Result"  points  were  judged  on  th6  basis  of  execu- 
tion of  plan.    Whenever  the  processes  for  solution  were  free  of 
executive  error  or  whenever  any  errors  were  detected  and  corrected, 
two  points  were  awarded  for  the  "result"  score.    One  point  was  awarded 
for  "resxjlt"  In  such  cases  as  correct  numerical  solution  but  possibly 
, incorrect  units,  close  but  Inexact  approximations,  and  the  like  (pp. 
178-180) . 

Webb  (1975)  also  assigned  a  process-product  score  to  the  solution 
attospts  of  his  subjects.    Again,  the  approach,  pl£tn,  and  result  cate- 
gories were  the  basis  of  his  five-point  scoring  system.  "Approach" 
was  defined  in  a  manner  similar  to  that  of  Lucas.    For  the  "plan" 
points,  Webb  allowed  two  points  for  plans  sufficiently  complete  to 
lead  to  correct  solutions  in  the  absence  of  executive  error;  one  point 
for  plans  that  might  have  worked,  but  were  insufficiently  carried  out 
to  be  sure;  and  no  jKslnts  otherwise.    For  the  tvo  points  possible  under 
the  "result"  category,  Webb  assigned  two  points  for  correct  answers,, 
one  point  in  cases  where  cuiltlple  answers  were  possible  and  the  sub- 
ject correctly  produced  some  but  not  all  of  the  multiple  answers,  and 
no  points  otherwise.    Thus,  for  each  problem  attempted  by  each  subject 
in  these  two  studies,  the  solution  attCTjpt  was  given  a  score  from  zero 
to  five  (pp.  157-158). 
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Kantowskl  (1974)  devised  a  process-product  scoring  system  that 
included  one  point  of  credit  for  each  of:    (1)  devising  a  plan,  (2) 
absence  of  structural  error  and  of  superfluous  syntheses,  (3)  persis- 
tence, (4)  "looking  back"  strategies,  and  (5)  seeking  alternate 
solutions.    Additionally,  one  or  two  points  were  awarded  for  produces, 
depending  on  whether  computation  was  or  was  not  necessary  for  solution. 
The  scores  Kantowski  assigned  were  decimal  values  of  sixths  or  sevenths, 
depmding  upon  the  necessity  or  lack  of  necessity  of  conputation  (p. 
144). 

'  Amlyais  of  UeurisHo  Processes 

Figure  1.1  in  Chapter  X  Indicated  heuristic  processes  are  related 
to  each  stage  of  Polya*s  problem-solving  model.    It  further  indicated 
that  heuristic  processes  relate  to  each  type  of  task  variable.  How- 
ever, heuristic  processes  are  most  vital  in  the  "devising  a  plan"  and 
the  "looking  back"  stages  of  Polya's  model.    Content  and  context 
variables,  and,  to  an  extent,  syntax  variables,  are  more  relevant  to 
"understanding  the  problem;"  structure  variables  are  more  essential  to 
"carrying  out  the  plan."       The  close  relationship  between  prob- 
lem structure  and  heuristic  behaviors  suggests  the  consolidation  of 
these  types  of  variables  in  the  representation  of  the  problem.  It 
suggests  that  heuristic  behaviors  serve  a  central  role  in  initiation 
and  exploitation  of  behaviors  that  make  for  efficient  "carrying  out" 
of  a  plan.    Thus,  indirectly,  the  heuristic  processes  serve  as  a 
guiding  force  for  the  choice  and  implem^tation  of  algorithmic  processes. 
As  Schoenfeld  will  describe  in  Chapter  X,  keeping  track  of  alternatives 
and  monitoring  success  (components  of  his  idea  of  *'naster  control") 
require  the  effective  use  of  processes  during  carrying  out  the  plan. 

Figure  1.1  also  Indicates  that  heuristic  behaviors  may  lead  to 
relat«i  problaa  statements  and  related  problem  representations.  These 
may  or  may  not  relate  back  to  the  original  problem;  they  may  move 
toward  generalization  of  the  problem,  the  results,  or  the  methods  of 
the  given  problem;  they  may  (as  is  the  case  with  most  heuristic  pro- 
cesses) lead  to  a  blind  alley,  or  to  an  interesting  but  essKitially 
unrelated  problem. 

Figure  5,1  indicates  the  consolidation  of  the  major  heuristic 
processes  into  an  organized  grouping  with  respect  to  the  problon 
representation.    It  is  clear  from  the  literature  that  the  problem 
representation  is  an  important  Idea,  both  In  the  actual  solution  of 
a  problem  and  in  an  analysis  of  solution  processes  and  problem  spaces. 
IPS  essentially  relates  the  analysis  of  problem  spaces  to  representa- 
tions, «*iether  it  be  at  a  state-space  level  or  at  a  problem-solver 
"imagery"  level.    The  figure  makes  no  attempt  to  Include  all  processes 
potentially  usable  at  any  stage  of  representation  develoiSment  and  use; 
It  only  suggests  those  more  powerful  and  more  plausibly  usable 
processes  in  each  stage.    The  figure  also  draws  upon  the  work  of 
Vickelgren  as  a  means  of  describing  the  heuristic  sources  of  creation 
of  equivalent,  similar,  simpler,  and  more  complex  related  problems. 
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Flgure  5.1   Problem  Reppeeentation  and  H&uriatia  Pvoaessea 


"ORIGmAL  PROBLEM  STATSr-mi^T'  - 

Understanding  tlw  Ppobl&n 

1.  Decomposition 

a.  Givens,  Goals,  Condition 
^    b.  Special  (Limiting)  Cases 

2.  Definition 

3.  Tanplation  (Esp.  Content 
Knovlcdge) 
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HEPHESSNTATKM  OF  THE  PWBLEM 
Selecting 


1.  Analogy  (Similar  Represen- 
tations) 

2 .  Decomposition  Recombination 
(Esp.  Subproblem Decomposition) 

3.  Goal  Orientation/Planning 

4.  Induction/Generalization 
(Into  Patterns) 

5.  a.  Specialization/Special  Cases 


b.  Trial  and  Error  (Generating 
Cases) 
6.  Inferring 


^^loitins 

1.  Analogy  (Similar  Processes) 

2.  Contradiction 

3.  Decomposition  &  Recombination 

4.  Definition 

5.  Induction  (Esp.  Successive 
Approximation) 

6.  Means -Ends  Processes 

a.  Auxiliary  Constructions 

b.  Auxiliary  Problems 

c.  Subgoals 

7.  Syuanetry 

8.  State  Evaluation  Techniques 

9.  Working  Bactaiyards  : 


Alternate  Repvesentationa 

1.  Analogy 

2.  Decomposition  &  Recombination 

3.  Generalization  (To  Other 
Problems) 

4.  Variation  of  Problems 

5.  Auxiliary  Problems/Elements 


Equivalent  &  Similar  Problem 

1.  Analogy 

2.  Definition 

3.  Equivalent  Condition 
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Simpler  S  More  Complex  Prohtema 

1.  Auxiliary'  Elements/Problems 

2.  Generalization 

3.  Specialization 

4.  Problea  Variation  (Changing 
Condition)  
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It,  like  Figure  I.l,  suggests  the  use  of  relate  problems  for  demising 
a  plan,  as  well  as  the  exploration  (see  Schoeafeld*s  Figure  10.4)  of  a 
variety  of  plausibly  related  problems,  some  of  which  taay  lead  astray. 

The  processes  in  Figure  5.1  are  discussed  in  the  literature  that 
was  reviewed.    The  figure  includes  "templation"  as  described  by  Blake 
as  a  vital  process  of  understanding  the  problos.    His  conclusion  that 
this  process  is  a  much-used  one  by  novice  problem  solvers  places  it 
squarely  in  the  forefront  as  a  h^ristic  process  that  initiates  naich 
of  the  exploration  and  selection  of  representations  and  processes. 
Except  for  the  location  in  his  model,  Polya  suggested  a  category  of 
related  processes  called  "templation."    These  appear  as  such  heuris- 
tic advice  as  "try  some  related  problan... recall  a  theorem. ..go  back 
to  definition..."   Likewise,  "inferring"  as  described  by  Wickclgren  is 
a  heuristic  process  recognized  in  the  literature  and  accentuated  in 
process  research.    For  example,  the  form  of  deduction  in  the  codiiig 
systems  of  Kantowskl  and  of  Lucas  speak  to  the  importance  of  this 
process.    In  fact,  as  Wickelgren  suggests,  this  process  (a  heuristic 
approach  because  it  requires  a  choice  of  the  most  likely  useful  infer- 
ence from  those  possible)  is  the  first  one  to  use  in  an  approach  to 
representing  a  problem;  Kantowski  and  Lucas  also  imply  its  importance 
by  developing  the  category  of  deductions  and  by  doing  an  analysis  of 
the  category. 

Finally,  the  ideas  from  IPS  about  techniques  for  evaluating  the 
progress  one  is  making  toward  a  solution  (e.g.,  state  evaluation  tech- 
niques) play  a  prominent  part  in  the  exploitation  of  a  problem  repre- 
sentation.   This  evaluation  process  is  analogous  to  the  one  made 
operational  for  problem  solvers  by  Schoenfeld.    It -includes  local  as 
well  as  specific  and  general  verification  techniques.    For  exploita- 
tion of  trial-and -error  tefchniques,  the  successive  approximation  form 
of  trial-and-error  has  a  built-in  verification  process;  it  is  based  on 
evaluation  of  progress  by  checking  at  each  stage  of  the  guess  as  well 
as  using  the  evaluated  guess  as  a  means  of  making  more  effective  subse- 
quent guesses.    One  notes  that  various  forms  of  trial-and-error  are  apt 
to  enter  into  the  developn^t  and  use  of  representations  at  different 
stages.    In  the  development  or  selection  of  a  representation,  more 
rudimentary  forms  tend  to  dominate;  they  serve  to  explore  the  dimen- 
sions of  the  problem  space.  Following  the  existence  of  a  represKitation, 
more  goal -oriented  and  means-oriented  forms  of  trial-and-error  (succes- 
sive approximation)  are  apt  to  occur. 

In  sum,  the  use  of  heuristic  processes  to  develop  and  exploit  a 
representation  and  to  serve  to  create  alternate  representations  is 
suggested  by  the  literature.    Figure  5,1  relates  the  two  ideas.  Its 
relationship  to  Figure  1,1,  Figure  10.4,  and  Figure  8B,1  should  be 
studied. 


Rwceeses  for  Undex'stccnding  the  Problem 
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FoIya*s  scagea  of  problem  solving  begin  with  the  *1lAiier standing 
the  Probleot"  stage,  as  is  the  case  with  most  problem*soIving  models, 
^wever,  Folya  took  a  very  limited  viev  of  the  processes  useful  in 
this  stage.    One  might  imply  a  somewhat  larger  class  of  heuristic 
processes  as  useful  in  understanding  the  problem.    However,  we  assune 
that  the  more  profound  mental  operations  useful  in  problem  solving 
occur  after  a  surface  level  of  understanding  has  been  achieved.  Since 
heuristic  behaviors  that  extract  meaning  from  the  syntax  .features,  con- 
tent features,  and  context  features  of  the  problem  statement  are 
principally  used  to  understand  the  problem,  their  initial  position 
in  the  problem-solving  process  makes  them  necessary  but.  not  suffi- 
cient for  successful  problem  solving. 

Polya  considers  the  processes  of  recognizing  aad  of  separating  the 
unknown,  the  data,  and  the  condition;    separating  the  parts  of  the 
condition;  determining  the  "fit"  among  the  data,  condition,  and 
unknown;  and  drawing  figures  as  well  as  introducing  suitable  notation*, 
as  those  essential  to  tmderstanding.    Thus,  he  places  "decomposition" 
of  the  syntax,  content,  and  context  features  in  the  "understanding" 
category.    Granted,  It  is  virtually  impossible  to  define  the  transi- 
tion point  between  "understanding"  and  other  stages  (such  as  planning). 
Yet  It  would  seem  that  other  heuristic  behaviors  enter  into  the  extrac- 
tion of  meaning  and  precede  attempts  to  develop  a  plan.    For  example, 
recalling  basic  concepts  and  calling  forth  associations  and  semantic 
content  are  typically  associated  with  syntax  as  w^l  as  content  and 
context  features  of  the  problan  and  are  a  part  of  understanding  the 
problem. 

The  use  of  definition  also  contributes  to  understanding.  The 
complete  sense  in  which  Polya  uses  definition  as  a  heuristic  process 
does,  indeed,  go  beyond  understanding,  but  tmderstanding  of  the  prob- 
lem depends  upon  knowledge  of  mathematical  Ideas.    Consider  the 
following  problems: 

5.7   Find  the  smallest  mmbev  that  gives  a  reminder  of 

1  when,  divided  by  3, 

2  whett  divided  by  4, 

3  when  divided  by  5,  and 

4  When  divided  by  6,  (Adapted  fromKrutetskll,  1976,  p.  149 

h,8a  Given  fena*  points  in  spaae,  find  the  aenter  of  the 
aiTcmaaribing  sphere, 

S,8b  Given  three  paints  in  a  plane^  find  the  aenter  of 
the  cirownsaribing  airale. 


S,8a  Gi}>m  fato  points  in  a  tine^  find  tJiB  oent&  of 
the  eiraumatsribing  "arc.'* 

Such  words  «s  "smkllest  number,"  "remainder,"  and  "divld«id"  in 
Problem  5.7,  as  well  as  "center"  and  "circumscribing"  la  Problems 
S,3a^  S,8b^  and5.S<7are  terms  taken  from  mathematical  contoit  t^hat 
evoke  recall  from  long-term  memory  necessary  for  understanding. 
The  heuristic  aspect  of  definition  in  understanding  a  problm  is 
that  of  flexibility  in  exploration  Of  the  connotation^  of  the  words. 
To  derive  the  mnylimiwi  iiiformation  from  the  statement  and  to  avoid  a 
fixed  notion  of  the  problem's  prlncipcd  parts  necessitate  hmirlstlc 
interpretation  of  the  concepts  in  which  the  problem  is  embedded. 

Now  let  us  consider  additional  problems^  in  terms  of  their  syntax 
and  content. 

5. 5     What  ie  iJie  limiting  sum  of  the  infinite  aeriea 

^  '    2       4       8       16       32  *  64      •  •  •  ^ 
S,10    What  is  the  limiting  sum  of  the  infinite  seHea 

Jo      IW      W      "  '  ^ 

5,22    The  roots  of  the  equation      +        -  ?x  ^  10  *  t) 
are  -Sj  -I,  and  2.    What  are  the  roots  of  the 
equation 

(x-3)^+  4(x~3)^-   7(x-3)  -10  *  0?    (Webb,  1975) 

5,12   Find  x^  and  v  satisfying  the  four  equations 

X  -h  7y  +  2v  -h  Su  '  18 

8x  -f-  4y  -h  6v  +  2u  '^16 

2x  +  6y  +  4v  +  8u  »  16 

5x  +  3y  +  ?v  -h   u  "-18 

(This  may  look  long  and  boring;  look  for  a  shortcut,) 

(Folya  and  Kilpatrick,  1974,  p.  12} 

The  repeated  phrases  and  patterns  in  Problem  5,7  as  well  as  Problems 
5,9  through  5,12  represent  syntax  features  ssiA  content  features  of 
significance  for  processes  related  to  understanding.    Definitions  and 
meanings  of  symbols  make  the  repeated  phrases  and  symbol  patterns  take 
on  meaning.    It  is  insufficient  to  separate  and  categorize  principal 
parts  of  the  probl&a,  in  the  most  strict  sense  of  separating  and  cate- 
gorizing.   Polya  undoubtedly  associated  sfelated  meanings  of  mathematical 


content  and  syntax  features  with  the  principal  parts  of  a  problen. 
Yet,  these  task  characteristics  are  so  vital  to  problem  solving  that 
they  ne^  to  be  separated  out  and  accentuated. 

Finally,  consider  the  problems  that  follow  in  terns  of  their, 
semsntic  content. 

5.13  Tbtenty  U,S,  aoins  Qonsiating  of  nickels^  dimes,  cmd 
quartePB  have  a  value  of  $2,00.    San  many  aoins  of 
e£U!h  type  are  there? 

5.14  One  eotuidon  is  IS  peraent  inseatiaide  and  another 
is  40  percent  inseatiaide.    What  amomt  of  eaah 
solution  is  needed  to  form  25  pints  of  a  25  peramt 
solution? 

The  idea  of  semantic  content  is  that  there  is  s<5re  given  in  the  prob- 
lem statement  than  meeta  the  eye.    Understanding  the  problem  implies 
that  the  problem  solver  recognizes  the  existence  of  this  additional 
information  and  its  implicitness  in  the  problem  8ta):ement.    The  fact 
that  there  is  more  implicit  infonoation  than  is  necessary,  causing 
the  problem  solver  to  deliberate  and  make  choices  that  are  plai»sible 
rather  than  "sure,"  is  what  makes  this  idea  of  seojantlc  content 
heuristic-related.    By  and  large,  the  major  heuristic  process  involved 
is  that  of  definition.    For  example,  exploiting  the  meaning  of  the 
word  *Value"  helps  produce  understanding  for  Problem  S.lSi  similarly, 
exploiting  the  meaning  of  the  word  "solution**  contributes  to  under- 
standing for  Problem  5,14, 

Processes  for  Selecting  a  Representation 

As  with  "devising  a  plan,"  the  processes  for  selecting  a  repre- 
sentation are  among  the  most  profound  ones  in  the  solution  process. 
For  example,  ^he  description  and  discussion  givei  by  IHmcker  about 
subproblem  decomposition  indicate  his  view  that  tfhese  processes  are 
the  major  mental  operations  typically  useful  in  problen  solving.  The 
goal-oriented  heuristic  processes  of  Kantowski,  like  the  operative 
propositions  of  Talyzina,  also  exemplify  techniques  problem  solvers 
use  to  organise  the  essential  features  of  a  problem  to  the  exclusion 
of  the  inessential  features. 

A  representation  may  be  either  internal  or  external.    The  develop- 
ment of  an  internal  representation  for  a  problem  corresponds  to  a  , 
"second  level  of  meaning"  with  respect  to  the  problem- solving  process. 
The  internal  representationt  which  is  in  a  sense  a  visual,  abstract, 
symbolic^  or  in  some  other  form  a  "mental  picture"  of  the  prjobl«s, 
arises  in  part  from  content  and  context  characteristics  of  the  problem 
but  brings  together  structure  characteristics  as  well.    It  includes 
S4Mse  of  the  following:    the  problem  in  its  initial  form,  the  desired 
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end  results,  all  initial  trensfonaed  representstions  (deductions  from 
the  givens)    and  intermediate  states,  as  well  as  ideas  that  describe 
and  capsulize  the  stiaailus  to  the  problem  solver. 

For  an  exm&ple  of  an  internal  representation,  consider  the  prob- 
lem given  by  Paige  and  Simon  (1966,  pp.  100-109): 

S.2S   A  OOP  vadiatoT  aontains  esaotly  pne  tit^  of  a 
90  peraent  aloohoZ-watsr  mixture,    Uhcct  quantity 
of  nater  will  change  the  liter  to  an  80  peresnt 
alaohol  mixtitrs? 

An  interesting  account  o£  a  representation  of  this  problem  is  described 
by  Paige  and  Simon.    They  report  that  an  experissenter  drew  the  repre- 
sentation in  Figure  5.2  privately  after  intervicving  a  Subject  solving 
the  problem.    The  subject  was  asked  to  describe  the  "imagery"  he  used 
in  solving  the  problem.  '  When -the  interviewer  disclosed  his  picture, 
the  subject  was  amazed  at  the  npar-perfect  correspondence  between  the 
representation  and  his  "Imagery." 

A  representation  explicitly  produced  is  an  exter^&alized,  formal- 
ized form  of  an  internal  representation.    It  contains  the  same 
features I  although  their  form  may  be  inexact  due  to  the  necessity 
of  symbolization. 

Now  we  turn  to  the  question:    What  mental  operations  (heuristic 
processes)  have  been  found  or  are  likely  to  be  found  useful  in  select- 
ing a  representation  for  a  task?    We  start  with  the  observation  by 
Wickelgren: 

...  we  see  that  the  role  of  generalization  (of  abstract- 
ing the  essential  properties  from  a  problem)  and  the  role 
of  representation  of  information  ,  .  .  are  very  closely 
linked  and  perhaps  identical  (p.  183). 

Thus  Wickelgren* s  statement  places  ^eneraZtsattcw  dearly  in  the  category 
of  selecting  a  repres^tation.    Together  with  generalization,  the  special 
ization  and  inductive  processes,  including  trial-and-error  and  successive 
''approximation  trial-and-error  in  particular,  are  essential  to  the 
development  of  a  problem  representation. 

In  the  following  problems  trial-and-error  may  assist  in  creating  a 
representation: 

5,16   'A  gm  ball  aosta  one  penny.    The  gum  balls  acme  in 
S  different  colors.    How  many  pennies  da  you  need  to 
make  6}4re  you  get  2  gum  balls  of  the  same  color? 

(Gibb,  et  al..  1975.  p.  37) 


^3S 


In  this  representation  W^,  A^,  and      represent  the  initial  water, 
initial  alcohol,  and  initial  total  mixture,  respectively;  W^, 
and  T2  are  the  final  water,  final  alcohol,  and  final  total  mixture; 
and    Aw   is  the  change  in^the  amount  of  water. 
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S,  t?   A  gang  of  13  tkisoma  stoU  a  saok  6f  HtiW  dotlcBPa.. 
When  they  tpied  to  divide  the  booty  evenly,  there 
wex'e  3  dollars  left  over.    In  a  fight  over  the  extra 
dolUsra,  2  thieves  were  killed.    The  money  was  die- 
'  tributed  again,  but  this  time  there  were  S  dollars 
left  aver.    Another  argument  msued  and  2  more  thief 
was  killed.    The  money  aould  now  he  divided  evenly 
asTKmg  the  remaining  thieves,    What  is  the  least 
possible  amount  of  money  that  could  have  been  stolen? 

Analogy  is  a  useful  h^ristic  process  for  selecting  a  represen- 
tation.   Alttough  It  is  more  generally  useful  in  exploiting  a  repre- 
smtation  (the  more  complete  discussion  and  exeoplicatioti  will 
be  given  below,  the  similarity  between  two  prpbj|.ems  is 
generally  based  in  problem  structure  and  as  such  would  reflect  itself 
in  a  representation  of  the  probl^.    Thus,  it  is  frequently  beneficial 
to  attempt  to  develop  a  problem  representation  similar  to  -e  known  or 
given  one  if  the  problem  under  consideration  has  apparent  structural 
similarity  to  the  problem  with  the  known  or  given  representation. 

One  could  attempt  the  development  of  an  analogous  represec cation 
whenever  (1)  a  geometric  task  is  a  higher-dim^sional  analog  nf  another 
task  of  known  representation,  (2)  the  condition  of  one  task  is  a  part 
of  the  condition  of  another  or  similar  to  the  condition  of  another,  or 
(3)  th€  goal  of  one  task  is  the  simie  as  the  goal  of  another. 

To  illustrate  the  use  of  analogy  in  the  development  of  represen- 
tations of  probleois,  consider  first  Problems  -  S.       S,8b,  and  $.8c, 
-The  similarity  across  dimensions  of  (a)  four  points  in  space  and  a 
circumscribing  sphere,  (b)  three  points  in  a  plane  and  a  circtimscrib- 
ing  circle,  and  (c)  two  points  in  a  line  and  a  circumscribing  "arc" 
suggests  that  whatever  representation — be  it  geometric,  analytic,  or 
otherwise — is  used  for  one  would  likely  be  useful  for  the  other. 

As  a  second  example,  consider  the  tasks  given  in  Problems  £,7  and 
5.25.    The  similarity  of  the  condition  cf  Problem  5,7  to  that  of  5.29 
indicates  that  the  representation  of  one  would  serve  as  a  guide  in 
forming  the  representation  of  the  other.    Since  various  representations 
of  Problem  S.19  are  given  later,  the  analogous  representations  may  then 
be  observed. 

Duncker  (1945)  and  Kantowski  (1974)  (among  others)  have  observed 
that  decomposition  and  recombination,  particularly  in  the  form  of  sub- 
problem  decomposition,  appear  to  be  fundamentally  relate!  to  'Visual- 
izing" a  path  to  the  goal.    The  occurrence  of  goal-oriented  heuristic 
processes  immediately  before  regular  patterns  of  analysis  and  synthesis^ 
and  the  successive  phases,  with  each  phase  viewed  as  a  probli^n  in  pros- 
pect and  a  solution  in  retrospect,  are  ways  these  researchers  described 
their  subjects'  solution  processes.    These  were  the  internal  represen- 
tations of  the  problems  for  the  subjects.    The  processes  for  selecting 
the  subgoals  for  Duncker 's  siubjects  and  the  goal-oriented  heuristic 
processes  for  Kantowski's  subjects  were,  v.arefore,  heuristic  processes 
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for  •«l«ctittg  r«pre«ent«tion«.    In  t!i«  cm*  of  Donckat,  "■•maingful** 
mnation  of  th»  problm  Wa«  r«cogxiix«d  as  Itading  to  «  reprMsntAtlon. 
For  Kantowski,  auxilicwy  elemnta  and  au£ilica:>y  px^lmm^  m»  v«lX  as 
variation  of  the  ppohtmg  tandsd  to  laad  to  tha  salactionof  a  raprasantation. 

Thara  ara  savaral  ways  ona  may  accoopllah  t^atiation  of  a  ppohlm. 
Since  those  that  ara  nost  usually  succassfui  ara  analogy*  daco^^sition 
and  racoobination,  generalization,  as^  specialisation,  they  constitute 
seoon^ry  means  of  creating  a  representation  for  a  problem,    tfe  keep  in 
mind,  however,  that  these  processes  are  simply  means  to  tha  end  of 
variation  of       probtemM  auxiliary  a totfnta,  and  aussiliary  problma 
Insofar  aa  they  contribute  to  selection  of  a  rcpresenbition. 

Proaeaaea  for  Essploitir^  a  Rapreamttation 

The  second  major  part  of  creating  a  plan  drawa  f r<»  content  and  partic- 
ularly atructure  characteristics  of  a  problem.    TJie  representation  of  a 
problem  corresponds  to  the  structuring  of  the  infdrmation  available  to 
the  solver  and  includes,  as  Bruner  (1973)  has  described  it: 

.  .  ,  visualization  or  scMBe  other  shorthand  way  of  sumouiriz- 
ing  the  connections  made  in  a  set  of  givens  .  .  .  reduces  the 
ras^e  of  things  to  which  he  (the  problm  solver)  attends. 
This  narrowing  of  focus  involves  a  bit  of.  risk  taking  ...  a 
kind  of  implicit  rule  for  ignoring  certain  information 
[involving]  the  nature  of  the  solution  or  the  kind  of  goal 
one  is  looking  for.    (p.  85) 

The  reduction  of  range  to  which  Bruner  refers  generally  is  guided  by 
the  structure  characteristics  of  a  problem;    From  the  point  of  selec- 
tion of  an  appropriate  representation,  the  plan  constitutes  an  outline 
of  the  movement  from  givens  to  the  goal  through  the  structure  of  the 
representation.    Wilson  (1967),  as  well  as  Newell,  Shaw,  and  Simon 
(1959),  suggest  means-ends  analysis  as  a  means  of  accomplishment  of 
aubgoala,  while  Kantowaki  notes  regular  patterns  of  analysis  and 
synthesis  (a  decomposition  and  reconbination  process)  fdr  effective 
movenent  within  the  representation.  -  . 

^     Let  us  now  consider  the  following  problem: 

S,18  Looated  inside  an  equilateral  triangle  ABC  ia  a^ 
point  P  in  auah  a  way  that  PA'S,  PB^S  afid  PC'IO, 
What  ia  the  area  of  triangle  ABC? 

Consider  as  the  representation  the  geometric  figure  deacribed  by  the 
problem  (see  Figures  5.3  and  5.4).    By  decomposing  and  recoffibining 
the  cohstituent  triangles  of  triangle  ABC,  the  ^ploitation  begins 
to  occur.    Further  decomposition  and  recombination  following  that 
shown  in  Figure  5.4  leads  to  an  elegant  problem  polution,  thus  show- 
ing how,  by  decomposition  and  recombination,  the  pictorial  represen- 
tation leads  to  an  exploitation  of  the  information  of  the  task. 
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S*c<ll  nov  th«  probltB  of  tlw  Ualtiog  tua  (ProblMi  S.S^i 

.       1      1.1       1        lj.1  1 
^■"2"'4'^8"'16"*;32'**??"128~*'  ' 

By  dseoBposing  and  r«coB&inlag  thm  glv«n  rtprMtataeion,  th«  inforaa-  - 
-ttoH-«BMitnct  chg^rgprCTBitgtrtgtr  1»  organliad  fog  ef flciwtt  prucMa*  

ing: 

■**  l"*"^"*"  •••^■^i***ife'*^ii8  *         +  216 

Definition  vmy  be  view«d  m  a  hautlscic  proe«u  of  uaafulxMSS  undor 
a  variety  of  circuastsnces.    It  potentially  tfanaforaa  a  problta  into  an 
equivalent  problem,  but  giv«s  no  aasurance  that  the  resulting  problw  is 
more  tractable  than  the  original  problem.    It  is  a  techniqae  irarth 
attempting  whenever  one  operation  or  relation  ia  defined  in  ten&a  of 
another  operation  or  relation.    Aa  a  transformation  din  "terns,"  it 
represents  an  exploitation  of  a  metalinguistic  representation. 

Problems  that  illustrate  the  use  of  definition  are  given  below. 
Schoenf  eld  further  .illustrates  the  use  of  tHis  heuristic  procsss  in 
cases  in  which  a  concept  is  defined  in  terms  of  the  negation  of  another. 

5,29   Whsrt  ia  the  amlteat  mmiber  that  loaoea  a  remainder* 
of  9  when  divided  by  10,  8  when  divided      9,  7  when 
■    divided  by  8,  2  when  divided  by  5,  <md  1  when 

divided  by  2?' 

5,80   Tom  drove  from  his  home  in  ikzehingtorAto  a  location 
in  Philadelphia  at  40  miles  per  hour,  \sia  return 
trip  from  the  location  to  his  home  in  me^td^^ipn  waa 
at  a  mte  of  SO  miles  per  hour,    What  wcui  hia  rate 
for  tfm  total  trip? 

By  representing  the  parallel  phraaes  in  terms  of  multiples  of  the 
respective  integers  and  by  replacing  ttie  nine  phrases  by  a  single 
phrase  involving  "common  nsult4-ple,"  an  insightful  solution  becomes 
apparent.    Note  how  completely  the  statement  of  Problem  5.29  cues 
the  use  of  this  heuristic  process.    Definition  not  only  transforms 
a  problem  into  an  equivalent  problem;  it  also  serves  td  characterize 
the  invariants  in  a  sitnation.    In  Problem  5.20,  the  definition 
of  "rate"   is  exploited  as  a  source  of  avoiding  an  "obvious"  pitfall. 

Given  a  representation  for  a  problem,  it  is  frequ«itly  profit- 
able to  attempt  the  heuristic  process  involving  ths  use  of  synauitry. 
This  h«sristic  process  is  particularly  fruitful'  for  certain  gaometry 
problems,  but  it  has  potential  in  non-geometric  (algebraic,  number 
theoretic,  and  probabilistic)  tasks  as  well.    A  clue  that  exploiting 
syBBtetry  is  apt  to  be  of  value  for  a  given  problem  is  the  existence 
of  some  form  of  symmetry  in  the  problem  givens  or  condition.  For 
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«xM9ltt»  If  «  part  o£  thm  givcns  or  conditioa  in  a  s#(UMtrlc  task  is 
that  th«  figure  is  a  aymaetric  one  (e.g.,  aquilataral  triangle, . square » 
'    circle,  rectangle),  the  use  of  synraetry-preaerving  transformations  such  as 
rotation  or  reflection  are  worth  considering  (Goldin  and  HcClintockt  in  press). 

Many  taaks  contain  "hidden  synetries"  that,  when  recognised,  lead 
toTelegMinriSTrjaiatghtful  solutions.    Several  tasks  with  structures  coa- 
taining  synnetry  have  already  been  discussed.    For  exaaple,  in  Chapter 
IV  the  state-space  representations  for  the  Tomr  of  Hanoi  and  the 
various  isomorphic  forms  of  tick-tack-toe  demonstrate  syoDstry  in  solu- 
tions.   These  synaetries  actually  reflect  synsBstries  in  the  givens  of 
the' problems  thesaselves.    It  ^  frequently  the  case,  as  in  these  two 
'  eaeasiples,  tbst  solution  processes  (and  end-results)  involve  sytnetry 

>    in  some  way  ^en  givens  or  condition  hava  sysDstry  prosMrties.  _ 

Further  examples  of  this  reflection  of  syrai^try  of  givens  or  condi- 
tion in  the  solution  occur  in  Froblons  5,12,  5,28,  and  S,SS,  The 
syamietric  pattern  of  coefficients  in  Problem  5,12  can  be  exploited  to 
produce  a  problem  solution  short-cut..  The  synmetric.  properties  of  the 
geometric  figures  in  both  Problens  5.28  and  5,33  illustrate  underlying 
structure  features  that  can  be  preserved  by  syxaBetry-preserving  trsns- 
formations;  further,  these  transformations  lead  to  efficient  and 
insightful  solutions. 

Qaplrical  evidence  does  not  suggest  the  use  of  symmiitry  in  proto- 
cols of  novice  problem  solvers.    Neither  of  the  researchers  discussed 
in  the  review  found  evidence  of  even  limited  use  of  symmetry.  This 
abs^ce  of  evidence  occurred  in  spite  of  the  explicit  selection  ,of 
tasks  that  were  conducive  to  the  use  of  this  process  and  in  spite  of 
instruction  designed  to  suggest  the  usefulness  of  this  process.  It 
is  important  to  note  that  both  Lucas  (1972)  and  Webb  (1975)  considered 
symmetry  as  a  form  of  evaluation  for  correctness  of  solution  (the 
invariance  of  symmetry  following  transformations  used  in  the  solu- 
tion), whereas  Blake  defined  it  more  in  accordance  with  Folya. 

Working  baakuard  is  another  heuristic  process  that  serves  to  exploit 
a  representation.    The  process  identified  by  Pappus  as  analysis,  wgrking 
haaktxtx'd  is  a  imich-over looked  but  powerful  probl&a-solving  technique. 
Wickelgren  (1974)  has  characterized  the  conditions  under  which  this 
process  is  likely  to  be  useful.    He  suggests  that  (1)  a  uniquely  speci- 
fied goal  and  (2)  unary  (a  single  input  statement  yields  a  single  output 
statement)  and  one-to-one  (the  input  is  uniquely  determined  by  the  out- 
put) operations  constitute  these  conditions.    One  can  see  that  large 
classes  of  problems,  such  as  many  geometric  proofs  as  well  as  trigono- 
mstric  and  algebraic  relations,  satisfy  these  coi^itions  and  are,  there- 
fore, plausibly  solvable  through  \»)rking  backward. 

Empirical  research  has  demonstrated  some  use  of  the  working-backward 
technique  among  non-mathematician  subjects;  the  use  of  this  technique 
has  been  repeatedly  confirmed  by  mathematicians.    In  contrast  to  the 
frequent  occurrence  of  working  backward  in  the  process  sequence  of  Webb's 
(1975)  subjects  (approximately  100  instances),  Blake  (1975)  found  the 
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process  used  by  otay  four  subjects  on  only  one  problem.    Luces  (1972), 
on  the  other  hand,  found  it  occurring  rather  frequently  (6  or  nore 
timss)  in  the  protocols  of  17  subjects  out  of  30;  Lucas*  conclusion 
was  that  reasoning  by  cmalyeie  develops  as  a  technique  subjects  use 
following  heuristic-oriented  instructipn. 

the  use  of  analogy  in  matheoatical  problem  solving  is  a  means  of 
exploiting  the  information  in  a  representation  by  virtue  of  its  simi- 
larity to  another  problem  (together  with  the  information  of  the  second 
problem  and  its  similar  representation).    Analogy  has  been  described  , 
as  a  quasi* isomorphism  between  problems  and  as  structure  similarity. 
This  contrasts  with  equivalent  problems*   which  would  be  classified  as 
aomptetely  analogous  or  isomorphic.    Examples  of  analogous  problems  - 
that  have  been  described  earlier  are  the  four-ring  Tower  cf  Hanoi 
•problem  in  comparison  to  the  three-ring  Tower  of  Hanoi  problem, 
or  the   different  versions  of  the  missionary-canaibal  problems.  In 
addition.  Problems  6,82^  S,8b  and  S,8q  are  examples  of  mutually  anal- 
ogous problems.    As  is  evident  from  examining  these  examples  of 
analogous  problems,  the  relationship  betweui  analogy  and  generalization 
is,  at  times,  a  close  one.    In  fact,  the  related  sets  of  problems  given 
here  are  either  special  cases  of  a  more  general  problem,  or  one  task  is 
a  generalization  of  another. 

Researchers  who  have  deliberately  attainted  to  observe  the  use  of 
analogy  have  generally  not  found  it  present  in  problem-solving  proto- 
cols.   For  example,  the  exploratory  studies  of  Blake  and  Webb  did  not 
find  analogy  used  by  subjects  sufficiently  often  to  justify  analysis. 
Similarly,  Lucas  found  analogy  occurring i  even  after  heuristic-orlMited 
instruction,  in  no  more  than  a  single  isolated  instance  of  less  than  10 
percent  of  his  subjects.    Thus,  the  extent  to  which  analogy  is  induci- 
ble in  the  processes  of  novice  probl^  solvers  seems  very  small ^  but  is 
basically  non-tested. 

Proaeaaes  for  Utilising  Attexmate  Eepreemtationa 

Alternate  representations  will  be  considered  here  as  representa- 
tions that  adjust  for  difficulties  inherent  in  the  initial  represen- 
tation or  that  lead  to  &  second, possibly  more  elegant  or  more  general 
solution.    In  a  sense,  alternate  representations  lead  to  a  more  com- 
plete view  of  a  problem  space,  possibly  to  the  creation  of  a  larger  . 
portion  of  a  state-space  r  present  at  ion.    They  relate  closely  to 
processes  of  evaluation  and  include  "looking  back"  processes,  particu- 
larly those  that  Involve  attempts  to  solve  the  problem  another  way. 
Likewise,  processes  that  simplify  the  solution,  that  is,  processes 
that  produce  a  clear,  more  compact  "imagery"  of  the  problem  and  its 
solution,  are  relevant  for  alternate  representations. 

.  Consider  Problem  5,28  as  it  may  be  represented  in  an  analytic  form 
(superimpose  a  well-chosen  coordinatizatlon) .  This  alternate  represen- 
tation allows  a  problem  solver  not  only  to  solve  the  problem  as  stated, 
but  also  provides  a  means  of  solving  a  more  gcrneral  problem.  The 


•olutlon  to  thm  probles  through  analytic  gaoaatry  producM  a  quadratic 
surd  pair,  one  maimer  of  which  is  the  solution  to  the  original  problem 
and  the  other  a  solution  to  the  analogous  problem  with  "F"  outside 
rather  than  inside  the  equilateral  triangle. 

The  Tower  of  Hanoi  proble&<s)  as  discussed  in  Chapter  IV  arc 
g^eraTfxable  to  rings. — Aiqcestion  fiequeuLly  asKed  (au  assuuXated 
task)  is  that  of  the  minimum  number  of  moves  in  the  n-ring  version. 
Inductive  processes,  involving  the  solutions  of  the  2-ring,  the  3-ring, 
and  so  on  versions  of  the  Tower  of  Hanoi  puzzle,  and  the  inherent 
structure  of  mathematical  induction  that  it  represents,  will  lead 
one  to  an  algebraic  expression  that  "solves"  the  general'  problem. 

tn  contrast,  but  in  the  seme  inductive  vein,  consider  again 
Problem  5,27,    Initial  attempts  (and  successes)  in  solving  this  prob- 
lem may  involve  the  search  of  a  ntmiber  sequ^ce  such  as  "three  more 
than  the  multiples  of  13"  for  a  number  that  leaves  a  remainder  of  5 
when  divided  by  11  and  that  is  divisible  by  10.    However,  13n  -I*  3  and 
11m  +  5 — representing  3  ii»re  than  a  multiple  of  13  and  5  more  than  a 
multiple  of  11,  respectively — (or  their  number  sequence  analog)  may 
be  synthesized  into  143k  4-  16  (or  its  nimiber  sequence  analog).  In 
essence,  this  pr(<ness  is  a  restatement  of  a  part  of  the  condition 
(using  other  essential  notions)  and  is  an  alternate  representation  for 
the  problem. 

How  let  us  consider  the  problem: 

5.22    A  oZuh  with  x  members  is  organized ^into  four 
Qomnittees  in  aaooi'danae  with  these  two  'rules: 

a,  Eaoh  member  belongs  to  two  and  only  two 
aormittees. 

b.  Each  pair  of  ammittees  has  one  and  only  one 
mender  in  doTVM)n, 

Bow  many  members  has  this  olub? 

Suppose  that  this  problem  has  already  been  solved  by  a  combinatorial 
means.    In  an  attempt  to  produce  a  more  concrete  imagery  of  the  prob- 
lem, a  problem  solver  conceivably  would  note  the  similarity  among  the 
parts  of  the  condition  and  postulates  of  geometry.  Specifically, 
note  the  analogy  between:    (a)  each  member  belongs  to  two  and  only 
two  committees  and  "each  point  belongs  to  two  and  only  two  intersect- 
ing lines,"  and  (b)  each- pair  of  committscs  has  one  and  only  one 
men&er  in  common  and  "each  pair  of  intersecting  lines  has  one  and 
only  one  point  in  common."    This  analogy  suggests  a  geometric  repre- 
sentation, as  given  in  Figure  5.5,  in  which  the  lines  represent 
coflSBittees  and  the  points  of  intersection  represent  club  members. 

For  one  who  does  not  observe  the  ^lalogy  to  geometric  elements, 
other  forms  of  representation  may  be  suggested.    For  example,  a  diagram 
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Flgure  5.5   GeonmtHa  Repressntation  for  Problem  S. 21 


Figure  5.6   Matrix  Representation  for  Problmn  S,21 
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or  chart  will  allow  a  problen  solver  to  display  the  parts  of  tha 
condition  in  a  visual,  concrete  foro.    Suppose  the  four  comittees 
are  represented  as  in  the  matrix  in  Figure  5.6  (the  comittees  are 
labeled  A,  B,  -C,  and  D).    Since  the  condition  hints  at  the  member  in 
common  to  a  pair  of  committees,  the  matriaping  of  coimaittees  across 

committees  is  suggested.    One  then  notas  that  the  representation  pro-  

vides  an  immediate,  concrete  means  of  satisfying  the  problem  condi- 
tion and  reduces  the  solution  to  a  counting  process. 

The  utilisation  of  alternate  representations  parallels  the 
production  and  exploitation  of  initial  representations.    The  combined 
processes  of  these  categories  apply  to  utilising  alternate  represen- 
tations as  well.    The  major  difference  is  the  purpose  alternate 
representations  serve,    A  generalised  solution,  a  clearer  and  more 
completely  justified  solution,  and  a  more  elegant  solution  are  results 
that  are  more  easily  recalled  from  m&aory  and  that  are  aore  transf er- 
rable. 

3,    Associating  Heuristic  Trocesses  with  Tasks 

The  idea  of  associating  heuristic  processes  with  tasks  is  a  much- 
used  one.    Separating  heuristic  variables  as  task  variables  from 
subject  variables  is  a  difficult  one  for  complete  analysis.    If  one 
views  heuristic  processes  as*  choices  a  problem  solver  makes  or  as 
"rules  of  thumb"  that  guide  choices,  then  one  class  of  heuristic 
processes  derive  meaning  from  the  number  and -nature  of  the  decision 
points.  ' 

In  general,  problem  solvers  may  make  deliberate  or  "forced" 
choices  at  the  point  of  representation  of  a  problem.    The  knowledge 
of  mathematical  content  (definitions,  theorems,  etc.)  and  the  skill 
in  performing  algorittos  may  determine  the  extent  and  nature  of  the 
choices  a  problem  solver  has  as  he  or  she  develops  the  representation 
of  the  task.    For  example,  the  problem  given  by  Blake  (1975)  will 
demonstrate  the  possible  representations  and  the  possibility  of 
deliberation  as  opposed  to  the  predetermination  of  choice. 

5,22   A  yezaht  is  moored  at  A,  60  meters  R 

away  from  a  straight  sea  ixitl,  CD.  gQ  ^^Ig^g 

T}m  captain  of  the  yaaht  wishes  to  A 
row  to  the  sea  wall  to  oolteot  a  f 
passenger  and  then  row  to  a  speed"     SO  meters 
boat  moored  at      80  meters  from  j. 

the  wall,    Where  should  the  Ci  UO  meters  

passenger  meet  the  aaptain  to  rmke 
the  route  as  short  as  possible? 

A  knowledge  of  the  Pythagorean  Theorem  would  allow  a  problem  solver 
to  derive  a  function  that,  wh«i  minimized,  would  solve  the  probl«a: 
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f(x)  -  y(130-x)2  +.(50)2    +  /i2  +  (80)2  ^ 

Add  to  this  content  knowledge    the  skill  of  taking  derivative*  of  / 
radical  functions  and  the  skill  of  solving  radical  equations,  and  on* 
_  han  A  aolutlon  fltrategy.  ;  *  

In  contrast,  using  a  loiovledge  of  theorems  of  proportionality 
and  the  heuristic  processes  of  auxiliary  constructions  and  syianetry 
yields  a  proportion— ^^^^   «  -^.^that  also  leads  to  the  ninlnniTn 
required  in  the  problem.    As  a    third  option,  for  one  who  has  the  • 
content  knowledge  (of  physics)  that  "the  angle  of  incidence  is  equal 
to  the  angle  of  reflection"  and  its  connection  to  nintmtm  paths  (along 
with  analogy) ,  one  can  deduce  an  equation  which  also  leads  to  the 
location  the  passenger  should  assiose  and  to  the  minimim  path. 


The  three  choices  of  algebraic  representation  of  this  task  afre 
but  a  few  of  the  possibilities.    The  point  to  be  made  is  that  i^erent 
in  the  task  are  a  number  of  heuristic  processes  and  strategies/^  How- 
ever, the  association  of  these  processes  with  the  task  is  much  depen- 
dent upon  the  content  (and  context)  knowledge  of  the  subject.v  Thus, 
certain  task  variables  that  derive  meaning  from  the  intrinsic /problem, 
structure  lead  to  certain  choices  for  some  problem  solvers.    Yet  f<»Lj 
other  problem  solvers  the  choices  are  more  delineated.    For  example, 
for  a  student  of  algebra  vho  has  insufficient  geometry  and  physida 
content  at  his  or  her  disposal,  the  Pythagorean  Theorea  is  essentially 
the  only  "hunch"  as  to  an  approach.    For  a  sttident  with  a  mastery  of 
geometry  and  a  knowledge  of  physics,  processes  other  than  the  solution 
through  calculus  are  afforded.    Theoretically,  the  student  of  calculus  , 
has  at  least  the  one  additional  strategy  not  available  to  other  stu- 
dents.   Thus,  the  number  and  nature  of  the  ways  in  which  a  subject  can 
represent  the  problem  are  variables-. 

There  is  a  wide  variety  of  vbjb  one  can  associate  heuristic  pro- 
cesses with  tasks.    Two  of  the  most  coaiaonly  us&i  associations  are  (1) 
the  association  of  single  heuristic  processes  and  (2)  the  association 
of  multiple  heuristic  processes.    The  illustration  gtvea  above  is  one 
category  of  multiple  heuristic  processes  association.    What  follows 
will  illustrate  these  two  ways  of  associating  heuristic  processes  with 
tasks. 

# 

Single  Heux'idtia  Pfoaessea 

It  is  clear  that  more  than  one  heuristic  process  would  be  useful 
for  alottst  all  mathematical  problem  tasks  imaginable.  Yet,  the  easy, 
the  most  elegant,  or  the  most  consnon  solution  of  a  problem  frequently 
features  a  particular  heuristic  process.  The  writings  of  Polya  and 
particularly  Wickelgren,  amona^^i;hers,  generally  indicate  solution 
processes  of  their  examples  as^fNa  single  heuristic  process  were  the 
one  appropriate  to  the  solution.    In  general,  however,  associating 
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soiltiple  heuristic  proc«iies  with  ft  task  is  worm  natural.  Elthar 
t&ultiple  aolution'  paths  requirt  '^laultipla  pvocassaa,  or  nultipla  pro- 
cesses lead  to -a  aore  efficient  single  solution.    Ifowevar,  it  is 
useftil  to  focus  on  single  heuristic  processes  for  instructional  uaA 
co^^Lng  purposes. 

In'dev'eioping^the  concept~ot  a  partl£a^cr~lnuxistlu  process, 
is  custoaary  to  select  a  problem  to  "illustrate"  that  process.  In 
essence,  whenever  thib  is  done,  the  author  is  is^lying  that  the 
heuristic  process, is  the  essential  process  for  solving  the  problen. 
For  example,  Wickelgren  (1974)  suggests  that  **working  backward"  is 
the  appropriate  heuristic  process  for  "Nis*"  tasks. 

5.23  Fifteen  pmtniea  ca*e  plaaed  on  a  tahU  in  ftwit  of 
tt^  ptay&P8,    Each  player  is  allowed  to  remove  at 
leaat  one  penny  but  no  more  than  five  penniee  at  / 
hie  turn.    The  players  alternate  turns,  until,^^m^ 
player  takes  the  last  penny  on  the  table,  ana^Cm 
all  IS  pennies.    Is  there  a  method  "of  play  that  . 
will  guarantee  victory?  (p.  142) 

This  association  of  'Vorking  backward"  with  '*Nim"  is  accomplished  in 
several  ways.    For  the  researcher  a  theoretical  analysis  of  "Nim"  in 
the  sense  developed  in  Chapter  IV,  or  an  empirical  analysis  basi^  on 
success  in  solving  the  '*Nim"  problem^are  two  fruitful  ways  of  making' 
such  an  association. 

Althc.u:^h'we  speak  of  "single  heuristic  processes"  as  if  they  were 
tinitary  ideas,  the  actual  use  of  one  mich  process  is  quite  varied. 
Even  vhsa  a  single  process  is  very  specific,  such  as  "try  factoring" 
as  opposed  to  very  general,  such  as  "try  to  use  special  cases"  or  try 
to   break  the  problem  into  subproblems,"  the  way  in  which  it  is  applied 
can  be  quite  varied.    In  essence,  a  heuristic  process  is  a  name  given 
to  a  class  of  similar  rules  for  selecting  search  paths  through  a  prob- 
lem space.    This  point  sl«uld  be  kept  In  mind  in  teaching  heuristic 
processes  and  in  evaluating  the  acquisition  of  suah  processes. 

We  shall  illustrate  the  variety,  across  a  set  of  problems,  in  the 
use  of  a  rather  specific  heuristic  process.    Chapter  X.B  contains 
several  examples  to  make  the  same  point  for  more  general  hetiristic 
processes.    Consider  now  the  following  set  of  five  problems: 

5.24  What  is  the  fractional  form  of  the  repeating 
decimal  , 363633, 


S»2S   A  eise  place  number  is  formed  by  rep&zting  a  three  plaae 
number:  for  example,  256,266  md  678, 6?8,    What  is  the 
largest  integer  4hat  divides  all  six  place  numbers  of 
this  form? 
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•  S,2€  If       2^3'  *•  1^000  (mov€  oom€nUntly»  lOQOt it  find 
■Ate  number  of  tsminating  iahmi  the  imttiplioa- 

tion  i9  aarried  out» 

$.2?   Determine  the  number  represented  by  the  worde  BATBOX 
 and  BOXBAT  if  it  is  knom  that: 

9*mTBOX»4-B0XSA^. 

5,28  Bow  old, is  the  oaptain,  how  mesny  ahitdren  has  he,  and 
how  long  is  hie  boat  if  32,118  is  the  pro^uot  of  the 
three  mmibers  (integersii  the  length  of  the  boat  as 
'       given  in  feet;  the  oaptain  has  both  sons  and  daughters; 
he  has  more  years  in  age  than  ahildrent  but  he  is  not 
yet  100  years  old. 

For  each  of  these  problems,  a  single  heuristic  process  (used  in  differ- 
ent ways)  may  be  fruitfully  applied.    Yet,  in  some  cases  other  problem- 
solving  procedures  (including  algorithms)  may  occur  to  the  problem 
ralver.    To  single  out  a  particular  process  and  shov  its  applicability 
(or  allow  for  the  discovery  of  its  applicability)  should  serve  both  to 
motivate  and  to  increase  the  transfer  potential  for  that  process. 
Herein  lies  a  major  virtue  of  examining  single  husristlc  processes.. 

Multiple  Heuristia  Proaesaes 

m 

Problem  solving  involves  the  use  of  heuristic .processes  in  com- 
bination.   Research  and  theory  to  date,  t^wever,  only  hint  at  the 
combinations  that  are  effective.    For  example,  Wilson  (1967)  suggested 
that  the  combination  of  general  and  task  specific  heuristic  processes, 
complement  each  other  in  the  problem-solving  process.    Kantowski  (1974) 
indicated  that  progress  toward  the  goal  of  a  problem  tend«i, to  take 
the  form  of  goal-oriented  processes  inmadiately  follow^  by  patterns 
of  analysis  and  synthesis.    In  addition,  Krutetskii  (1976)  not«i  that 
problem  solutions  of  very  capable  subjects  were  characterises  by 
clearly  segmented .  se<iuential  logical  "chunks"  toward  the  goal. 

Multiple  heuristic  processes  may  occur  as  sequenced,  complementary 
processes.    Yet  they  may  occur  in  other  combinations  as  well.    Ve  shall 
limit  the  discussion  of  other  combinations  to  only  two  types,  although 
it  is  clearly  recognised  tha^  the  reality  of  problem  solving  is  not  so 
limited. 

# 

Polya  (1957)  has  suggested  a  sense  of  "embedded"  cosobinations  of 
heuristic  processes.   ,For  example,  the  heuristic  process  known  as 
tfariatioTi  of  the  problm  may  be  accomplished  through  such  processes  as 
genmKzlisation,  speaialiaation,  analogy,  or  deat^f^sition  and  rsoonibin- 
ation  (p.  65).    As  another  example  of  "embedded"  combinations  of 
processes,  Polya  and  Kilpatricjt  (1974)  suggest  that  "indiction  requires 
observation,"  an  implication  that  repeated  use  of  special  cases  and 
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p«tt«rn  ••rnrch  undarliM  the  induction  proceae .  In  e  siailer  sense ,  genersli- 
ifttiott  msybecoi.ceptu«lixed  ss  "contsining"  inductive  processes. 

In  sssocUting  aaxltiple  heuristic  processes  with  s  tesk,  urn  will 
discuss  two  basic  classification  schs«es.    First  we  suggest  alternate 
processes  that  lead  to  distinct  solution  paths.    In  contrast  with 
this,  we  suggest  nailtiple  heuristic  processes  representing  a  sequenced 
set  of  behaviors  along  a  single  solution  path.    '♦Looking  back  aay 
uncover  the  first  of  these,  while  "planning"  suggests  the  ■•com. 
In  either  case,  state-space  analysis  of  a  task  is  a  aeana  of  i^imti- 
fying  the  nultiple  h«iristic  processes  of  a  task  regardless  of  the 
classification  scheme  used.  , 

It  seeu  reasonsble  to  assuM  that  the  likelihood  for  successful 

solution  of  a  probleo  increases  with  sn  increase  in  the  waber  of 
alternatives  at  any  decision  point  in. the  solution.   €f  course,  this 
is  an  oversimplification,  but  availability  of  alternate 
successful  solution,  all  other  things  being  «iual,  is  a  plausible 
factor  in  problem  difficulty.    Likewise,  "getting  started    on  a 
solution  is  a  necessity  for  succefbful  solution.    Thus,  oultjpls 
"approach"  processes  may  plausibly  relate  to  success  in  problem  solving. 

Let  us  consider  Problem  S.19.    There  is  a-^ariety  of  distinct 
heuristic  approaches  to  this  problem.    In  addition  to  using  the  method 
of  tHe  related  problem  (Problem  S.?),  we  could  try  "definitiea.  How 
does  the  solution  to  his  problem  relate  to  the  definition  of  least 
con^n  multiple"  of  10,  9,  8,  2?  -  ^ 

One  could  also  consider  "variation  of  the  problem"  in  the  form 
of  dropping  a  part  of  the  condition  and  maybe  its  use  in  combination 
with  induction.    For  example,  induction  may  involve  searching  the 
sequence  of  answers  to  *  * 

5,B9a    What  ie  tfce  Bmaltest  numbeT  that  leaves  a  remainder 
of  1  when  divided  by  27 

'     S.29b   What  is  Hhe  smallest  mmber  that  leaves  a  rmaii^er 
of  2  when  divided  by  2  and  leaves  a  r maimer  of  2 
when  divided  by  3? 

and  80  on,  for  a  pattern. 

Finally,  one  could  use  successive  approximation  trial-and-error 
by  testing  numbers  that  end  in  9  to  determine  the  members  of  that  set 
tiut  leave  the  proper  Remainders  when  divided  by  9,  8,  7,  ....  3,  and 
2,  Mspectively.    Successive  approximation  becomes  relevsnt  by  noting 
patMrns  in  the  set  of  numbers  ending  in  19. 

Multiple  heuristic  processes  for  key  approaches  to  solutions  tp. 

Problem  5.22  were  given.    As  another  example  of  the  use  of  multiple 
heuristic  processes,  consider  the  following  set  of  thtee  problems. 
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S,SQ  In  iih0  figmm  M^C,  angU  SAiWi?**  and  ASmAD.  Hnd 

measure  of  angle  SDC,  ^A^apted  fr«a  Th«  Cont— t  Problea 
Book  II.  1961,  p.  45.) 


5.31  In  the  figiape,  AC^D 
and  angle  CAB  -  angle  ^ 
ABC  «  30%  Find 
measwe'e  of  angle  BAD,' 
(Adapted  from  The  Con- 
test  Problem  Book  II, 
1961,"  p.  54.) 

5.32  THangle  ABC  has  AB^AC, 
and  angle  A''20°,.  D  is 
a  point  on  AC^suah  that 
BD^D,    E  is  a  point  on 
AB  suak  that  BE^BC,  Fpnd 
(and  prove!)  the  measure 
of  -angle  BDE, 


B 


One  representation  for  Problem  S,30  is  in  the  form  of  a  set  of 
linear  equations -in  unknowns  (such  as    30**  +     DAC  +  2;  ACB-*  180";  - 
Z,DAC  +  2U)EA  »  180";  and       +  ^ACB,  -  ^DEA) ,    An  alternate  heuristic 
process  that  is  productive  is  to  observe  that  ^DAE  is  not  of  fixed 
aiae;  therefore,  the  implication  is  that  the  solution  is  independent 
of  the  size  of  that  angle.    Specialization,  clv>osing  a  special  case, 
such  as^QAC  -  30%  could  be  productively  explored. 

Now  we  consider  Problsa  S,S1,    For  one  who  has  solved  Problem 
5.30,  the  use  of  an  auxil^iary  construction — construct  CE     CB  f or  a 
point  E  on  BA  extended  through  A — would  be  plausible  toward  the  means 
of  "using  the  result"  of  Problem  S,'30.    As  an  alternate  for  one  who 
notes  the  symmetry  implicit  in  the  isosceles  triangle  ACD,  the 
reflection  of  the  figure  about  the  perpendicular  from  C  to  AD  is  . 
another  plausible  approach.    These  two  problems  exemplify  tasks  for 
which  multiple  heuristic  processes  may  initiate  alternate,  distinct 
solution  paths. 

Is  Problem  Sf32  sufficiently  related  to  Problems  S,30  and  S»31 
for  the  use  of  the  results  of  a  related  problem  or  the  use  of  the 
method  of  a  related  problem  to  be  justified?    Is  an  auxili&ry  line 
su^ested?    Whether  or  not  the  method  of  "consider  a  related  problem" 
is  helpful,  such  other  approaches  as  "consider  using  (construct- 
ing through  extended  line  segments)  a  triangle  that  can  be  proved 
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congrwt  to  triangle  ADE"  «r«  fnjitful.    Al«o,  approaching  tha  problaa 
through  the  uaa  of  a  trigonoaatric  relation  ia  productive;  thia 
auggesta  multiple  heuriatic  procesaaa.  i 

There  are,  of  courae,  nuoeroua  exan^lea  in  which  a  heuriatic 
proceaa  may  be  "embedded"  io  another.    A  particularly  frequently 
occurrixig  combination  ia  that  of  a  taak-apecif  ic  h«iriatic  proceaa 
being  embedded  in  a  general  proceaa,  auch  aa  neana-anda  analyaia  or 

planning. 

Heuriatic  processes  may  also ' be  sequentially  linked  in  the  solu- 
tion. One  general  pattern  of  such  sequencing  suggested  by  Kantowaki 
(1974)  waa  that  of  a  goal-oriented  proceas,  follow^  by  analysis  and 
synthesis,  followed  by  a  goal-oriented  proceaa,  and  90  on.  ^Thia 
suggests  heuristic  processes  for  accomplishing  a  aubgoal  in  aequence 
with  those  for  accomplishing-  successive  subgoals,  and  so  on,  similar 
to  Xhmcker*s  (1945)  view  of  problem  solving. 


Interaation  of  Q€hev  Task  Variable  Cats-  . 
goriea  with  Heuristia  Behavior  Variables 

» 

The  model  of  Figure  1.1  suggests  that  syntax  variables  as  well 
as  content  and  contest  variables  may  initiate  heuristic  behaviors, 
and  vice-versa.    We  have  seen  several  examples  of  thi^  interaction 
already.    Consider  also  the  pr6bl@n: 


S,3S    In  airale  0  of  radius  £,  OABC 

ia  a  r&atangle.    Side  0A=3  units, 
and  the  segment  AD  of  the  radius 
is  2  mits,    What  is  the  length 
of  AC? 

Content  knowledge  will  serve  to  suggest  alternate  solution  paths. 
For  example,  the  length  of  AB  may  be  found  by  using  the  fact  that 
"whenever  two  chords  intersect  in  a  circle,  the  product  of  the  seg- 
ments of  one  of  them  Is  equal  to  the  product  of  the  segmrats  of  the 
other."    By  using  chord  (diameter)  DF  iri  conjunction  with  BA  (extended 
to  form  a  chord),  one  obtains  BA  -  4.    However,  this  result  is  obviated 
if  one  recognizes  the  applicability  of  "the  diagonals  of  a  rectangle  , 
are  equal."    The  use  of  this  fact  may  require  "insight"  of  the  naive 
problem  solver.    Yet,  the  structural  features  of  tba  givens  and  condi- 
tion imply  the  applicability  of  "problem  symmetry"  and  the  use  of  a 
symmetry-preserving  transformation  (reflection  of  the  rectangle  about 
either  of  its  axes  of  symnetry). 

Problems  S.7,  5,9,  and  5,19  represent  examples  of  problems  in 
which  syntax  features  potentially  clue  heuristic  processes.  The 
"parallel"  nature  of  the  phrases  in  Problem  5.7  implies  a  need  to 
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"rcphr^M  eh«  problss,"  which  auggutt  €h*  postibU  um  of  d«f  initioa. 
The  pattern  of  sigos  in  ProblMi'^.^'auggMts  rtsrou^ins  aeedrdins,  to 
this  pattern;  hence,  a  decofflpoaitionTecoabination  probeaa  ia  auggeated. 
Likeuiae,  the  pattern  of  phrases  in  ProbXea  5.1$  should  again  lead  the 
observant  problem  solver  to  rephrase,  or  possibly  <to  produce  a  siapler  , 
related  problem^   In  any  event,  the  syntax  feattires  of.  the  problsa 
potentially  cue  the  heuristic  process  useful  in  problem  solution. 

Problems  S»S,  S,20»  and  5.18,  as  veil  as  Problem  5.32,  connect 
content  variables  and  heuristic  processes.    For  exas^le,  Probl«B  5.2^ 
is  recosQizable  as  a  place-v^ue-related  problon  and  as  such  suggests 
again  the  process  of  decomposing  and  recostbining.    Problem  5,18 
recalls  the  Pythagorean  triple,  6-8-10,  and  cues  the  problem  solver 
to  the  decompose-recofflbine  heuristic  possibilities  inherent  in  the 
problem  by  virtue  of  this  content  knowledge.    Finally,  Problem  S»S 
recalls  the  "rate"  problem  type  and  possibly  the  process  of  construct- 
ing a  table.    It  may  also  suggest  "variation  of  the  problem"  or  "go 
back  to  definitica"  in  light  of  the  fact  that  two  seemingly  very 
closely  related  problems  are  so  structurally  dissimilar.    The  apparent 
inconsistency  of  results  in  Froblen^s  5.S  and  5,6  willl  cue  such  behaviors. 

F*^^ the  very  observant  problem-solver,  analogy  nay  be  a  heuristic 
approach  of  relating  Problem  5.22  to  the  physics  content  mentioned 
earlier  as  a  third  solution  option.    The  contextual  clues  of  €he 
problem,  together  with  the  physics  content  ksujvledge,  may  allow  a 
problem  solver,  by  making  insightful  use  of  analogy,  to  derive  a 
solution  with  little  effort  (compared  with  the  effort  of  the  calculus 
solution  process.)  . 


4.  Conclusions 

Although  a  notable  increase  o£  interest  in  heuristic  processes  has 
occurred  since  Polya*s  re introduction  of  the  concept,  inquiry  into  the 
ramifications  of  this  form  of  reasoning  is  still  in  its  infancy.  We 
have  seen  some  of  the  impact  of  heuristic  reasoning  in  computer  program- 
ming and  in  psychology.    Experimental  and  exploratory  studies  related  to 
mathematics  have  begun  to  probe' the  "natural  distance"  as*  well  as  the 
"instructed  development"  of  heuristic  processes,  and  to  study  their 
effects  on  problem-solving  success. 

As  research  hypotheses  evolve  from  exploratory  investigations,  much 
work  is  needed  to  substantiate  or  reject  than  by  means  of  rigorous  exper- 
imental studies.    Some  topics  are  still  in  need  of  hypothesis-generating 
exploration.    What  heuristic  techniques  are  useful  for  what  subject 
population,  what  processes  can  be  developed  by  specified  forms  of 
instruction,  and  how  these  affect  success  in  solving  non-routine  prob- 
lems, are  all  virtually     touched  areas.    An  understanding  of  the 
properties  of  problem  tasks  with  respect  to  heuristic  behavior  is 
fundamental  to  the  success  of  future  research. 
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In  this  chapter  the  relative  difficulties  of  fq»ir  kinds  of  verbal 
probleios  are  compared  with  respect  to  student  populations  in  different 
grades.    The  experimental  problem  charactexristics,  defined  below,  are: 
abstract  factual  (AF),  abstract  hypothetical  (AB),  concrete  factual  (CF), 
and  concrete  hypothetical  (CH>.    These  variables  were  selected  for  study 
because  of  their  possible  importance  from  the  standpoint  of  cognitive— 
developmental  theory.    At  the  stage  of  formal  operational  thought,  the 
adolescent  can  construct  systems  and  theories,  drawing  conclusions  from 
pure  hypotheses  as  well  as  from  actual  observations.    Two  of  the  main 
characteristics  of  this  stage,  in  contrast  to  the  concrete  operational 
stage  which  precedes  it,  are  the  ability  to  handle  abstract  situations, 
and  the  capability  of  thinking  in  a  hypothetical-deductive  manner 
(Johannot,  1947;  Piaget,  1968).    Thus,  a  strictly  developmental  model 
might  suggest  that  concrete  problems  and  factual  problems  would  be  less 
difficult  than  abstract  problems  and  hypothetical  problems  for  elemen- 
tary school  children,  while  for  old*  subjects  the  differences  irould 
tend  to  disappear. 

The  process  of  solving  verbal  problems  in  mathematics  has  often 
been  described  as  consisting  of  two  general  stages — translation  and 
computation  (Jerman,  1973;  Kinsella,  1970;  Paige  and  Simon,  1966). 
This  point  of  view  has  been  adopted  for  the  model  underlying  the  pre- 
sent book  (see  Figures  1.1  and  2,1).      In  Chapter  I,  syntax,  content, 
and  context  variables  are  associated  with  the  problem  Btat&nent,  and 
thus  are  expected  to  affect  problem  difficulty  principally  during  the 
translation  stage.    In  Chapter  II,  Bamett  provides  a  more  detailed 
m^el  for  the  influence  of  syntax  variables  on  the  translation  stage 
of  a  verbal  problem,  and  in  Chapter  X.B,  Schoenfeld  urges  the  teaching 
of  heuristic  processes  by  means  of  the  particular  stages  with  which 
they  are  associated. 

* 

For  th^  verbal  problems  in  the  present  study^  t!ie  translation 
stage  corresponds  to  the  "setting  up'^  of  the  verbal  problem  statement 
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u  «  syttMi  of  Mitbmtleal  «x?rMsl«ic  or  «qu<tiOM«    IXiriB<  tiM  con^* 
tation  stage,  the  problea  solver  perfoms  Che  algebraic  operations 
necessary  to  obtain  the  solution.    The  kind  of  situation  (abstract  or 
concrete,  factual  or  hypothetical)  described  by  the  problea  statement 
(i.e.,  its  verbal  context)  oay  be  expected  to  affect  the  difficulty  of 
translating  the  problea  into  matheaatical  expreasions,  md  consequently 
the  overall  difficulty  of  the  problem. 

Interest  in  the  field  of  infbraation  processiiog  has  atiauslated  the 
creation  of  cootputer  programs  which  can  solve  verbal  problens  in  mathO' 
matics  through  the  above  two-stage  process;  for  example,  Bobrow's 
STUDENT  program  (Bobrow,  1968).    Paige  and  Simon  used  Bobrov's  program 
as  the  basia  for  a  smdel  of  human  behavior  in  solving  verbal  problems, 
comparing  the  protocols  of  subjects  instructed  to  "think  aloud"  vitis 
student's  direct  translation  of  algebra  word  problems  (Paige  and  Simon, 
1966).    In  order  to  determine  the  Implications  of  such  a  model  for  the 
relative  difficulties  of  abstract  vs,  concrete  and  factual  V8.  hypothe- 
tical problems,  we  here  utilize  the  STUDENT  program  procedure  to 
analyze  problems  of  the  four  types  AF,  AH,  CP,  and  CH.    The  analysis 
modifies  STUDENT  only  by  broadening  its  vocabulary  in  a  consistent 
manner.    It  is  concluded  that  concrete  problems  are  more  complicated 
for  STUDENT  than  abstract  problems,  since  concrete  problems  must  undergo 
additional  idiomatic  substitutions  in  order  to  reference  the  n;^€3*  or 
quantity  of  objects  described  in  the  problem,  rather  than  the  objects 
themselves.    Likewise,  hypothetical  problems  require  procedures  consider- 
ably more  complex  than  do  factual  probl&i^  (see  below). 

Thus  in  contrast  to  a  strictly  developmental  theory,  the  STUDENT- 
type  information  processing  nwdel  would  suggest  that  AF  problems,  are 
the  easiest  and  CH  the  most  difficult. 

The  purpose  of  the  present  chapter  is  to  describe  in  detail  the 
methods  used  in  the  construction  of  the  problem  instruments  used  in 
the  study.    An  effort  was  made  to. address  systematically  each  of  the 
categories  of  task  variables  described  in  this  book,  so  that  parallel 
forms  of  verbal  problems  could  be  constructed— forms  which  held  constant 
as  many  task  variables  which  weren^^tof  experimental  interest  as  possible, 
while  varying  those  which  were  of  interest.    Often  it  was  most  diffi- 
cult, to  ensure  that  variables  were  held  constant,  and  the  reader  will 
be  able  to  observe  the  extent  of  our  success  or  lack  of  success  for 
each  variable. 

Before  proceeding  with  the  detailed  description  and  analysis  of 
the  problem  instruments,  a  brief  overall  description  of  the  study  will 
be  given. 

1,    Description  of  the  Study 

The  population  for  this  study  consisted  of  students  in  grades  4 
through  12  in  a  predominantly  white  middle-  and  upper-middle  class 
sclKiol  district  In  suburban  Phil.adelphla.    The  school  district 
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emCAins  savin  «lca«at«T7  «cbcK>X«»  onm  juaiar  high  «c1«hi1»  «ad  ovm 
•«mior  high  school.    Tuqi  elesumtary  schools  deowd  to  b«  ths  laost 
representative' in- mathematics  achieveaent  ware  selected;  the  tests 
were  administered  to  all  childiren  in  grades  4  through  6  in  the 
elementary  scteols.    Junior  high  classes  were  selected  randomly  from 
the  three  achievement  levels  in  grades  7  through  9,  and  senior  high 
classes  were  selected  at  random  to  ol>tain  a  repirasentativa  cross- 
section  of  mathematics  achievenent  in  grades  10  through  12.    A  total 
of  399Lel«Aentary  school  children,  813  junior  high  students,  and  274 
senior  high  Students  completed  the  problem  sets  in. the  study. 

The  word-prohl^  tests  used  in  the  study  consisted  of  five  sets 
of  four  problems  each,  for  a  total  of  20' problems.,  Each  set  of  four 
problems  contained  one  problem  each  of  the  type  AF,  AH,  CF,  and  CH. 
Three  different  tests  were  useds    an  elemoitary  test  for  grades  4 
through  6,  an  intermediate  test  for  grades  7  through  9,  and  an 
advanced  test  for  grades  10  through  12.    There  were  three  problepi 
sets  common  to  both  the  el^entary  and  intermediate  tests,  four 
problem  sets  common  to  both  the  intermediate  and  the  advanced  tests, 
and  two  problem  sets  comodn  to  all  thr^e  tests.    (No  problems  were 
uniquely  used  with  grades  7  through  9.)    In  general,  the  computa- 
tionally more  comply  problems  were  retained  for  the  higher  grade 
levels . 

.  In  addition  three  different  computational  skills  test^  were 
developed;    elementary^  Intermediate^  and  adV^anced.    The  computational 
skills  tests  consisted  of  five  sets  of  two  problems  each*  testing  the 
computational  algorithms  necessary  to  solve  the  correspKjndlng  sets  of 
verbal  problems.  -  ,  i 

'  A  researcher  met  with  all  teachers  In  the  elementary  schools  and 
the  junior  high  schbol  prior  to  the  testing,  to  explain  procedures. 
In  the  senior  high  school,  tllb  ^lepartment  chairperson  explain^  ttie 
proc^ures  to  the  participating  teachers  after  meetlag  with  the 
researcher.    Instruction  shj^ts  and  record  forma  were  distri5buted 
at  that  time.    The  tests  themselves  were  administered  to  all  of  the 
students  on  two  consecutive  days  in  September  1976.    Ea^h  day  th6 
students  were  first  asked  to  solve  ten  word  problems  in  30  i&inutes. 
These  tests  were  collected »  and  a  computational  test  consisting  of 
five  problems  was  distributed  for  completion  in  a  ten-minute  period. 
On  the  first  day,  half  of  the  students  received  Part  I  and  half 
received  Part  II  c^f  the  word  problCTi  tests;  on  the  second  day,  these 
were  reversed.    Testing  order  was  assigned  randomly  within  each  class. 
The  analysis  Included  only  data  for  students  who  complete  the  entire 
test.  , 

The  basic  eiqperimental  desifta  was  a  imiltlfactorial  analysis  of 
variance  with  repeated  measures  pn  two  experimental  factors  (Winer, 
1971,  pp.  599-603).    Factors  included  in  the  analysis  were:  (a) 
grade  level,  (b)  sex,  (c)  test  order  (Part  I  first  or  Part  II  first), 
(d)  performance  on  the  computational  skills  test  (pass  or  fail),  (e) 
first  experliuental  factor — abstract  or  concrete,  and  (f)  second 
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•xp«ViiMat«I  factor— factual      Rypotbatlcal.    Six  diffarant  ai^yaci 
of  Variance  were  performad  in  accordance  vlfrh  the  above  datiga:  (1) 
elementary  school  students,  all  problesis;  (2)  junior  high  school 
students,  all  prpblems;  (3)  senior  high  school  studantSfSll  problems; 
(4)  eleaentary^^d  junior  high  students,  problems  comoon  to^lioth 
tests ^  (5)  junior  high  and  senior  high  students,  problems  c^mad^  to 
both  tests;  and  (6)  all  atudents,  problems  comsoon  to  all  three  tests. 

More  detail  on  the  study  itself :  may  be  found  in  the  dissertation 
of  one  of  the  authors,  and  is  to  appear  in  the  litjerature  (Caldvell, 
1977;  Caldwell  and  Coldin,  1979).    Some  of  the  findings  are  summarized 
at  the  end  of  this  chapter,  but  fitst  we  shall  examine  the  construction 
of  the  problem  instrun^nts. 

'm 

2/  The  Experimental  Variables 

The  classification  of  problems  as  concrete  or  abstract,  and  as 
factual  or  hypothetical,  was  based  on  the  following  definitions  (see 
also  Chapter  III).    An  abstract  word  problem  involves  a  situation 
which  describes  abstract  or  sjnaboLic  ob;jects,  while  a  aonarete  word 
problem  describes  a  real  situation  dealing  with  real  objects «  For 
example,  a  problem  about  digits  in  9  number  would  be  abstract,  while 
a  problem  about  baseballe^;^ would  be  concrete*    k  factual  prob^V^  de8<- 
cribes  a  situation.    A  hypothetical  problem  not  only  describes  a 
situation,  but  also  describes  a  possible  change  in  the  situation.  ^ 
This  change  does  not  really  occur  within  the -context  of  the  problein.^^ 
In  solving  the  hjrpothetical  problem,  the  prob,le^jBolver^fiust  consider 
tiot  only  the  situation  which  occurs  within  tl^e  context  of  the  problem, 
but  also  the  described  alteration  which  does  {tot  occur. 

It  was  desired  that  the  classification  of  problems  as  abstract  or 
concrete,  factual  or  hypothetical,  be  both  a  valid  and  reliable  process 
Consequently  each  problem  was  first  classified  by  consensus  of  the 
participants  in  the  mathematics  education  doctoral  seminar  at  the 
University  of  Pennsylvania.    Where  there  was  not  xmanimous  agreement 
of  the  five  participants,  a  problem  was  reworded  until  agreement  was 
achieved.    In  a  final  validation  procedure,  a  validation  instPwnent 
was  given  to  five  faculty  members  and  graduate  students  in  education, 
none  of  whom  had  participated  in  the  doctoral  seminar.    After  some 
expelrimentation,  it  was  determined  most  reliable  to  use  separate 
questionnaires  for  the  abstract/concrete  and  the  factual/hypothetical 
classifications. 

Thus  on  the  "Abstract/Concrete  Validation  Instriiment,"  there  were 
these  instructions:    "Please  decide  whether  each  of  the  following 
problems  is  abstract  or  concrete  according  to  the  following  defini- 
tions and  circle  the  approjpriate  adjective  beloW^"    Tbe  above 
definitions  of  abstract  and  concrete  problems  were  then  stated, 
followed  by  44  problems  to  be  classified  as  one  or  the  other.  The 


"F*ctu«l/Hypothetical  Validation  Inatruaent"  contained  aimilar  inatruc- 
tiona  follevad  by  tba  dafinitionii  but  on  this  inatnuMnt  it  vaa  daanad 
adviaable  to  include  £our  exai^lea.    Thaaa  vara  aa  followt: 

< 

^.2   fhe2*e  is  a  aertain  given  number.    Three  more  than  tidee 
i^his  given  mm^fer  is  equal  to  fifteen,    Vhest  is  the 
value  of  the  given  number?  _ 

(Factual,    Ko  change  ia  deacribed.) 

6.2  ■  There  is  a  certain  m<ra&«J*.    If  this  nwri>er  were  four 

more  thsm  ixHae  as  large^  it  would  be  equal  to  eightem. 
What  is  the  number? 

(Hypothetical.    The  number  ia  not  really  four  more  th»i 
tvice  as  large.) 

6.3  Susan  has  seme,  dolls,    Jane  has  five  more  than  twioe 
as  many,  '  so  she  has  seventeen  dolls.    Bow  mmy  dolls 

.  does  Susan  have? 

(Factual.    No  change  is  described.) 

6.4  Susan  has  some  dolls.    If  she  had  four  more  than  twice 
as  many,  she  wouW  have  fourteen  dolls.    How  many  dolls 
i^a^a  Susan  really  have? 

(Hypothetical.    Susan  does  not  really  have  four  more 
than  twice  as  many  dolls.) 

It  Will  be  noted  that  of  the  example  problems  given, 'the  first  two 
are  abstract  and  the  last  two  are  concrete 'although  this  was  not 

explicitly  pointed  out  on  the  !*Factual/il'5n?.othe?ical-^alid^1fpn 
Instrument."  ,  *-         ;  '  v  .,.        '  ' 

..  •  ^       ,  N.*- 

In  order  to  include  a  probl«a:in  the  expfiSriment,  it  was  recmire* 
that  four  of  the  five  validators  indepsn^entty  classify  the  problem 
as  abstract  or  concrete,  factual  or  hypothetical,  in  agreement  with 
the  consensus  of  the  doctoral  seminar.    This  stringent  requirement 
was  imposed  in  order  that  there  be  little  doubt  in  the  interpretation 
of  the  definitions  of  the  experiiaental  variables.    The  underlying 
consideration  was  to  obtain  a  degree  of  precision  which  would  insure 
the  reproducibility  of  the  results  of  the  study^  or  alternatively, 
which  would  permit  further  studies  of  the  same  abstract/concrete  and 
factual /hypothetical  variables.    The  experimental  problems  are  listed 
by  sets  in  Table  6.1. 

Of  the  A4  problems  listed  on  the  "Abstract/Concrete  Validation 
Instrument,"  there  was  unanimous  agreement  of  the  five  validators  on 
37  problems.    One  validator  classified  the  four  problems  involving 
age  as  abstract  (including  Problems  S(a),  5(b)  and  6(a)  in  Table  6.1); 
one  classified  a  problem  about  camels'  loads  as  abstract  (Froblen 
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Set  2    (a)  Jane  has  32  gmdrops.    Her  older  sister  Sarah  has  three  CP 
times  as  many  gundrops  as  Jane  has.    How  many  guadrops 
does  Sarah  have? 

(h)  George  has  34  marbles.    Suppose  that  he  had  two  times  as~'  '€B 
many  marbles  as  he  really  has;    How  many  marbles  would 
George  have  then? 

(o)  The  number  33  is  given.    A  second  number  is  three  times  AF 
as  large  as  the  first  number  is.    IQiat  is  the  value  of 
.this  second  number? 

(d)  The  number  34  is  given.    Suppose  that  this  niunber  were  AS 
two  times  as  large  as  it  really  is.    Khat  would  the  value 
of  the  number  be  then? 


Set  2    (a)  Julie  has  seven  more  books  than  Bob,    Bob  loses  four  CF 
books,  so  that  now  he  has  fifteen  left,    How  many  books 
ddes  Julie  have?  * 

(b)  Charlie  has  eight  more  records  than. Amanda  has,    If  CS 
Amanda  lost  three  records,  then  she  would  have  sixteen 
left.    How  many  records  does  Charlie  haye? 

(a)  A  number  is  six  larger  than  a  second, number.    The  second  AF 
number  is  changed  so  that  it  is  five  smaller,  and  now 
it  equals  sixteen.    What  is  the  first  number? 

Cd)  A  number  is  nine  larger  than  a  second  number.    If  the  AS 
second  number  were  three  smaller,  then  it  would  equal 
seventeen.    What  is  the  value  of  the  first  number? 


Set  S    (a)  Phil  has  Seven  more  than  three  times  as  many  toys  as  he  CF 
had  last  year,  and  he  has  31  toys.    How  many  toys  did 
he  have  last  year? 

Cb)  If  Sally  had  nine  more  than  twice  as  many  records  as  €B 
she  really  has,  she  would  have  25  records.    How  many 
records  does  she  really  have? 

(c)  The  value  of  eight  more  than  six  times  a  given  number  is  AF 
known  to  be  equal  to  44,    What  is  the  value  of  the  given 
number  that  is  described  here? 

(d)  If  an  unknown  number  were  eight  more  than  five  times  as  AS 
large  as  it  is  now,  then  it  would  be  equal  to  33.  What 

is  this  unknown  number? 

aontinued 
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Set  4    (a)  Alan  bought  an  equal  number  of  plants  and  flowerpots.  CF 
'  Each  plant  cost  three  dollars  and  each  flowerpot  cost 
five  dollars,  so  that  he  spent  48  dollars  in  all.  How 
nany  plants  did  Alan  buy? 

(b)  Jane  has  an  equal  number  of  dogs  and  cats.    If  she  had  CB 
twice  as  many  dogs  and  four  tiaes  as  many  cats,  she 
would  have  42  pets  in  all.    How  many  dogs  does  Jane 
have?  •  . 

(e)  A  number  A  is  equal  to  a  number  O  •    The  sum  of  AF 
three  tines  the  first  number  and  four  times  the  second 
number  is  known  to  be  equal  to  56.,  What  is  the  value 
of  A  in  this  question?  v 

(d)  The  numbers  A  and  O  are  equal.    If  A  were  twice  AS 
as  large  as  it  is  and  O  were  five  times  as  large, 
then  the  sum  of  the  new  numbers  would  be  49.    What  is 
the  value  of  A  ? 

Hota:  On  the  validation  instruments,  problems  4 (a)  and  4(d) 
appeared  with  an   X    in  place  of  the  triangle  and  a  Y 
in  place  of  the  circle.    The  change  i^s  made  in  order 
to  permit  these  problems  to  be  used*  With  all  three  groups 
of  subjects. 


Set  S    (a)  Jenny  is  a  girl.    Jenny's  father  is  three  times  as  old  CF 
.  as  Jenny  is,  and  he  is  39  years  old.    How  old  is  Jenny? 

(h)  Eddie  is  a  boy.    If  Eddie  were  four  times  as  old  as  he  CS 
really  is,  then  he  would  be  48  years  old.    How  old  is 
Eddie? 

(a)  There  is  a  number.    A  second  number  is  five  times  as  AF 
large  as  the  first  number,  and  the  second  number  is  55, 
What  is  the  value  of  the  first  number? 

(d)  There  is  a  number.    If  this  number  were  two  times  as  AS 
large  as  it  really  is,  then  it  would  be  equal  to  28, 
What  is  the  number? 


Qontimied 
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Table  6.1    foontimwd)       ,  "  - 

Sat  6    (a)  There  are  {qmt  people  in  the  Smith  family.    Mary  Smith  CT 
is  the  /Oimgest,  her  sister  Rose  is  two  years  older 
than  Mary,  her  sister  Ann  is  two  years  older  than  Rose,  ] 
and  her  sister  Louise  is,  two  years  older  than  Ann.  '  The 
sum  of  all  foiir  ages  is  equal  to  132.    How  old  is  Mary? 

•  .  '      .      ■  ■ 

(b)  Four  auiels  are  carrying  equal  loads.    Suisse  the  first  CS 
cansel  were  carrying  the  same  load,  the  second  vere  carrying 
six  pounds  more  than  the  first,  the  third  were  carrying 
-   six  pounds  n»re  than  ^he  second,  and  the  fourth  were 
carrying  six  pounds  more  than  the  third.    The  sum  of  the 
four  loads  would  be  156  pounds.    How  many   pounds  is  the 
first  camel  carrying? 

(a)  There  are  four  numbers  in  a. given  list.    The  first  number  AF 
is  the  smallest,  the  second  number  is  four  vysTt  than  the 
first  number,  the  third  number  is  four  more  than  the 
second  number,  and  the  fourth  number  is  fovtr  more  than  ^ 
the  third  number.    The  sum  of  all  four  numbers  is  184. 
What  is  the  first  number  in  the  list? 

(d)  There  are  four  equal  numbers  in  a  given  list.    Suppose  AS 
the  first  number  were  the  same,  the  second  number  were 
three  more  than  the  first,  the  third  number  were  three 
more  than  the  second,  and  the  fourth  nuiiiber  were  three 
more  than  the  third.    The  sum  of  all  four  numbers  would  be 
178.    What  is  the  value  of  the  first  number? 


Set  7    (a)  In  a  certain  school  in  Pennsylvania,  one-fourth  of  the  CF 
pupils  are  boys,  and  there  are  43  boys  in  the  school. 
How  many  pupils  are  there? 

(h)  If  John  were  able  to  work  only  one- third  as  much,  he  CB 
would  receive  35  dollars  a  week.    How  nnich  does  he 
receive  a  week? 

(a)  It  is  known  that  one-fif^h  of  a  given  number  has  a  value  AF 
equal  to  42.    What  is  the  given  number  that  is  described 
here? 

(d)  If  a  certain  number  were  only  one-fourth  as  large  as  it  AS 
is,  it  would  be  equal  to  28.    What  is  this  number? 
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Table  6.1  foontinusd) 


S0t  8    (cO  k  yam%  farmer  has  eight  nore  hens  than  dogs.  Since 
hens  have  tw  legs  each,  bu^  dogs  have  fotxr  legs  each, 
all  together  the  asinals  have  118  legs.    How  aany  dogs 
does  the  yoimg  farmer  own? 

(b)  There  are  four  nore  girls  in  an  English  class  than  ^ys. 
If  there  were  six  times,  as  many  girls  and  t%rice  as  many 
'  boy&,  there  would  be  136  pupj.ls.   How  many  boys  are 
there? 

(a)  The  value  of  a  given  number  is  six  more  than  the  value 
of  a  second  number.    The  suis  of  two  tines  the  first 
number  and  four  times  the  second  number  is  126.    ISiat  is 
the  value  of  the  second  number? 

'  (d)  k  given  number  is  six  more  than  a  second  number*    If  the 
first  number  were  four  times  as  large  and  the  second 
two  times  as  large,  their  sum  would  be  126.    tilhat  is 
the  second  number? 


The  et&mntary  word  problem  test  consisted  of  Sets  I'^S  above;  the 
vntomediatQ.  test  consisted  of  S&ta  2^4  and         and  the  a/^anoBd  test 
included  S&ta  3-4  and  6^8, 
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e(b}  in  Tabl*  6*1);  •od  onm,  dMslfitd  a  M^^ry  problM  mm  abstract 
(FrobXaa  ?Cb)  in  Tabla  6.1).'   <kily  ona  problaa  did  not  racaiva  tha 
raquirad  agraamant  of  foux;  validacora;  thac  problos  vaa  ravrittan 
and  claaaif  iad  by  the  saoa  group  of  vaXidatori  with  unarriaoua  agraa- 
nant.    Of  tha  44  problaoa  liated  on  tha* "Factual/Hypothatical 
Validation  Inatnmant,"  thara  vaa  unaniooua  agraanafit  of  tha  fiva  < 
validators  o|b  all  of  than.    Tha  rawrittan  problam  wa«  raaubaictad 
to  tha  aaoe  validators,  and  agraaaant  vaa  again  unanimous.    In  abort, 
it  was  not  overly  di|^icult  to  obtain  indapendant* agraamant  on  the 
classification  of  verbal  problems  with  respect  to  the  cxperiaental 
variables.    Greater  unanimity  might  have  been  achieved  for  the 
abStract^concrete  variable  had  illustrative  exan^les  been  provided 
the  validators,  as  they  were  for  the  factual/hypothetical  variable. 

Let  us  discuss  somewhat  further  the  interpretations  of  the 
experimental  variables  with  respect  to  cognitive-^evelopoental  theory, 
and  with  respect  to  Bobrow*8  Stin)EMT  program.    Our  moat  i^nportant 
remark  is  that  both  the  abstract/concrete  and  factual /hypothetical 
variables  describe  the  problem's  verbal  context.    Making  reference 
to  the  context  variables  discuss^  in  Chapter  III  (Table  3.2), 
variables  describing  a  verbal  context  are  distinguished  from  tho 
describing  differences  among  problem  emlxidiments  (e.g.,  verbal  prob-  _ 
^*^ems  VB,  uanipulative  problems).    Thus  the  "concrete"  problems  that 
we  study  are  only  "concrete"  in  the  -^sense  that  the  problem  statosents 
discuss  "real  objects"  or  "real  situations,"  not  in  the  sense  of  being 
embodied  in  a  manipulative  task  environment.    This  is  a  step^  removed 
from  the  meaning  of  "concrete"  as  it  is  often  interpreted  in  develop- 
mental theory.    Nevertheless,  there  is  a  widespread  assumption  among 
elementary  educators  that  concrete  verbal  problems . (in  our  sense)  are 
more  appropriate  for  younger  children,  and  therefore  this  represents 
an  important  variable  to  study. 

We  have  been  considering  the  experimental  variables  to  be  aonte^Ht 
variables,  because  they  characterize  different  kinds  of  situations 
which  are  described  when  the  'meanings  of  the  problem  Staten^ts  are  ' 
interpreted.    However,  each  of  these  variables  has*a  sj/ntaotitf  com-~ 
ponent  as  well,  which  becomes  very  apparent  when  our  problems  are 
examined  with  reference  to  the  STUDEKT  prografa. 

The  input  for  STUDENT  consists  of  a  restricted  subset  of  JEnglish 
words  which  can  be  us^  to  express  a  variety  of  algebra  and  arith-<«^ 
metic  vord  problems.    The  program  sets  up  a  corresponding  set  of 
equations  and  solves  for  the  requested  unknowns.    A.  store  of  "global" 
information,  not  specific  to  any  one  problem,  enables  the  program  to 
identify  equivalent  terms.    The  language-processi^  systea  proceeds 
by  transforming  statem^ts  into  semantically  equivalent  aequences  of 
simpler  sentences  which  can  be  directly  interpreted.  .  The  first  step 
is  to  make  "mandatory  substitutions,"  which  reduce  certsin  yor^s  pt 
plu-ases  to  their  standard  equivalent  or  canonical  forms.    Tibis  is 
accomplished  by  mesne  of  a  simple  dictionary  of  synonyms  which  is 
part  of  the  global  information.    The  next  step,  "tagging., words  by 
function,"  applies  labels  to  some  of  the  words  in  the  text,  inificating 
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Figure  6.1  Ftd^hax^  for^  STUDSST  (AdepUd  fiam  8^3fO0, 
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1808) 


$  * 


Get  information 
and  return  to 
appropriate 
point  in  the 
program. 
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T«bl«  6.2  '  ExarpU  of  a  Px>cbt^  Solved  %  STtWW  (Adapted  fx^  BobrMs  ^^^^i 


The  problem  to  be  solved  isj  " 

If  the  number  of,  ciistoaers  Tom  gets  is  twice  the  square  of  20  percent 
of  the  number  of  advertisements  he!  runs,  and  the  number  of  advert iseipents 
he  runs  is  45,  what  is  the  nun^er  of  customers  Tom  gets? 

With  mandatory  stubstitutions  the  problem  is:  ^ 

If  tne  number  of  customers  Tom  gets  is  2  times'  the  square  20  percent 

of  the  nximber  of  advertisements  he  runs,  and  the  nuajber  of  advert isements 

he  runs    is.  U5 ,  what  is  the  nun^er  of  customers  Tom  gets? 

With  words  tagged  by  function  the  problem  is: 

If  the  niinjber  (of /op)  customers  Tom  {gets /verb)  is  2  (times /op  1)  the 
(square/op  2)  . 20  (percent/op  2)  (of /op)  the  number  (of/op)  advertisements 
(he/pro)  runs^  and  the  number  (of /op)  advertisements  (he/pro)  runs  is 
45,  (what/Q  word)  is  the  number  (of/op)  customers  Tom '(gets/verb)  (?/DLM) 

The  function  tags  have  the  following  meanings: 

op  This  tag  designates  a  possible  arithmetic  operation. 

op  1,2    The  tags  op  1  and  op  2  also  designate  operations;  the 
number  indicates  the  order  of  operations. 

verb       This  tag  is  used  to  designate  a  verb. 

pro        This  tag  is  used  with  pronouns. 

Q  word    This  designates  question  words,  such  as  "what"  or  "how  many^" 

DLM        This  abbreviation  is  used  for  the  tag  "delimiter."  These 
aj^  punctuation  marks  indicating  the  end  of  a  sentence. 

The  simple  sentences  are;' 

The  number  (of /op)  customers  Tom  (gets /verb)  is  2  (times/op  1)  the 
(square/op  1)  20  (percent ^op  2)  (of /op)  the  number  (of /op)  advertisements 
(he /pro)  runs  (period/DLM) 

The  number  (of /op)  advertiseiTfents  (he/pro)  runs  is  45  (period/DLM) 
(What/Q  word)  is  the  number  (of /op)  customers  Tom  (gets /verb)  (?/DLM) 
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Table  6.2  (oontinmd) 

The  equations  to  be  solved  are: 

Eqiial  X  (number  of  custcsaers  Toia  (gets/vex^)) 
Equal  (number  of  advertisements  (he /pro)  runs)  45 

Equal  (number  of  customers  Tom  (gets/verb))  (t^oes  2  (expt  (times  .2000 
(number  of  advertisements  (he/pro)  runs))  2)) 

Prefix  notation  is  used  in  setting  up  these  equations}  the  operation 
is  indicated  first  and  then  the  two  operands. 

The  operation  "expt*^  he^  two  operands  and  indicates  esQJonentiationj 
the  first  operand  is  the  base  and  the  second  the  exponent. 

The  solution  is:  ^ 

The  nuinber  of  cixstoiners  Tom  gets  is  162, 
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.thsir  gra^mcticAl  fimction.    This  im  aloo  «ccpapii«tMd  by  wm»xi»  of  m 

dictionary  classifying  certain  words  aa  oparators,  verba,  and 
deliioiters.    The  text  is  then  divided  into  a- sequence  of  aimple 
sentences,  and  these  are  translated  into  equations  by  assigning 
variable  names  to  question  words  and  noun  phrases.    Figure  6^1  out- 
lines STt7DENT*8  operation,  and  Table  6.2  gives  an  example  adapted 
from  BobroW  of  a  problem  solved  by  STUDENT. 

We  shall  use  the  STUDENT  proc&iure  to  analyze  Problems  6,1 
through  6.4,    The  first  problem  (6,2)  is  abstract  and  factual. 

There  ia  a  attain  given  numbep.    Three  more  than  tidae 
this  given  number  is  equal  to  fifteen.    What  is  the, 
value  of  the  given  mar^&r? 

With  the  mandatory  substitutions,  the  problem  becomes: 

There  is  a  certain  given  number,  3  plus  2  times  the  given 
number  is  15.    What  is  the  value  of  the  given  number? 

The  next  step  involves  tagging  the  words  by  function: 

There  is  a  certain  given  number  (period/DDI)    3  (plus/op  2) 

2  (times/op  1)    the  given  number  is  15  (period/DIil)  (What/ 
Q  word)  is  the  value  (of /op)  the  given  number  (?/DI^I) 

When  the  problem  is  divided  into  simple  sentences,  we  have: 

There  is  a  certain  given  number  (period/0LM)  " 

3  (plus/op  2)  2  (times/op  1)  the  given  number  is  ?5  (period/DLM) 
(What/Q  word)  is  the  value  (of/op)  the  given  number  (7/DLM) 

The  problem  is  now  translated  into  equations.    The  first  sentence  is 
redundant,  since  it  is  the  question  sentence  which  identifies  the 
unknown. 

Equal  X  (given  number) 

Equal  (plus  3  (times  2  (given  number)))  15 

The  program  now  solves  the  problem  by  solving  the  equations  X  -  given 
number,  and  3  +  2X  -  15.    No  significant  alterations  in  the  program 
have  been  required  for  this  problem,  and  no  optional  or  idiomatic 
Substitutions  were  made. 

^oblem  6,B  is  -abstract  and  hypothetical. 

,  There  is  a  aertain  mtmber.  If  this  number  were  four  rmre 
than  HHae  as  large,  it  ixmld  be  equal  to,,  eighteen.  What 
is  the  ramber? 
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Witb  aandAtory^  stibstltuttons,  tli«  probltt  bccoMsr 

There  is  a  cerbain  number.    If  the  number  vere  4  plus 
2  times  as  large,  it  would  be  18.    What  is  the  number? 

With  words  tagged  by  function: 

There  is  a  certain  number  (period/DLM)    If  the  number 
were  4  (plus /op  2)  2  (times/op  1)  as  large,  (it /pro) 
would  be  18  (period/DU!)    (What/Q  word)  is  the  number 
(?/DLM) 

The  simple  sentences  are: 

There  is  a  certain  tiiuaber  <period/DX^) 

The  number  were  4  (plus/op2>  2  (times/op  1)  as  large  (period/DIil) 
(It/pro)  would  be  18  (period/DLM) 
(What/Q  word)  is  the  number  (?/DLM) 

As  in  Problem  6.2  the  first  sentence  is  redundant,  and  the  last  sen- 
tence translates  to  the  equation  "Equal  X  (nundjer)."    However,  the 
middle  sentences  require  additional  elaboration  of  the  processing 
system.    In  the  second  sentence,  the  comma  is  automatically  replaced  by 
(period/DLM),  because  it  has  been  preceded  by  a  subject  and  a  predi- 
cate.   In  the  third  sentence,  there  is  ambiguity  as  to  the  antecedent 
of  the  pronoun  "it;"  "(it/pro)"  refers  to  the  hypothetical  number 
rather  than  the  real  one  which'  is  to  be  found,  but.it  is  not  clear 
that  STUDENT  could  handle  this  distinction.    The  comparison  "as 
large"  also  involves  some  ambiguity;  the  insertion  of  the  plnrase  "as 
it  is"  to  complete  the  comparison  helps  somewhat,  after  ^ich  the 
comparison  "as  large  as  . . .  is"  must  be  omitted,  leaving  only  the 
"it."    Then,  in  order  to  specify  the  antecedents  of  the  pronouns, 
the  noun  phrases  associated  with  the  subjunctive  tense  verbs  must 
be  distinguished  from  those  associated  with  the  present-tense  verbs. 
The  second  and  third  sentences  thus  become: 

(The  number/different  tense)  is  4  (plus/op  2)  2  (times/ 
op  1)  (it/pro)  (period/DLM) 

(It/pro,  different  tense)  is  18  (period/DLM) 
Translated  into  equations,  the  problem  now  becomes: 
Equal  X  (number) 

Equal  Y  (number,  different  tense) 

Equal  (number,  different  tense)  (plus  4  (times  2  (it/pro))) 
Equal  (it/pro,  different  tense)  18 

where  (it/pro)  refers  to  (number)  and  (it/pro,  different  tense)  refers 
to  (number,  different  tense). 
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Thus,  nany  store,  steps  arc  required  for  STUDEHT  to  process  e 
hypothetical  problem  fchaa  are  required  for  a  factual  problem.  The 
difficulties  are  difficulties  of  ayntaxt  and  may  be  expected  to 
occur  similarly  in  all  of  the  hypothetical  problems.    Ve  wish  to 
contrast  this  purely  syntactic  analysis  with  the  view  that  the 
factual/hypothetical  distinction  has  ^n  important  smantia  component 
— that  hypothetical  contexts  might  be  more  difficult  (for  a  human 
being)  to  visiuzlise  or  imagine  (on  a  level  that  is  not  exclusively 
verbal). 

Next  we  consider  the  processing  of  a  concrete  problen  (6,3)  by 
STUDENT. 

Susan  has  some  dolls.    Jane  has  fiA>e  v\ore  than  twiae  as 
many,  so  she  has  seventeen  dolls.    Sow  many  dolls  does 
Susan  have? 

With  mandatory  substitutions,  the  problem  becomes: 

Susan  has  some  dolls.    Jane  has  5  plus  2  times  as  many, 
so  she  has  ^7  dolls.    How  loany  dolls  does  Susan  have? 

With  words  tagged  by  function,  we  obtain: 

(Sus^in/pgrson)  (has/verb)  some  dolls  (period/DLM)  (Jane/person) 
(h§s/verb)  5  (plus/op  2)  2  (times/op  1)  as  many,  so  (she/pro)  (has/verb) 
fii  dolls  (period/DLM)  (How  many/Q  word)  dolls  does  (Susan/person) 
(have/verb)  (?/DLM) 

The  simple  sentences  are: 

(Susan/person)  (has/verb)  some  dolls  (period/DLM) 
(Jafte/person)  (has/verb)  5  (plus/op  2) 2  (times/op  1)  as  many 
(She/pro)  (has/verb)  17  dolls  (period/DLM) 

(How  many/Q  word)  dolls  does  (Susan/person)  (have/verb)  (?/DLM) 

An  idiomatic  substitution  must  now  be  made  throughout  the  problem, 
changing  "Susan  has  some  dolls"  to  "There  is  a  number  of  dolls  Susan 
has;"    "Jane  has  ..."  to  "The  number  of  dolls  Jane  has...;"  and  so 
forth.    For  example,  the  last  sentence  becomes: 

(What/Q  word)  is  the  number  (of /op)  dolls  (Susan/person)  ^ 
(has/verb)  (?/DLM) 

The  first  sentence  is  again  redundant.    "(She/pro)"  in  the  third  simple 
sentence  refers  to  the  person  named  last,  thus  posing  no  difficulty. 
The  comparison  "as  many"  naist  be  processed  by  inserting  its  completion 
"as  Susan  has,"  which  then  undergoes  idiomatic^ substitution.  The 
equations  which  result  are: 
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Equal  X  (nuaber  of  doXXs  (Susan/person)  (hmWverb)) 

Equal  Y  (nuober  of  dolls  (Jane/person)  (has/verb)) 

Equal  (number  of  dolls  (Jane/person) . (has/verb) )  (plus  5  , 
(times  2  (number  of  dolls  (Susaa/per^on)  (has/verb)))) 

Equal  (number  of  dolls  (Jane/person)  (has/verb))  17 

»» 

.We  see  that  more  steps  are  required  for  a  concrete  problem  than 
for  an  abstract  problem;  the  language  processing  for  the  concrete 
problem  requires  additional  Idiomatic  substitutions  in  order  to  refer 
to  the  manber  of  objects  of  each  kind,  rather  than  to  the  objects 
themselves.    Again,  the  differences  in  processing  by  STUDENT  are  due 
solely  to  the  syntax  differences  associated  with  the  abstract/concrete 
variable.    In  contrast,  regarding  this  variable  as  a  aontmst  variable 
emphasizes  the  differences  in  the  aatuat  situations  described  by  thp 
problem  statements,  leaving  open,  for  example,  the  possibility  that 
(for^a  human  being)  concrete  situations  might  be  easier  to  visu^ize 
or  imagine  than  abstract  situations. 

Problan  6.4,  being  both  concrete  and  hypothetical,  is  the  most 
complicated  for  STUDENT  to  process. 

To  summarize,  the  abstract/concrete  and  factual/hypothetical 
classifications  may  be  thought  of  as  context  variables,  for  which  a 
developmental  theory  might  predict  concrete  factual  problens  to  be 
the  easiest  and  abstract  hypothetical  problems  the  hardest,  with  the 
differences  tending  to  disappear  for  older  children.    However,  each 
of  these  variables  has  a  syntactic  component,  for  which  a  STUDENT- 
type  Information-processing  model  might  predict  abstract  factual 
problems  to  be  the  easiest  and  concrete  hypothetical  problems  the 
most  difficult. 

Next,  we  return  to  the  discussion  of  the  system  of  experimental 
problems  In  Table  6.1.    The  problem  sets  were  designed  to  hold  con- 
stant within  each  set  a  list  of  task  variables  which  were  not  of 
experimental  interest;  we  shall  describe  how  this  was  done. 

3.    Controlling  for  Syntax  Variables 

Problem  Length 

The  length  of  each  problem  is  described  by  the  number  of  words, 
counting  each  numeral  as  one  word,  and  not  counting  articles.  The 
number  of  sentences  is  held  constant  for  all  problems  within  a  set, 
while  the  number  of  words  varies  by  no  more  than  10  percent  of  the 
number  of  words  in  the  shortest  problem  in  the  set.    The  values  of 
these  variables  are  objectively  determined  and  easily  re-checked; 
thus  no  additional  validation  was  considered  necessary  (see  Table  6.3). 
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Table  6.3   Charaatsx^isHae  of  the  Es^perimmtat  Frdblma 


Number  of         Chimerical  Data 
Set   Problem   Type   Length     Sentences   v  »  verbal,  n  «  numeral         Syntactic  Complexity 


1 

(a) 

CF 

23 

3 

32Cn),3Cv) 

3.33 

(b) 

CH 

24 

3 

34Cn);2Cv) 

4.33 

Cc) 

AF 

22 

3 

33Cn),3Cv) 

3.33 

Cd) 

AH 

24 

3  ' 

34Cn),2(v) 

4.00 

2 

Ca) 

CF 

24 

3 

7(v),4fv),15Cv) 

^  3.33 

Cb) 

CH 

25 

3 

SCv),3(v).16Cv) 

3.33 

Cc) 

AF 

26 

3 

6Cv),S(v),16Cv)' 

3.33 

Cd) 

AH 

24 

3 

9Cv),3(v),17(v) 

3.67 

3 

Ca) 

CF 

28 

2 

7Cv),3(v),31(n) 

7.00 

Cb) 

CH 

26 

9Cv).2Cv),25Cn) 

6.50 

Cc) 

AF 

26 

2 

8Cv).6(v),44Cn) 

7.50 

Cd) 

AH 

27 

2 

8Cv),5Cv),33Cn) 

7.00 

4 

fa) 

CF 

33 

3 

3(v),SCv),48(n) 

S.OO 

Cb) 

CH 

34 

3 

2Cv),4Cv).42Cn) 

6.00 

Cc) 

AF 

33 

3 

3Cv),4Cv),56(n) 

6.00 

Cd) 

AH 

3S 

3 

2Cv),5(v),49(n) 

5.00 

5 

fa) 

CF 

23 

3 

3fv),39fn) 

3.00 

Cb) 

CH 

24 

3 

4Cv),48Cn) 

4.00 

Cc) 

AF 

24 

3 

SCv),S5Cn) 

3,33 

Cd) 

AH 

25 

3 

2Cv).28  Cn) 

3.67 

6 

Ca) 

CF 

52 

4 

4  (v) ,  2  (v) ,  2  (v)  ,  2  Cv)  ,4  (v) ,  132  (n) 

6.00 

Cb) 

CH 

53 

4 

4  Cv) .  6  Cv) ,  6  Cv)  ,  6  Cv) ,  4  (v) ,  156  (n) 

6.75 

Cc) 

AF 

49 

4 

4Cv),4Cv).4(v),4(v),4Cv).184Cn) 

6.00 

Cd) 

AH 

49 

4 

4  Cv)  ,3  (V)  ,3  Cv)  ,3  Cv) ,  4  fv) ,  178  (n) 

7.00 

7 

Ca) 

CF 

22 

2 

l/4Cv),43Cn) 

4.00 

Cb) 

CH 

22 

2 

l/3Cv),35Cn) 

4. SO 

Cc) 

AF 

21 

2 

l/5Cv),42(n) 

5.00 

Cd) 

AH 

21 

2 

l/4Cv).28Cn) 

5.00 

8 

Ca) 

CF 

.  32 

3 

8Cv),2Cv),4Cv).]18(n) 

5.67 

Cb) 

CH 

33 

3 

4Cv),6Cv),2Cv),136Cn) 

6.67 

Cc) 

AF 

32 

3 

6Cv),2Cv).4Cv),126Cn) 

6.33 

Cd) 

AH 

31 

3 

6Cv),4(v),2Cv),126Cn) 

6.33 

ERIC 
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Sequerusing  of  Information 

Within  each  set  of  problems,  corresponding  problem  elements  are 
presented  in  the  same  sequence.    The  order  in  which  the  numerical 
information  appears  is  the  same,  and  the  question  appears  at  the  end 
of  each  problem.    For  example,  all  problems  in  S&t  S  have  the  under- 
lying equation  ax     b,  where  £Z  and  b    are  given  and  s  is  unksuiwn. 
In  each  problem  a  is  given  first,  then  the  operation  of  miltiplica- 
tion  is  indicated,  then  a  phrase  occurs  describing  the  unknown 
quantity,  then  equality  is  asserted  to  a  given  value  of  b,  and 
finally  the  unknown  quantity  is  asked  for. 

No  extraneous  numerical  information  is  needed  to  solve  any  prob- 
lem.   For  ex^ople,  in  Problem  8(a)  it  is  not  assumed  but  stated 
explicitly  that  hens  have  two  legs  and  dogs  have  four.  Lik^se, 
there  are  no  coin  problems  in  which  the  values  of  coins  are  assumed. 

Where  there  is  irrelevant  numerical  information,  the  same  data 
are  included  in  all  problems  within^ the  set.    For  example* in  Set  6 
the  seme  niraber  "four"  in  the  first  sentence  of  each  problem  does 
not  enter  into  numerical  computation.    However,  this  rule  was  not 
enforced  for  ordinals  (first,  second,  third,  etc.)  which  were  treated 
as  ordinary  English  adjectives.    Thus  Problem  6(b}  mentions  "the  first 
camel ,"  "the  second,"  and  so  forth,  while  in  Problem  6(a)  th«  members 
of  the  Smith  family  are  described  by  name.    In  retrospect  it  might  not 
have  been  too  difficult  to  change  this  particular  problem  set  so  that 
the  ordinal  numbers  were  the  same  in  all  four  problems — we  might  have 
described  four  "sisters"  in  the  Smith  family,  and  referred  to  them  as 
"the  first  sister,"  "the  second,"  and  so  forth.    However,  in  many  of 
the  abstract  problems  it  was  necessary  to  refer  to  "a  number"  and  "a 
second  number;"  this  wording  would  have  become  awkward  if  it  had  been 
used  in  the  corresponding  concrete  problems  (e.g.,  "a  student"  and  "a 
second  student"  Instead  of  "Charlie"  and  "Amanda"  in  Problem  2(b)). 

Participants  in  the  mathematics  education  doctoral  saainar  veri- 
fied as  a  group  that  the  sequencing  of  the  data  was  the  same  for  all 
problems  within  each  set.    Unanimous  agreement  was  obtained  without 
any  difficulty. 

Hwnevats  and  Mathematioal  Symbols 

Within  each  set  of  problems,  the  corresponding  numbers  have  the 
same  number  of  digits  and  are  of  the  same  type—whole  numbers  or  frac- 
tions.   Corresponding  numbers  are  also  of  the  sajiya  written  form— - 
either  words  or  numerals.    No  special  mathematical  symbols  appear  in 
any  of  the  problems. 

The  numbers  and  the  forms  of  the  numbers  appearing  in  each  prob- 
lem are  listed  in  Table  6.3,  It  was  not  deemed  necessary  to  validate 
these  variables. 


2  a  8 
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Tabic  6,4   AeB'igned  Counts  for  CompuHng  the  Syntaatia  Complssity 

Coiffieignt  (bas4d  on  Botel^  DcaikCna  and  Giwmsaky,  19? S) 


0-cOunt  Stxtictures 


The  i»>st  frequently  used  simple  sentences 


Subject -Verb  (Adverbial)  ^  SV^v) 

Sub j  ect -Verb-Ob j  ect  SVO 
Subject -Verb-be-Compl(^ent  SVbeC 

The  complement  may  be  an  adjective,  as  in  *^He 
is  big,"  a  noun  as  in  "He  is  a  clown,"  or  an  / 
adverb  as  in  "He  is  there." 

Subject-Verb-Infinitive  SVInf 


Simple  transformations,  such  as  interrogatives  Csimple  questions  and 
tag-end  questions),  exclamations,  and  imperatives. 

Coordinate  clauses  joined  by  "and" 

Non-sentence  expressions,  such  as  nouns  of  direct  address, 
greetings,  calls  and  attention-getters,  interjections, 
responses,  empty  phrases,  and  sentence  openers 


There  is  no  extra  count  for  verb  expansions  using  auxiliary  verbs 
such  as  "be,"  "have,"  "do,"  "will,"  and  "can,"  intensifier  expansions 
such  as  "very,*'  or  determiner  expansions  such  as  articles,  denonstrative 
pronouns  and  possessive  pronouns. 


1 -count  structures 


Less  frequently  used  sentence  patterns 

Subject-Verb-Indirect  Object-Direct  Object  SVIO 
Subject-Verb-Object-Object  Complement  SVOC 

Any  prepositional  phrase  added  to  any  of  the  0-count  structures 

htoun  modifiers,  such  as  adjectives,  noims,  predeterminers  (e.g. 
"ail  of,"  "one  of,"),  possessive  nouns,  adjectival  participles 
C-ed  and  -ing  forms) 

Other  modifiers,  such  as  adverbial  additions  to  the  0-count 

structvires,  modal s,  and  negatives  (however,  adverbial  structures 
which  begin  a!  sentence  are  2-co'unt  structures) 

Q  '  continued 

ERIC 


ass- 


table  6.4  (aontinued) 

1- count  structures  (eontinuMd) 

* 

Familiar  idiomatic  escpressions  such  as  "once  in  a  while,"  "  years 
old,"   '*nore  or  Idss,"  etc. 

Infinitives  not  immediately  following  the  verb 

Gerunds  used  as  subjects 

Clauses  joined  by  coordinating  conjunctions  other  than  "and" 

Deletion  in  coordinate  clauses  (or  compound  objects  of  prepositions,  as 

N  Interpxeted  by  the  pres<ent  authors) 

The  paired  conjunction  "both  . , ,  and" 


2''C0unt  structures 
Passive  transformations 

Paired  conjunctions  ("either  ...  or  .,.,"  "not  ...  but  etc.) 
Comparatives  ("as  ...  as,"  "same  ...  as,"  "more  ...  than,"  etc.) 
Dependent  clauses  (adjectival  clauses, . adverbial  clauses,  nominal  clauses) 
Partici^ie&,.a2E®aring  after  a  noun,  or  separated  from  it  by  commas 
The  infinitive  as  a  subject 


Ap'^^sitives 

Conjuft^ive  adverbs  (e.g.  "thus,"  "however,"  "therefore") 

5- count  sVrdctures 

Clauses  used  as  subjects 
Absolutes 


276 
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Syntaotia  Complexity 

In  order  to  control  for  syntactic  complexity^  the  system  developed 
by  Botel,  Davkins,  and  Granowsky  (see  Chapter  IX)  was  adapts  to  mathe-* 
matics  word  problems  (Botel,  Dawkins,  and  Granowsky,  1973}*    The  aystem 
takes  into  account  many  of  the  grammatical  structure  variables  dash- 
er ibed  by  Bamett  In  Chapter  II  •    For  each  problem,  a  syntaatia  c?ow- 
plexity  aoeffiaient  is  coiftputed.    This  coefficient  ranges  from  3,00  to 
7.50  for  the  entire  syst^  of  experimental  probl^os,  but  within  each 
set  its  range  varies  by  no  more  than  l.OQ.    (A  primary  reading  program 
would  typically  include  Sentences  having  an  average  complexity  of  three 
or  four  points.)    Thus,  whilie  the  syntactic  complexity  varied  from  set 
to  set,  it  remained  relatively  constant  within  each  set  of  four  prob-* 
lems  (see  Table  6.3)* 

The  syntactic  complexity  coefficient  is  based  on  a  theory  of 
transformational  grammar  suggesting  that  complex  sentetftes  are  derived 
from  changing  and  combining  structures  such  as  simple  sentences.  The 
formula  was  originally  developed  and  tested  with  sclwol  children  in 
the  primary  grades.    Its  use  is  described  as  follows; 

To  apply  the  syntactic  complexity  formula  to  any  passage, 
each  sentence  in  the  passage  is  assigned  3  complexity  rating. 
These  ratings  are  then  averaged  to  obtain  the  complexity 
rating  for  the  entire  passage.    The  complexity  rating  for  a 
sentence  is  determined  by  comparing  the  structure  of  the 
sentence  to  the  structures  described  and  illustrated* . ,  The 
basic  structure  of  the  main  clause  of  the  sentence  is 
assigned  a  count  of  0,  1,  or  2  and  counts  are  added  for 
additional  features  or  structures  that  add  complexity.  For 
example,  the  sentei^e  "His  vacation  over,  the  tired  doctor 
drove  home"  has  a  complexity  count  of  four:    The  basic  struc- 
ture ...  ("The  doctor  drove  home")  gets  a  count  4>f  0  . . . 
Since  the  subject  ("doctor")  is  modified  by  an  adjective 
("tired")  a  count  of  1  is  added  ...  The  absolute  ("His 
vacation  over")  at  the  beginning  of  the  sentence  adds  an 
additional  count  of  3        The  whole  sentence  thus  receives 
3  count  of  O+i+3-4,     (Hotel,  Dawkins,  and  Granowsky,  1973) 

Table  6.4  lists  the  0-count,  1-count,  2-count ,  and  3--count  structures 
according  to  Botel,  Dawkins,  and  Granowsky. 

The  analysis  of  several  structures  jrommon  in  mathematical  word 
problems  was  not  made  explicit  in  the  original  syst^.    The  follow-* 
ing. sentences  Illustrate  these  structu/es,  and  display  the  inter- 
pretations we  have  made: 

(1)    "One  number  is  three  more  than  a  second  number."    The  basic 
sentence  here  is  "number  is  iw>re,"  a  Subject-Verb-be- 
Complement  pattern  (SVbeC),  which  counts  0  points.  The 
adjectives  "one,"  "three,"  and  "second"  each  receive  1 
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point,  And  thm  camp^riMen  '*aore  tban,"  tos«th«r  trith 
its  object  "a  number,"  receives.  2  points.  Thus,,  the 
total  for  this  sentence  i«  5. 

(2)  »  "A  number  is  five  mpre  than  three  times  a  second  number." 
"^>>^4ie  basic  sentence  is  "number  is  sore."    The  adjectives 

•^^ve,"    three,"  and  "second"  each  receive  1  point.  The 
'    comparison  "isnre  tluin"  and  the  relational  expression 
"times"  each  r«ceive  2  points.    The  sentence  total  is 
thus  7.  • 

(3)  "Five  times  six  ia  30."    The  subject  of  the  sentence  is 
itself  a  phrase ;^^u8  1  point  is  initiall^i^dded  to  the 
coi^t.    The  relational  expression,  ••times"  receives  2 
points,  so  that  the  total  is  3.  —  —  

(4)  ••a  number  is  five  more  than  three  times  as  large  as  a 
setrond  number. *•    The  basic  sentence  i»  "nt^ber  is  more.'^ 
The  adjectives  "five,"  "three,"  and  •'second'^  count  1 
point  each;  the  comparisons  "more  than'*  and  "as  large  as'* 
and  the  relational  expression  "times"  count  2  points 
each,  for  a  total  of  9. 

(5)  .  "The  sum  of  five  and  a  number  is  fifteen."    The  basic 

sentence  is  "sum  is  fifteen."    The  prepositional  phrase 
"of  five  and  a  number"  counts  2  points:    1  |K)int  for  the 
prepositional  phrase  per  sea  and  1  point  for  the  compound 
object  of  the  phrase.    The  sentence  total  is  2. 

(6)  "John  is  two  years  older  than  Mary."    The  basic  sentence 
is  "John  Is  older."    The  comparison  "older  than"  receives 
2  points,  and  the  adjective  "two"  receives  1  point.  In 
addition,  since  the  phrase  "two  years"  modifies  "older," 
it  receives  1  more  point.    The  total  number  of  points  is  4. 

(7)  "One  number  is  twice  as  large  as  a  second  number."  The 
basic  sentence  is  "number  is  large."    The  adjectives 
"one"  and  "second"  and  the  adverb  "twice"  each  receive  1 
point.    The  comparison  "as  large  as"  receives  2  points, 
for  a  total  of  5. 

We  shall  indicate  the  computation  of  the  syntactic  complexity 
coefficients  for  just  one  set  of  experimental  problems.    The  computa 
tiona-for  the  full  set  of  problems  may  be  found  in  the  second  author 
dip^rtation  (Caldwell,  1977). 

Set  8    (a)    "A  young  farmer  has  eight  more  hens  than  dogs."  5 

1-count  structures!    Adjectives  ("young";  "eight";  "eight 

more"  modifies  "hens")  3 


2-count  structures:    Comparison  ("more  ...  than")  2 
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''Sine*  hens  hftvs  t«o  legs  «ach,  but  dog*  havc-^^ur 
legs  each,  ell  tog^her  the  eoimels  hav«  118  lege." 

1-  count  atructures;    Adjectives  ("two";  "eech";  "four"; 

"each";  "118")  5,  Coordinsting  conjunction  ("but")  1, 
Adverbe  ("all";  "together")  2 

2-  count  structures?    Depexident  clause  ("Since  . . .")  2 

"Itov  many  dogs  does  the  young  farmer  own?" 
1-count  structures:    Adjectives  ("How  many";  "young")  2 


« 

(h)    "There  are  four  more  girls  in  an  English  class 
than  boys." 

1-  count  structures:    Adjectives  ("four";  "four  more" 

modifies  "girls";  "English")  3,  Preposit|bnal  phrase 
("in  an  English  class")  1 

2-  count  structures:    Comparison  ("more  . . .  than")  2 

"If  there  were  six  times  as  many  girls  and  twice  as 
many  boys,  there  would  be  136  pupils." 

1-  tount  structures:    Adjectives  ("sixV;  "twice";  "136") 
3,  Coordinate  clause  deletion  ("and  [there  were]  twice 
as  many  ...")  1,  Modal  ("  ...  were  ...  would  be 
...")  1 

2-  count  structures:    Dependent  clause  ("If  ...,")  2, 
Comparisons  ("times";  "as  many"',  "as  many")  6 

"How  many  boys  are  there?"  t 

1-count  structures:    Adjective  ("How  many")  1 


(q)  "The  value  of  a  given  number  is -six  more  than  the 
value  of  a  second  number." 

1-  count  structures:    Adjectives  ("given";  "six";  "second") 
3,  Prepositional  phrases  ("of  a  given  number";  "of  a 
second  number")  2 

# 

2-  count  structures:    Comparison  ("more  than")  2 

"The  sutn  of  two  times  the  first  nuinber  and  four  times 
the  second  number  is  126  J' 


1-  couat  «eructttr«j   AdJ«ctiv««  ("two";  "flr«t"i  "four"; 
"second")  4,  ParepositioiMiX  phr«««  ("of':.,  ■ccoad 
nunbal:")  1,  cooipotmd  object  of  presxxitioQ  ("of  ... 
and  ...")  1 

2-  count  structures:    Coopsrisoas  ("tlau";'  "tla«t")  4 

"Whet  is  the  value  of  the  second  nuaber?"  .  2 

1-count  structures:    Adjective  ("second")  1,  Preposi- 
tional phrase  ("of  the  second  nuober")  1  ^ 

19 

(d)    "A  given  number  is  six  more  tluui  a  second  ntnnber."  5 

1-  ^ount  structures:    Adjectives  ("given";  "six"; 
"second")  3 

2-  count  structures:    Comparison  ("sore  than")  2 

"If  the  first  number  were  four  times  as  large  and  the  .13 
second  two  times  as  large,  their  sum  would  be  126." 

1-  count  structures:    Adjectives  ("first";  "four"; 
"second":  "two";  "their")  5,  Coordinate  clause  deletion 
("and  the  second  [were]  two  ...")  1,  Modal  ("...  were 

. . , ,  ...  would  be")  1 

2-  count  structures:    Dependent  clause  ("If  ...,")  2, 
Comparisons  ("times  as  large";  "times  as  large")  4 

"What  is  the  second  number?"  1 
1-count  structures:    Adjective  ("second")  1  ^   

19 

Since  each  of  the  above  problem  statements  contains  three  sentences, 
the  syntactic  complexity  coefficients  are',  respectively,  17  +  3-5.67, 
20  f  3  -  6.67,  19  f  3  -  6.33,  and  19  *  3  -  6.33.    These  values  are 
i^tered  in  Table  6.3. 

Computation  of  th^  syntactic  complexity  coefficients  requires  some 
degree  of  expertise,  and  no  formal  check  of  inter-coder  reliability  was 
performed.    As  the  stixdy  progressed  and  we  gained  familiarity  with  the 
system,  some  values  were  recomputed;  in  fact,,  the  values  for  Set  S above 
differ  slightly  from  the  values  originally  listed  by  Caldwell  (1977), 
However.,  such  disagreements  as  did  occur  were  minor,  and  did  not 
challenge  the  correctness  of  the  main  assertion  that  the  problems 
within  each  set  are  of  approximately  the  same  level  of  syntactic  com- 
plexity. 
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Another  limitation  of  our  use  of  £V^  syntactic  complexity  coeffi- 
cient is  the  fact  that  pronoun*^  per  se  represent  0-count  structures. 
In  Chapter  II  it  was  pointed  o*b^  that  pronouns  could  sometimes  be 
expected  to  increase  problem  difficulty;         the  STUDB!iT  program,  as 
we  have  seen*  encotmters  complexities  due  to  the  use  of  pronouns  in 
hypothetical  problems.    Nevertheless,  they  are  not  counted  in  our 
measure  of  syntactic  complexity.    Table  6.5  lists  the  number  of  pro- 
nouns in  each  probl&n. 

4 

A.    Controlling  lor  Content  and  Context  Variables 

Voaabulcu*y 

Each  problem  uses  only  vocabulary  which  is  appropriate  for  a 
fo'jrth-grade  reading  level,  as  given  by  the  Dale  List  of  3000 
Familiar  Words  (Dale  and  Chall,  1948).    The  list  is  augmented  by 
numbers,  proper  names  in  common  use,  verb  forms  (^ed,  -ing,  -s), 
plurals,  and  comparisons  (larger,  older,  etc.)  which  are  not  expli- 
citly listed.    These  a^e  assumed  to  be  at  the  same  reading  level. 
Technical  mathematical  vocabulary  is  avoided. 

.  Key  Words 

J.    Key  vords  (that  is,  English  words  which  generally  iiyiicate  speci- 
fic mathematical  operations)  were  not  controlled  as  carefully  as  they 
might  have  been  within  each  problem  set.    Table  6.5  lists  the  key 
words  which  appear  in  each  problem.    Included  in  the  table  are  terms 
which,  although  commonly  functioning  as  key  words,  do  not  indicate 
the  usual  operation  in  the  problem  at  hand.    For  example,  the  word 
"older"  frequently  suggests  addition  or  subtraction  (as  in  Problem 
6(a})i  but  in  Problem  l(a}  it  is  an  irrelevant  adjective. 

fhe  key  words  in  Table  6,5  have  further  been  arranged  so  that  w^rds 
which  Indicate  corresponding  operations  within  each  set  are  directly 
beneath  each  other.    This  permits  us  to  observe  the  extent  to  which 
parallelism  amsng  the  key  words  has  been  maintained.    The  following 
stand  out  as  discrepancies  which  might  have  been  avoided:    Problem 7 fa^l^ 
the  adjective  "older";  Problem  3(a),  the  term  "equal"  and  Problem  3(d}s 
the  terms  "unknown"  and  "eqiial";  Problem  4Cd},  the  word  "spent" 
(which  often  indicates  subtraction  but  in  this  problem  indicates  no 
operation);  Problem  S(d),  the  term  "equal";  Problem  6(a),  the  term 
"equal"  and  Problem  6(b),  the  missing  term  "all,"  as  well  as  the  terms 
appearing  at  the  beginning  of  Problems  6(a)-(d);  Problem  7(b),  the  word 
"recei\^e"  (which  often  indicates  addition  but  does  not  do  so  here); 
Problems  7(a)'-(d),  the  word  "equal";  and  Problem  8Cb),  the  absence  of 
a  key  word  to  suggest  addition.    Furthermore,  it  is  apparent  from  Table 
6.5  that  the  sequencing  of  key  words  which  indicate  operations  is  dis- 
crepant in  Problems  4(a)  and  8(a) — although  as  we  saw  above  the 
sequencing  of  numerical  information  is  the  same  for  all  problems  . 
within  each  set. 
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Table  6.5  Additicnat  Chamotex*iotio$  of  the  Ese^rimntat  Pipoblem 

Key  Utords 


Number,  of 
Set    Probl(^  Pronouns 


1 
1 

1 
1 

older 

times  as  many 

How  many 

(b) 

2 

'  times  as  many 

Itow  many 

(c) 

0 

times  as  large 

What 

times  as  large 

What 

la  J 

I 

more 

: . .  than  loses 

left     How  many 

(b) 

1 

more 

. . .  than  lost 

left  How 

many 

(c) 

2 

larger  than  smaller 

equals  What 

l^J 

1 
1 

larger  than  smaller 

equal  fiQiat 

•I 

more  than 

times  as  many 

How  many 

(b) 

3 

more  than 

twice  as  many 

How  many 

Cc) 

0 

more  than 

times 

equal  What 

la  J 

unknown     more  than 

times  as  large 

equal      What  unknown 

A 
H 

1 

-  equal 

Each  . . . 

cost      Each  . 

. .  cost     spent     in  all 

How 

many 

Cb) 

2 

equal 

twice  as  many  times 

as  many 

in  all 

How  many 

(c) 

D 

equal 

sum  times 

times 

equal 

What 

1 
1 

equal 

twice  as  large  times 

as  large 

stmi 

What 

c 

fa'X 

laj 

1 
1 

times 

as  old 

How  old 

Cb) 

2 

times 

as  old 

How  old 

* 

Cc) 

0 

times 

as  large 

What 

la  J 

times 

as  large  equal 

'  What 

il 
D 

l^J 

youngest 

older  than 

older  than 

older  than 

sum 

al 1  equal 

Cb) 

0 

equal 

same 

more  than 

more  than 

more  than 

sum 

(c) 

'  0 

tallest 

more  than 

more  than 

more  than 

sum 

all 

laj 

A 

U 

equal 

same 

more  than 

more  than 

more  than 

sum 

all 

7 

/ 

la  J 

A 
U 

[fraction]  of 

tk>w  many 

2 

[fraction]  as  much 

«     receive     How  much 

receive 

Cc) 

0 

[fraction]  of 

equal 

What 

Cd) 

2 

[fraction]  as  large 

equal 

What 

8 

Ca) 

0 

more 

, , .  than  ^ 

each 

each 

all  together 

How  many 

Cb) 

0 

more 

. . .  than 

times  ss  many 

twice  a^  many 

How  many 

Cc) 

0 

more  ' 

than  sum 

times 

times 

What 

Cd) 

0 

more  ' 

than 

times  8S  large 

tines  as  large  sum 

What 

I 


How  old 
How  many 
What 
What 
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It  is  certainly  to  be  hoped  that  the  discrepancies  noted  here  in 
key  words  are  not  sufficiently  great  to  interfere  with  the  effects  of 
the  experimental  variables.    However,  they  are  pointed  out  as  limita- 
tions in  the  achievement  of  our  goal  of  t^lding  constant  each  major 
task  variable  except  those  which  are  deliberately  varied  for  experi- 
mental effect. 

Mathematical  Content  and  "Pt>oblem  Types" 

The  problems  within  each  set  have  been  made  as  nearly  identical 
as  possible  with  respect  to  mathematical  content.     Sets  l-S. 
contain  arithmetic  problems  with  whole  number  givens  and  wiK7le  number 
solutions.    Within  each  set,  the  ne^ed  arithmetic  operations  are  the 
same  for  all  problems.       Sets  6-8  contain  elementary  algebra 
problCTis.    In  Set  ?,  one  of  the  givens  in  each  problem  ^s  a  fraction; 
otherwise  all  of  the  givens  and  all  of  the  solutions  are  whole  numbers. 
Again,  within  each  set  the  needed  algebraic  aad  arithmetic  operations 
are  the  same  for  all  problems.    Thus  it  appears  reasonable  to  assert 
that  the  mathematical  content  of  the  problems  within  each  set  ,is  the 
same . 

Some  of  the  problems  fall  Into  categories  of  familiar  "problem 
types"  such  as  those  discussed  in  Chapter  III.    These  arer  Problem 
4(a)  ^  a  "money  problem";  Problems  S^Ca),  5(b)  and  6(a),  "age  problems"; 
and  problem  7(b)f  a  "work  problem."    Of  course,  none  of  the  abstract 
problems  fall  into  these  categories.    It  was  felt  that  this  fact  was 
to  some  extent  a  natural  consequence  of  the  abstract/concrete  dichotomy 
as  it  was  defined;  therefore  problems  of  such  "types"  were  not  entirely 
avoided  in  constructing  the  experimental  instruments.    However,  it  was 
considered  important  that  none  of  the  problems  rely  on  mathematical 
relationships  which  were  not  explicitly  stated,  as  often  occurs  with 
these  "problem  types."    Thus  the  "nwney  problem"  does  not  assume  the 
values  of  coins  or  the  conversion  of  cents  to  dollars,  and  the  "age  , 
problems"  do  not  employ  expressions  such  as  "four  years  from  now"  to 
imply  that  four  should  be  added  to  all  of  the  ages,    Tha  "work  problem" 
does  not  entail  use  of  the  proportionality  of  wages  to  rate  of  pay  and 
Cime  worked;^  however,  it  does  (unfortunately)  assume  that  what  John 
"earns"  is  proportional  to  the  amount  h^  "works."    Thus  Problem  ?(b) 
could  have  been  improved  by  changing  the  phrase  "If  John  were  able  to 
work  only  one-third  as  much,"  to  "If  John  were,  able  to   earn  only  one- 
third  as  much," 

The  variation  in  "problem  types"  which  occurs  within  problem  sets 
is  thus  interpreted  as  a  contextual  consequence  of  the  abstract/con- 
crete experimental  factor,  not  affecting  the  matheioatical  content  in 
any  important  way.    Nevertheless,  in  order  to  minimize  any  possible 
interaction  with  the  factualVhypothetical  variabla,  it  would  have  been 
better  for  Problems  4(b)  ^  6(b)  and  ?(b)  to  have  been  of  the  same 
"types"  as  4(a) ,  6(a),  and  7(a)  respecti^^ely.    We  shall  return  to 
this  point  later,  in  the  discussion  of  the  findings  for  Set  4, 
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Context  Familiarity 

All  of  the  experimental-  probXeios  are  conventional  rather  than 
imaginative  in  style,  and  the  concrete  problems  all  describe  rela- 
tively familiar  objects  for  the  subject  population.    However,  apart 
from  the  use  of  the  Dale  List  of  3000  Familiar  Words,  no  attempt  was 
made  to  validate  these  assertions. 

More  importantly,  it  is  to  be  expected  that  concrete  and  factual 
problems  are  in  general  more  familiar  to  the  subjects  than  abstract 
and  hypothetical  problems.    A  classification  was  perform^  for  the 
word  problems  in  several  current  texts:    in  Mod&Pn  School  hkithmatiaai 
StmatwfB  and  Use,  K~e,  more  than  80  percent  of  the  word  problems  were 
found  to  be  concrete  and  factual  (CF),  and  less  than  1  percent  were 
hypothetical  (Duncan  et  al.,  1972).    In  Mathema.tiaa  for  Individual 
Aohieoementg  Books  7-8,  fox  junior  high  school,  75  percent  of  the  word 
problems  were  CF  and  less  than  2  percent  were  hypothetical  (Denholm 
et  al.,  1975).    In  one  of  the  algebra  texts  by  the  same  publisher,  the 
classification  was  7A  percent  CF,  20  percent  AF,  and  2  percent  hypo- 
thetical (Dolciani  and,Wooton,  1973);  in  the  second-Vear  algebra  text, 
the  distribution  was  75  percent  CF,  19  percent  AF,  and  4  percent  hypo- 
thetical (Dolciani,  Berman,  and  Wooton,  1973). 

Thus  in  interpreting  our  findings  we  must  be  aware  that  there  may 
be  effects  due  solely  to  the  greater  familiarity  of  concrete,  factual 
word  problems. 

5»    Controlling  for  Structure  Variables  and  the 
Effects  of  Problem  Seq^uence 

Mathmaticat  Algorithm 

♦ 

« * 

As  has  been  pointed  out  in  Chapter  TV,  the  complexity  of.-  the 
algorithm  needed  to  solve  a  verbal  problem  iaay  strongly  affect  the 
problem's  difficulty.    Thus,  it  was  extremely  imjKjrtant  that  the 
four  problems  within  each  set  require  the  same  algorithm  for  their 
solution.    This  is  a  particularly  difficult  variable  to  control,  * 
because  it  is  possible  that  different  individuals  may  tuie  somewhat 
different  algorithms  to  solve  the  same  problem — that  is,  it  is  not 
re#lly  possible  to  say  that  a  given  problem  "requires"  a  uniquely 
specified  algorithmic  procedure.    Taking  Problem  8,3  as  an  example,  ' 
most  people  would  probably  write  the  equation  5  +  2X  ■  17  and  solve 
for  X.    However,  we  saw  that  the  STUDENT-type  analysis  yielded  in 
effect  the  equations  Y  «  5  +  2X  and  Y  «*  17;  equations  which  require 
a  different  algorithm  (a^d  ^n  additional  step)  for  solution* In  short 
our  actual  goal  was  to  create  problems  withiii  each  set  which  were  iso- 
morphia  in  the  sense  of  Chapter  IV — so  that  any  algorithm  appropriate 
for  one  problem  in  a  set  would  be  appropriate  for  the  others. 
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Each  problem  set  was  first  examined  by  participants  in  th^ 
mathematics  education  doctoral  seminar  at  the  University  of  Pennsyl- 
vania »    Where  necessary,  problems  were  reworded  or  reconstructed 
until  unanimous  agreement  was  achieved  that  the  problems  were^t " 
identical  algorithmic  structure*    Two  "Algorithm  Validation  Instru- 
ments" were  then  constructed,  with  these  instructions: 

Each  of  the  following  groups  contains  four  mrd  problems. 
If  one  of  th6  problems  differs  from  the  rest  in  regard  to 
the  algorithm  which  will  be  used  to  solve  it,  then  circle 
the  letter  corresponding  to  that  problem  on  the  answer 
sheet'.    Different  numerical  constants  do  not  indicate  that 
two  word  problems  are  different.    For  es^ample,  a  problem 
using  the  equation  2x  +  5     9  and  one  using  the  equation 
3x  +  7  ■  28  are  considered  to  be  equivalent.    If  the  under- 
lying equation  for  all  four  problemis  is  the  same,  then 
circle  "E"  (None  of  the. above). 

One  version  of  the  "Algorithm  Validation  Instrument"  included  the 
elementary  word  problems,  and  a  second  version  included  the  high 
scbool  wrd  problem'^>-''''^ch  version  actually  consisted  of  ten  sets " 
of  four  problems  each.    Three  of  the  sets  on  each  instrument  included 
one  problem  which  was  clearly  solved  by  a  different  algorithm  from 
the  others;  these  sets  were  included  so  as  to  eliminate  the  possi- 
bility of  a  "set"  response  among  the  validators  and  to  confirm  that 
the  validators  understood  the  instructions.    These  "distractor"  sets 
of  problems  were  developed  according  to  the  same  criteria  as  the 
experimental  problems,  with  the  exception  of , the  difference  in 
structure,  so  that  no  additional  cues  would  be  available  to  the 
validators.    An  example  of  a  "distractor"  set  of  problems  is  given 
in  Table  6.6.  , 

The  "Algorithm  Validation  Instrumrats"  were  designed  to  validate 
eleven  sets  of  experimental  problems  in  all,  with  some  of  the  sets 
appearing  on  both  versions  of  the  instrument.    The  elementary  word 
problems  were  validated  by  four  secondary  school  miuhematics  teachers 
and  two  preservice    teachers;  the  high  school  word  problems  were  vali- 
dated by  a  different  group  of  four  secondary  school  mathmatica 
teachers  and  two  preservice  feachers.    Agre^ient  was  unanimous  on 
the  eight  problem  sets  eventually  included  in  the  study  tha'»:  the 
underlying  equation  for  all  four  problems  within  each  set  is  the  same. 

In  Table  6,7,  the  iequations  needed  to  solve  each  problem  are 
tabulated.    While  the  numerical  constants  which  appear  may  differ 
from  problem  to  problem  within  each  set,  it  is  important  that  the 
path  through  the  aarnputational  algorithrt  be  the  same  for  all  problems 
within  a  set.    Thus  if  one  problem  requires  a  "carrying"  or  "regroup- 
ing" operation  in  the  course  of  a  numerical  computation,  the  other 
problems  should  sb  well.    Table  6.7  thus  characterizes  the  computa- 
tional procedure  required  for  each  problem  set.    There  was  no  independent 
validation  carried  out  for  the  identity  of  paths  through  the  computa- 
tional algorithm;  evidently  Set  6  has  some  imperfections  in  this  .respects 
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Table  6.6  A 


"Di$tx>astor'*  Set  of  Probtma  Used  in  the  "AZgoHthm 
Validation  Instnemnt" 


Set  Dl  (a)  The  Jones  family  has  two  children,  Sarah  and  Jeff. 

Sarah  is  twelve  years  older  than  her  bit)ther  Jeff 
and  the  sum  of  their  ages  is  equal  to  22,    How  old 
is  Jeff? 

(h)  A  square  field  has  four  equal  sides.    If  the  field 
were  fourteen  feet  wider  than  it  is,  the  product 
of  the  length  and  the  width  i^uld  be  72,    How  long 
is  the  field? 

fa)  Two  numbers  axc  given.    The  first  given  number  is 
twelve  larger  than  the  second  given  number,  and 
their  product  is  .equal  to  64,    What  is  the  value 
of  the  second  gi^n  number? 

(d)  D  and  A  are  two  equal  numbers.  If  D  were 
thirteen  larger  than  it  is,  then  the  product  of 
the  new  numbers  would  be  48.    What  is  the  value  of 


CB 


AF 
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Table  6.7   Mathematical  Equations  and  Computational  Proaedures  for  the 
Experimental  Problems  ^ 


iProbleiB 

1 

la; 

3-32  -  X 

3*32    short  nniltiplicatioHt  no  carrying 

(b) 

2-3A  -  X 

2-34 

(c) 

3-33  -  X 

303 

Co/ 

0  m  *^  A     m  Y 

•  J** 

2 

X  -  7+Y;  Y-4  - 

15 

lS+4-^7    three  addends »  single  carry 

(b) 

X  -  8+Y;  Y-3  - 

16 

16+3+8 

(c) 

X  -  6+Y;  Y-5  - 

16 

16+5+6 

(d) 

i  / 

17+3+9 

3 

(a) 

7  +  3X  -  31 

(31-7)/3    simple  borrow;  division  fact 

(b) 

9  +  2X  -  25 

(25-9) /2  ^ 

(c) 

8  +  6X  -  44 

(44-8) /6  / 

/ 

(d) 

8  +  5X  »  33 

v33-8;/5  \. 

A 

(a) 

X  -  Y;  3X  +  5Y 

»  48 

48/(3+5)    addition  fact;  division  fact 

X  -  Y;  2X  +  4Y 

-  42 

42/(2+4) 

(c) 

X  -  Y;  3X  +  4Y 

-  56 

56/(3+4) 

(d) 

X  -  Y;  2X  +  5Y 

-  49 

49/(2+5) 

5 

(a) 

3X  -  39 

39/3    short  division,  no  remainders 

(b) 

4X  -  48 

48/4 

(c) 

5X  -  55 

55/5 

(d) 

2X  -  28 

28/2 

6 

(a) 

Y  - 

X+2;  Z  -  Y+2;  W 

-  Z+2; 

X+Y+Z+W  -  132  (132-(2+(2+2)+(2+2+2)))/4 

(b) 

Y  - 

X+6;  Z  -  Y+6;  W 

-  Z+6; 

X+Y+Z+W  -  156     (156- (6+(6+6 )+ (6+6+6) ))/4 

(c) 

Y  - 

X+4;  Z  -  Y+4;  W 

-  Z+4; 

X+Y+Z+W  -  184     (184- (4+(4+4)+(4+4+4) ) ) /4 

(d) 

Y  - 

X+3;  Z  -  Y+3;  W 

-  Z+3; 

X+Y+Z+W  -  178  (178-(3+(3+3)+(3+3+3)))/4 

see  below 


The  repeated  additions  in  Set  6  require  varying  columns  and 
carries;  however  each  of  these  may  be  replaced  by  a  roultiplication 
fact*    Subtraction  without  borrowing;  short  dlvlsit>n,  no  remainders. 


7  (a) 

(1/4)X  - 

43 

4 '43    short  nultiplication,  single  carry 

(b) 

(1/3)X  « 

35 

3-35 

(c) 

(1/5)X  - 

42 

5«42 

(d) 

(1/4)X  - 

28 

4.28 

8  (a) 

X  -  Y+8; 

2X 

+ 

4Y  - 

118 

(118-2'8)/(2+4)    aultipllcation  fact;  subtraction 

(b) 

X  -  Y+4; 

6X 

+ 

2Y  - 

136 

(136-6* 4)/ (6+2)       without  borrowing;  short  division 

(c) 

X  »  Y+6; 

2X 

+ 

4Y  - 

126 

(126-2.6)/ (2+4)        one  intermediate  remainder 

(d) 

X  -  Y+6; 

4X 

+ 

2Y  - 

126 

(126-4. 6)/(4+2) 
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Computational  Skills  Test 

Since  the  purpose  of  the  study  was  to  escaalne  tt)ie  effects  of 
certain  syntax  and /or  context  variables,  it  was  desired  to  separate 
out  in  some  way  the  possible  effects  of  limitations  in  computational 
skills  among  the  students  taking  the  tests.    That  is,  we  wish^  to 
verify  that  any  differences  in  difficulty  which  might  emerge  among 
the  CF,  CH,  AF,  and  AH  problems  would  continue  to  appear  even  ai&>ng 
students  who  evidenced  all  of  the  computational  skills  necessary  to 
solve  all  of  the  verbal  problems. 

. ,       .  * 

Accordingly,  a  computational  skills  test  was  devlsai  at  the 
elementary,  intermediate,  £uid  advanced  levels.    Each  computational 
skills  test  consisted  of  f4.v.e  sets  of  two  problems  each,  testing 
the  computational  algorithms  Yiecessary  to  solve  th&  corresponding 
word  problem  sets.    The  computational  skills  test  items  are  list^ 
by  sets  la  Table  6.8.    A  subject  was  defined  to  "pass"  the  computa- 
tional skills  test  if  he  or  she  answered  correctly  at  least  onk  of. 
each  pair  of  items,  thus  providing  solas  evidence  of  being  able  to 
perform  satisfactorily  on  each  computational  algorithm. 

ppobtem  Sequence 

^      The  order  in  which  the  p*  *^  -      are  presented  may  affect  their 
difficulty;  therefore  it  was  ary  to  consider  the  sequencing  of 

problems  very  carefully^    St  .    ^aa  of  problems  were  constructed 
which  (a)  separated  the  four  problems  within 'each  set  from  each 
other;  (b)  avoided  successive  problems  of  the  same 'experimental  type 
(CF,  CH,  AF,  or  AH)»  and  (c)  plac^  problems  with  shorter  computa- 
tional procedures  both  near  the  beginning  and  near  the  end.  This 
scheme  is  illustrated  in  Table  6.9  for  the  elementary  test;  the  other 
two  tests  were  sequenced  similarly.    The  position  of  each  problem  on 
each  test  may  be  determined  from  Table  6.10. 

The  experimental  problems  were  administered  in  two  parts  (X  and 
II) p  with  two  forms  (A  and^  B)  of  each  part.    Form  I-A  contained  prob- 
lem sequences  1  and  2;  form  I-B  contained  sequences  2  and  1;  form 
II-A  contained  sequences  3  and  4;  form  II-B  contained  sequences  4 
and  3.    Test  order  (Part  I  first  or  Part  II  first)  was  one  of  the 
factors  in  the  experimental  design;  but  within  the  Part  I  first  group 
half  of  the  subjects  (randomly  selected)  received  fotm  A  and  half 
received  form  B.    Thus,  within  each  set  of  problems,  all  four  prob- 
lems occupied  the  same  position  ^n  the  test  equally  often. 

The  computational  skills  test  was  likewise  administered  in  two 
parts  consisting  of  five  problems  each,  one  from  the  pair  testing 
each  computational  algorithm.  ^  . 
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Table  6.8   Computational  Skills  Test  Items  Arranged  by  Seta 

Set  1    32  X  2  -  □ 
33  «  3  -  □ 

Set  2    8  +  4  +  15  -  □ 

9  +  3  +  15  -  O 

5et  3    9      (5  X  □  )  -  34 

7  4-  (3  X  O  )  -  34 
Set  4    (3  X  □  )  +  (6  X  □  )  -  54 

(5  X  O  )  +  (3  X  O  )  -  56 
Set  6    3  X  O  -  36 

4  X  D  -  44 

Set  e    D    +  (□+  2)  +  (□+  4)  +  (  □  +  6)  -  172 
□    +  (  □+  3)  +  (  □+  6)  +  (  □  +  9)  -  138 

5et  7    J  X  □    -  28 

1  X  □    -  27 

3 

On  the  advanced  test,  algebraic  notation  was  used;  thus  the  items  for 
were  written    "9  +  5x  -  34"  and  "7  +  3x  -  34,"  on  the  advanced  test. 

Set  g    4x  +  3(x  +  4)  -  124 

5x  +  3(x  +  7)  -  133 


X 

2  if  4 
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Tabla  6.9    Four  Sequences  of  Problems  Construisted  in  Order  to  Separate 
Problems  from  the  Same  Set  (Elemenfttry  Test) 


Set  I    Set  2    Set  3    Set  4    Set  5 


Part 

Ij 

Sequence  1 

CH 

AF 

CF 

AF 

AH 

Sequence  2 

AF 

CF 

CH 

AH 

CF 

Part 

II: 

Sequence  3 

CF 

AH 

AF 

CH 

AF 

Sequence  4 

AH 

CH 

AH 

CF 

• 

CH 

shorter  longer  shorter 

computations       computations  computations 


A 


285 


1 
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Tal>le  6.10   Position  of  Eaah  ppoblm  on  Baah  Test 


Set 

Problem 

Pare 

I  (ForiB  A) 

Part 

I  (Form  B) 

Part 

IX  (Form  A) 

Fart  II  Ironn 

Elem. 

Int. 

Adv. 

Elem. 

Int. 

Adv. 

Elem. 

Int .    Adv . 

Elem,  Int.  Adv. 

1 

(a) 

1 

6 

(b) 

1 

6 

(c) 

6 

1 

(d) 

6 

I 

2 

(a)  > 

\7 

7 

2 

2 

(b) 

V 

\ 

7 

7 

2  2 

(c) 

2 

7 

7 

(d) 

2 

2 

7  7 

3 

(a) 

3 

3 

3 

o 
0 

8 

8 

(b) 

8 

B 

8 

3 

3 

3 

Cc) 

3 

3  3 

8        8  8 

(d) 

8 

8  8 

3         3  3 

4 

(a) 

9 

9  9 

4         4  4 

(b) 

4 

4  4 

AAA 

9         9  9 

(c) 

4 

4 

4 

9 

9 

9 

(d) 

9 

9 

9 

4 

4 

4  ■ 

5 

(a) 

10 

• 

5 

> 

(b) 

10 

5 

Cc) 

s 

10 

(d) 

5 

10 

6 

(a) 

10 

10 

5 

5 

(b) 

10  10 

5  5 

(d) 

5 

5 

10 

10 

7 

(a) 

1  1 

6  6 

(b) 

1 

1 

6 

6- 

4. 

(c) 

6 

6 

1 

1 

(d) 

6  6 

1  1 

8 

(a) 

7 

2 

(b) 

7 

2 

(c) 

2 

7 

(d) 

1 

2 

7 
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6.    Experitaental  Fittings 

< 

The  number  of  correct  solutions  to  each  verbal  pi?oblem.  among  the 
various  subject  populations  is  tabulated  in  Tables  6.11  through  6.16. 
It  is  intended  that  the  results  of  the  multivariate  analyses,  levels 
of  significance,  and  interactions  among  the  factors  be  reported  else- 
where.   Here  we  shall  summarize  only  the  main  effects  for  the 
concrete-abstract  and  factual-hypothetical  factors,  and  look  once 
more  at  the  experimental  problems.  , 

ibr  the  elementary  test,  significantly  more  concrete  problems 
than  abstract  problems  were  solved  by  the  subject  population  (p<  .01). 
Perhaps  surprisingly,  significantly  more  hypothetical  problems  were 
solved  than  factual  problems  (p<.01).    However,  there  was  a  signifi- 
cant interaction  between  the  two  experimental  factors  (p<.01).  For 
concrete  problems,  the  factual  and  hypothetical  versions  differed 
little  in  their  level  of  difficulty,  with  the  exception  of  Problems 
4(a)  and  4(h) i  Problem  4(a),  the  factual  problem,  is  considerably  less 
difficult.    For  abstract  problems,  the  factual  versiohs  were  consis- 
tently more  difficult  than  the  hypothetical  versions. 

For  the  intermediate  test,  significantly  more  concrete  problems 
than  abstract  problems  were  solved  (p <  .01),  and  sigaificantly  more 
factual  problems  than  hypothetical  problems  were  solved  (p<.01). 
There  was  again  a  significant  interaction  between  the  two  experimental 
factors  (p<.01).    For  concrete  problms,  the  factual  versions  were 
less  difficult  than  the  hypothetical  versions.    For  abstract  problems, 
the  factual  and  hypothetical  versions  differed  7 ittle  in  their  level 
of  difficulty.    Again  Set  4  makes  a  large  contribution  to  the  lesser 
difficulty  of  CF  as  compared  with  CH  problems.    Set  7  also  makes  a 
large  contribution  to  this  effect.    In  addition.  Problem  ?(d)  is  sub- 
stantially more  difficult  than  Problem  ?(q),  although  most  other  AH 
problems  are  less  difficult  than  the  corresponding  AF  problems. 

For  the  advanced  test,  concrete  problems  are  again  significantly 
less  difficult  than  abstract  problems  (p<  .01),  but  the  magnitude  of 
the  effect  is  smaller  than  for  the  elaoentary  or  intermediate  tests. 
In  addition,  factual  problems  are  less  difficult  than  hypothetical 
prqblems  (p<  .01).    For  this  test  there  was  no  significant  interaction 
between  the  concrete-abstract  and  factual-hypothetical  factors. 

'  ■  ■  .  ^  - 

For  the  three  analyses  of  variance  on  problems  common  to  two  or 
more  tests,  concrete  problems  are  again  significantly  less  difficult 
th^n  abstract  probfems,  and  there  is  a  significant  interaction  between 
the  two  experimental  factors..   For  concrete  problems,  the  hypothetical 
versions  are  more  difficult,  while  for  abstract  problems  the  factual 
and  hypothetical  versions  differ  little  in  their  level  of  difficulty. 

The  above  results  continue  to  hold  when  attention  is  restricted 
to  students  who  passed  the  computational  skills  test.    While  there  are 
significant  interactions  with  the  "test  order"  factor  in  some  of  the  . 
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analysM,  th«  interact iona  do  not  change  th^  relative  order  of  diffi- 
culty of  the  CF,  CH,  AF,  and  AH  problems. 

There  are  oatiy  interesting  points  which  can  be  made  in  interpre- 
tation of  the  above  findings,  which  are  l^yond  the  scope  of  this 
chapter.    Since  we  are  principally  intere^ed  in  the  use  of  the 
"task  variables"  approach  to  design  the  system  of  experimental  prob- 
lems, let  us  look  back  once  more  at  the  probloos  which  seemed  to 
produce  effects  different  from  other  problems  of  the  fsame  types — as 
mentioned  above,  4(a)  and  4(b)  t  and  Set  7.  /' 

None  of  the  task  variables  which  we  have  examined  in  such  pains- 
taking detail  sean  to  account  for  the  fact  that  Probloa  4(a)  is 
substantially  easier  than  Problen  4(b)  for  every  population  of 
subjects  (see  Tables  6.3,  6.5,  and  6.7  for  tabulation  of  the  varia- 
bles).   If  this  wei»  due  exclusively  to  the  factual-hypothetical 
variable,  we  would  expect  to  see  a  similar  strong  effect  in  other 
problems,  which  we  do  not.    Could  it  be  due  solely  to  the  "problem 
type"  classificatisn  of  ProbliMx  4(a)  as  a  "money  problem?."    There  is 
another  possible  explanation,  one  which  was  overlooked  in  the  con- 
struction of  Problem  4(a)*    Referring  to  the  statement  of  the  problem, 
we  see  that  it  Is  possible  to  reason  as  follows:    "Each  plant  cost 
three  dollars  and  each  flowerpot  cost  five  dollars,  so  that  the  pair 
cost  eight  dollars.    Since  Alan  spent  48  dollars  in  all,  he  must  have 
bought  six  plants."    The  analogous  line  of  reasoning  is  almost  impossi- 
bly awkward  to  state  for  Problem  4(b) ^  despite  the  fact  that  the  prob- 
lems have  identical  or  isomorphic  structures.    This  is  due  to  an 
unintentional  i.ntex*uation  between  context  and  stmK^ure — the  fact  that 
plants  and  flowerpots  are  naturally  paired,  especl4lI^sfor  purchase, 
facilitates  a  certain  chain  of  reasoning  in  Problem  ^Ca^'which-  is  not 
equally  facilitated  in  Problem  4(b)*    Problem  4(a)  could  thus  have 
been  improved,  for  purposes  of  this  study,  by  having  Alan  buy  an 
equal  number  of  plants  and  baseb&lls. 

Of  course  we  do  not  know  if  the  above  is  a  correct  explanation  of 
the  lesser  difficulty  of  Problen  4(a)*    But  this  instance  points  out 
the  estreme  sensitivity  which  may  exist  towards  minor  wordii^  changes 
in  a  verbal  problem,  and  the  extraordinary  difficulty  of  controlling 
for  every  task  variable  which  may  affect  an  experimental  o^utcome. 

In' Set  7,  we  have  already  noted  that  Problem  7(b)  entails  the 
assumption  of  a  proportionality  between  the  amount  John  works  and  the 
amount  he  earns,  which  is  not  explicitly  stated  in  the  problem.  This 
may  be  j^ausing  Problem  7(a)  to  be  less  difficult  than  Problem  ?(b)  for 
the  junior  high  school  students.    Finally,  Problem  7(d)  may  be  more 
difficult  than  Problem  7 (a)  for  an  unanticipated  reason.    In  Problem 
7(d),  the  underlying  equation  is  (1/4)X  -  28.    The  student  who  erro- 
neouisly  divides  28  by  4  will  arrive  at  a  whole  number  answer.  In 
Problem  7(o)'t  however,  the  underlying  equation  is  (1/5)X  »  42,  and  the 
t^ptation  may  not  be  so  great  to  divide  42  by  5,  since  the  answer 
wjuld  in  this  case  be  a  mixed  number.    Although  Problems  7(a)  ami  7(d) 
are  of  identical  structure  with  respect  to  the  aorreat  arithmetic 
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Table  6.11  Ntmbej!*  of  Corveat  Solutions  to  Eaah  Ppoht&n  hy  All  Elementary 
School  Subjects 

{  ' 

N  «  399 


Set 

CF 

■  CH 

'  AF 

AH 

1 

324 

320 

271 

302 

2 

2X1 

199 

66 

88 

3 

49 

65 

39 

62 

4 

129 

74 

49 

62 

5 

245 

249 

165 

249 

Tot. 

958 

907 

590 

763 

Table  6.12  ^ber  of  Correat  Solutions  to  Each  Problem  by  Elmentary  School 
Subs&ats  Meeting  the  Computational  Skills  Criterion 


Set 

CF 

CH 

AF 

AH 

1 

104 

104 

92 

97 

2 

71 

77 

31 

38 

3 

26 

32 

23 

33 

4 

55 

33 

19 

28 

5 

93 

97 

75 

102 

Tot. 

349 

343 

240 

298 

N  =  112 
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Table  6.13  Number  of  Co^TQat  Solutions  to  Each  Problem  by  All  Junior 
High  School  Sub j eats 


N  ^  813 


Set 

CF 

9i 

AF 

AH 

2 

609 

621 

287 

361 

3 

358 

376 

368 

378 

4 

530 

3S7 

321 

326 

6 

356 

286 

305 

301 

7 

541 

458 

440 

397 

Tot. 

2394 

2098 

1721 

1763 

Table  6.1A  ^wnb&T  of  Correct  Solutions  to  Each  Trohlm  by  Junior  High 

School  Subjects  Meeting  the  Computational  Skills  Criterion 


Set 

CF 

CH 

AF 

AH 

2 

236 

250 

148 

177 

3 

213 

195 

208 

214 

4 

231 

194 

179 

182 

6 

206 

175 

188 

189 

7, 

243 

221 

237 

214 

Tot. 

1129 

1035 

960 

976 

N  =  281 
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Table  6.15  NmbeT*  of  Corpeat  Solutions  to  EaoTi  Problem  by  All  High 
School  Subjects 


Set 

CF 

CH 

AF 

AH 

3 

211 

200 

213 

204 

4 

213 

171 

187 

176 

6 

185 

182 

178 

182 

7 

223 

213 

215 

206 

8 

147 

146 

119 

119 

Tot. 

979 

912 

912 

887 

Table  6.16  Number  of  Correct  Solutions  to  Eaoh  Problem  by  High  School 
Subjects  Meeting  the  Computational  Skills  Criterion 


Set 


CF 


CH 


AF 


AH 


N  =  197 


3 
4 
6 
7 
S 


180 
179 
171 
179 
137 


172 
157 
162 
178 
141 


185 
169 
161 
184 
113 


176 
157 
166 
172 
116 


Tot. 


846 


810 


812 


787 


/ 
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operation,  they  are  not  of  identical  structure  with  respect  to  the 
(possibly  most  frequent)  incorveat  operation.    Again,  we  are  not 
sure  if  this  feature  accounts  for  the  greater  difficulty  of  Problem 
?(d)t  but  it  illustrates  the  ease  with  which  potentially  important 
task  variable  differences  can  be  overlooked.  , 


7,  Conclusion 


In  this  chapter,  we  have  shown  in  detail  how  the  task  variables 
discussed  in  the  first  half  of  this  book  entered  into  the  construction 
of  a  verbal  problem-solving  instrument.    The  purpose  was  to  control 
for  all  task  variables  which  were  not  of  direct  experimental  interest, 
in  order  to  ensure  that  observed  effects  were  due  exclusively  to  the 
experimental  factors.    Such  an  undertaking  would  seem  to  be  a  prere- 
quisite for  obtaining  reproducible  and  generalizable  findings. 

This  effort  was  partially  but  not  completely  successful.  The 
development  of  the  problem  instruments,  together  with  the  validation 
procedures  described,  took  more  than  a  year;  and,  even  so,  the  control 
was  not  perfect.    We  have  endeavored,  however,  to  establish  a  standard 
for  such  studies  by  elaborating  on  the  imperfections  as  well  as  the 
successful  procedures.    It  is  hoped  that  by  making  available  the 
details  of  our  approach  to  other  researchers,  the  concept  of  systema- 
tically controlling  for  task  variables  will  find  other  adherents,  and 
the  state  of  the  art  will  advance  beyond  that  which  is  described  here. 


VII 


Structure  Variables  in  Problein*Solving  Research 

A. 

Concept  Acquisition  Tasks 
by 

William  "^Waters 
W,  Windsor-Plainsboro  School  District 
Princeton  Junction,  New  Jersey 


1.    .Description  of  the  ^^^^ 

This  study  illustrates,  some  of  the  effects  which  may  be  observed 
by  controlling  for  structure  variables  across  a  series  of  tasks. 
Three  tasks  were  developed  for  the  purpose  of  studying  conjupotive 
concept  acquisition  in  a  problem-solving  framework,  The^^lncipal 
independent  variables  in  the  tasks  are  context  variables,  and  may  be 
defined  as  (1)  the  degree  of  abstractness  of  the  defining  attributes 
of  the  conjunctive  concepts,  and  (2)  the  degree  of  diversity  of  the 
universe  of  objects  which  do  or  do  nov  exemplify  the  conjunctive  con- 
cepts.   A  third  independent  variable,  t'he  order  of  .presentation  of 
the  tasks,  qualifies  as  a  treatment  variable.     The  purpose  of  the 
study  was  to  measure  the  effects  of  these  variables  on  overall  task 
difficulty,  the  usage  of  particular  strategies,  and  the  efficiency 
of  the  strategies  (Waters,  1979). 

^ Background 

In  the  literature  on  "concept  acquisition"  tdsks,  a  concept  is 
defined  by  means  of  some  combination  of  attributes  of  the  stimuli 
which  are  prf?sented  in  the  task.    The  goal  of  the  problem  solver  is 
usually  to  learn  which  combination  of  attributes  defines  the  concept. 
The  book  A  Study  of  Thinking  (Bruner,  Goodnoy,  and  Austin,  1956)  was 
Lhe  pioneering  work  in  this  area,  and  many  follow-up  studies  since 
then  have  concentrated  on  how  subtle  changes  in  the  task  itself  may 
influence  subjects'  performance* 

The  basic  task  consists  of  an  array  of  cards  containing  pictures 
of  objects.    These  cards  are  "matrixed"  over  a  number  of  attributes, 
with  each  attribute  having  several  possible  attribute  values.  Th? 
goal  of  the  subject  is  to  verbalize  the  particular  combination  of 
attribute  values  known  to  the  experimenter  as  the  goal  concept.  In 
the  basic  task,  the  experimenter  begins  by  indicating  a  crrd  which 
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is  an  example  of  the  goal  concept.    The  subject  then  chooses  cards 
one  by  one  to  test  whether  they  are  examples  of  the  goal  concept, 
and  after  each. choice  the  experimenter  indicates  "y^s"  or  "no,"  The 
subject  may  also  make  a  hypothesis  as  to  the  identity  of  the  goal 
concept  after  any  card  choice;  the  task  terminates  when  the  subject 
correctly  identifies  the  goal  concept. 

Bruner  and  his  associates  investigate  in  detail  the  strategies 
employed  by  subjects  in  performing  this  task.    The  four  main  strate- 
gies identified  are  called  conservative  focusing,  focus  gambling, 
successive  scanning,  and  simultaneous  scanning.    The  existence  of 
the  focusing  and  scanning  strategy  groupings  has  been  replicated 
many  times,  but  objections  have  been  raised  to  the  methods  employed 
by  Bruner  and  his  successors  in  scoring  for  the  usage  of  these  strate- 
gies.   Chapter  IV  reviews  some  of  the  literature  involving  strategy 
scoring  systems,  and  Laughlin  (1973)  provides  a  valuable  review  for 
concept  acquisition  tasks.     In  the  present  study,  we  propose  new 
definitions  of  the  scanning  and  focusing  strategies  to  mirror  more 
precisely  the  intent  of  the  problem  solver  during  the  task  performance. 

In  the  literature  it  appears  rather  consistently  that  focusing 
strategies  are  more  efficient  in  concept  acquisition  tasks  than  scan- 
ning strategies,  with  the  implication  that  focusing  strategies* are 
therefore  preferable  for  concept  attainment  in  non-laboratory  learn- 
ing situations.    However,  we  suggest  that  the  usefulness  of  the 
focusing  strategies  my  result  principally  from  characteristics'  of 
the  tasks  which  do  not  carry  over  into  real-life  sitiiations.  More 
specifically,  most  previous  experiments  utilize  only  attributes  which 
are  immediately  identifiable  by  subjects, tsuch  as  §hape,  size,  and 
color,  while  in  real-'life  problems,  the  possible  relevant  attribute's 
may  not  be  known  ahead  of  time. 

In  order  to  investigate  these  ideas,  new  card  tasks  were  developed, 
which  are  described  in  detail  in  the  following  sections.    Task  1  is 
intended  to  replicate  the  basic 'task  of.  Bruner  and  his  associates, 
with  immediately  identifiable  attributes.     In  Task  2  and  Task  3,  one 
attribute  has  been  changed  from  an  easily  recognizable  attribute  to  a 
more  abstract  attribute  which  may  not  be  so  easily  discerned.  In 
addition,  Task  2  contains  a  greater  diversity  of  objects  than  Task  1, 
and  Task  3  a  still  greater  diversity  of  objects. 

Genepat  Design  of  the  Study 

The  purpose  of  this  study  was  to  measure  effects  on  (a)  overall 
difficulty,  (b)  strategy  usage,  and  (c)  strategy  efficiency  for  three 
tasks,  which  are  structurally  isomorphic  yet  differ  in  embodiment. 

A  3x5  orthogonal  factorial  design  was  employed,  with  three  task 
groups  and  five  experimenters.  Each  group  received  two  of  the  three 
tasks  •    Group  A  received  Task  3  fcllowe(d  by  Task  1?  group  B  received 
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Task  2  followed  by  Task  1;  and  group  C  received  Task  1  followed  by 
Task  3.    One-hundred-eight  female  college  undergraduates  were  employed 
as  subjects.    Thirty-six  subjects  were  assigned  at  random  to  each  of 
the  task  groups.    The  five  experimenters  administered  the  tasks  to  36, 
24,  18,  18,  and  12  subjects,  respectively.    Each  experimenter's  sub-- 
jects  were  divided  equally  among     the  three  task  groups.    For  each 
subject  on  each  of  the  two  problems,  five  dependent  variables  were 
measured.    These  are:     (1)  number  of  card  choices  to  solution,  (2) 
time  to  solution,  (3)  problem  solved  (-1)  versus  problem  not  solved 
(»0),  (4)  inte^ided  focusing  index  (defined  below  to  be  the  number  of 
focusing  choices /number  of  choices  to  solution),  and  (5)  intended 
scanning  index  (defined  below  to  be  the  number  of  scanning  choices/ 
number  of  choices  to  solution). 

A  summary  of  the  results  of  this  study  will  follow  a  more 
detailed  description  of  the  task  variables. 

2.    Analysis  of  Task  Structure 

Structurally  Isomorphic  Tasks 

Task  1  is  essentially  a  replica  of  Brunei's  basic  task.  Subjects 
are  asked  to  identify  a  conjunctive  concept  which  is  defined  by  attri- 
butes which  are  "matrixed'"^  on  a'  board  before'  them    (see  Figure 
7A.1).     In  Task  1,  four  perceptual  attributes  are  employed.  These^ 
are:    shape  (circle,  square,  or  triangle),  color  (red,  green,  or  brown), 
size  (large  or  small),  and  nunber  (one  object  or  two  objects)*  The 
objects  used  as  e^templars  of  attribute  value  combinations  vary  over 
only  one  dimension,  the  dimension  of  shape. 

In  Task  2  (see  Figure  7A.2),  the  goal  is  also  to  identify  a  con- 
junctive concept.     However,  the  dimension  of  sliape  has  been  replaced 
by  a  less  perceptually  apparent  attribute,  that  of  *'animal  life- 
plant  life-inanimate  object."    Furthermore',  there  is  a  greater 
diversity  of  objects:    objects  vary  over  both  this  attribute    and  the 
attribute  of  color.    Thus  in  Figure  7A.1,  we  have  "one  small  red 
circle"  and  "one  small  green  circle."    In  Figure  7A.2,  however,  we 
have  "o,ne  small  red  apple"  and  "one  small  green  cactus." 

In  Task  3,  the  same  attributes  are  employed  as  in  Task  2,  but 
the  objects  used  as  concept  exemplars  vary  over  all  four  relevant 
dimensions  (see  Figure  7A.3). 

The  principal  independent  variables  in  the  tasks  are  in  the  cate- 
gory of  problem  context  and  may  be  defined  as  the  degree  of  perceptual 
immediacy  in  the  defining  attributes  of  the  concepts,  and  the  degree 
of  object  exemplar  diversity  employed  in  the  representations  of  the 
combinations  of  attributes.    The  tasks  are  designed  to  measure  the 
effects  of  these  variables  on  the  usage  and  efficiency  of  various 
strategies  employed  in  solving  the  tasks. 
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Figure  7A.1.  Tusk  J,  Conjunctive  Concept  Acquisition  (Schematic) 
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On  tlie  board  presented  to  subjects  are  pictures  of  the  objects  described • 
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Figure  7A^2,  Task  2,  Cofijunative  Concept  Acquisition, 
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Figure  7A.3.    Task  3^  Conjunctive  Concept  Acquisition. 
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For  this  purpose,  an  attempt  has  been  made  to  make  the  tasks 
isomovphic  from  the  point  of  view  of  task  structure.    Each  task 
encompasses  the  same  number  of  attributes  and  object  exemplars  which 
are  matrixed  on  th«  boards.    We  can  set  up  a  one-to-one  correspondence 
of  attributes  and  values  as  follows: 

Task  1  Task  2  Task  3 

Circle       ^  »  Plant  Life  <  »  Plant  Life 

Square       4  »  Animal  Life         ^  »  Animal  Life 

Triangle    <  *     Inanimate  Object     <  ^     Inanimate  Object 

The  attributes  of  color,  number,  and  size  correspond  across  all  three 
tasks. 

The  correspondence  of  relevant  attributes  and  attribute  values 
is  utilized  throughout  the  administration  of  the  tasks.    Cards  which 
exemplify  isomorphic  combinations  of  attribute  values  occupy  the  same 
relative  positions  on  the  problem  boards.    Thus  "one  small  red  cherry" 
and  "one  small  red  circle"  are  both  situated  in  the  upper  left-hand 
corner.    Likewise,  the  goal  aonaepts  to  be  attained  are  assigned 
isomorphically.    That  is,  if  "large  squares"  is  the  concept  to  be 
attained  for  a  particular  subject  in  Task  1,  "large  animals"  would 
be  the  concept  to  be  attained  by  corresponding  subjects  in  Tasks  2 
or  3.    In  addition,  the  start  card  (i.e.,  the  initial  positive  instance 
of  the  concept  which  is  shown  to  the  subject)  is  assigned  in  each  task 
according  to  the  same  isomorphism. 

Task  directions  for  the  three  problems  are  essentially  the  same. 
They  differ  only  where  the  subject  is  asked  to  point  to  examples  of 
a  specific  conjunctive  concept  on  the  board.     In  this  case,  however, 
care  is  taken  not  to  include  in  the  example  any  of  the  dimensions 
which  are  employed  as  goal  concepts.    A  transcript  of  the  task  direc- 
tions is  included  as  an  appendix  to  this  chapter. 

State-'Spaoe  Analysis 

Defining  an  isomorphism  of  structure  through  a  one-to-one  corres- 
pondence of  the  attributes,  the  attribute  values,  and  the  object 
exemplars,  seems  to  be  a  reasonable  approach  in  the  case  of  concept 
acquisition  tasks.     In  tasks  where  the  number  of  moves  is  not  too 
large,  it  is  often  useful  to  consider  the  task  state-space,  recording 
a  subject's  moves  as  a  path  through  the  state-space  (see  Chapter  IV). 
Isomorphic  tasks  may  then  be  defined  as  tasks  whose  states  may  be 
placed  in  one-to-one  correspondence  so  as  to  preserve  the  structure 
of  the  permitted  moves;  or,  alternatively,  whose  moves  may  be  placed 
in  one-to-one  correspondence  so  as  to  establish  a  one-to-one  corres- 
pondence of  the  states.    Let  us  see  how  this  definition  applies  to 
the  present  situation. 
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In  the  concept  acquisition  tasks,  a  moDe  may  be  defined  to  be 
either  (1)  a  choice  of  a  card  by  a  subject,  together  with  the  dis- 
closure by  the  experimenter  of  whether  or  not  the  card  exemplifies 
the  goal  concept;  or  (2)  a  hypothesis  by  the  subject,  together  with 
the  disclosure  by  the  experimenter  of  whether  or  not  the  hypothesis 
is  the  correc.t  goal  concept.    A  state  may  then  be  defined  as  a  finite 
sequence  of  moves;  the  goal  state  is  a  sequence  terminating  in  the 
hypothesis  of  the  goal  concept.    It  is  clear  that  there  is  a  one-to- 
one  correspondence  between  oca^d  ahoiaes  in  Task  1,  Task  2,  and  Task  3. 
However,  there  is  not  a  strict  one-to-one  correspondence  between  the 
hypotheses  which  are  possible  in  Tasks  1,  2,  and  3.    Since  Tasks  2 
and  3  contain  increasingly  wide  varieties  of  object  exemplars,  there 
are  attributes  in  these  tasks,  irrelevant  to  the  goal  concept,  which 
are  not  present  in  Task  1;  and  these  irrelevant  attributes  suggest 
possible  hypotheses  which  would  not  be  present  for  Task  1.    There  is, 
of  course,  a  one-to-one  correspondence  across  Tasks  1,  2,  and  3  of 
the  hypotheses  incorporating  only  the  attributes  across  which  the 
tasks  have  been  "matrixed."    In  the  language  of  Chapter  IV,  there  is 
a  state-space  horaomorphism  from  Task  1  to  Task  2  and  from  Task  1  to 
Task  3,  and  there  are  suhspaaes  of  Tasks  2  and  3  for  which  the  homo- 
morphism  defines  an  isomorphism. 

Analysis  and  Soaring  of  Strategies 

Another  method  of  describing  problem  structure  discussed  in 
Chapter  IV  is  by  means  of  the  strategies  which  may  be  employed  in 
problem  solving.     In  that  chapter,  Goldin  has  characterized  a  strategy 
as  a  rule  which  associates  to  each  state  of  the  problem  a  specified 
subset  of  the  set  of  possible  moves.    Thus  an  algorithm  is  a  strategy 
In  which  each  specified  subset  contains  no  more  than  one  move,  and  the 
sequence  of  moves  leads  to  the  goal  state  in  finitely  many  steps. 

For  concept  acquisition  tasks  such  as  Task  1  in  the  present  study, 
researchers  have  been  interested  in  characterizing  the  strategies  used 
by  subjects  by  means  of  the  sequences  of  moves  made.     Four  ideal 
strategies  observed  by  Bruner,  Goodnow,  and  Austin  are  defined  as 
follows: 

In  the  simultaneous  scanning  strategy,  the  subject  simultaneously 
considers  all  possible  concepts  which  could  serve  as  outcomes,  and  at 
each  stage  makes  that  card  choice  which  logically  eliminates  the  most 
possible  concepts. 

In  successive  scanning ^  the  subject  attempts  to  discover 
several  positive  instances  of  the  concept  involved,  observes  particu- 
lar attribute  values  which  these  instances  have  in  common,  and 
then  hypothesizes  that  these  attribute  values  define  the 
concept. 

In  conservative' focusing J  the  subject  considers  the  particular 
attributes  of  a  single  positive  instance  of  the  concept.    The  subject 
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then  holds  constant  the  values  of  all  of  the  attributes  except  for 
one,  which  is  varied  in  order  to  determine  whether  that  attribute 
is  a  defining  attribute  for  the  concept. 

Foaus  gambling  involves  basically  the  sdtne  procedure  as  conserv- 
ative focusing,  except  that  two  or  more  attributes  are  varied 
simultaneously  in  the  hope  of  eliminating  two  or  more  possible 
attributes  as  defining  attributes  of  the  concept  in  one  trial. 

Due  to  the  isomorphism  across  Tasks  1,  2,  and  3,  each  of  the  four 
ideal  strategies  has  identical  application  to  the  three  tasks.  In 
order  to  exemplify  more  fully  these  strategies,  let  us  suppose  that  a 
hypothetical  subject  is  attempting  to  solve  Task  1.    Two  of  the  attri- 
butes are  bi--valued  (number  and  size),  while  the  other  two  attributes 
are  tri-valued  (shape  and  color),  as  in  Figure  7A»1. 

Suppose  that  the  goal  concept  is  "all  cards  containing  one 
triangle"  and  the  initial  positive  instance  shown  to  the  subject 
is  the  card  in  the  lower  left-hand  corner  of  the  problem  board,  one 
small    brown  triangle. 

The  subject  at  the  outset  reasons:     "I  see  that  the  initial  card 
contains  something  small  and  brown.    Maybe  the  concept  is  all  small 
brown  things.     To  see  if  I'm  right,  Vll  choose  the  card  right  next 
to  it,  since  that's  small  and  brown,  too."    The  subject  chooses  one 
small    brown    square  and  receives  a  negative  response  from  the  experi-- 
menter. 

This  would  be  classified  as  a  suaaessive  saa?ining  choice.  The 
subject  made  a  tentative  hypothesis  as  to  the  identity  of  the  concept 
and  chose    a  card  containing  the  values  of  the  hypothesis  in  order  to 
attempt  to  verify  the  hypothesis. 

The  subject  then  reasons:     "I  see  that* one  thing  which  is  changing 
is  the  shape  of  the  objects  on  the  cards.    Therefore,  I'll  choose  a 
card  which  is  exactly  like  the  one  given  except  for  the  shape.     If  I 
get  a  no 9  then  shape  is  involved.    If  I  get  a  yesp  then  shape  is  not 
involved,"    The  subject  chooses  one  small  brown  circle  and  receives  a 
negative  response. 

This  choice  would  be  classified  as  a  aonsepvative  focusing  choice. 
The  subject  held  constant  all  values  of  all  attributes  except  for  one, 
which  was  varied  in  order  to  test  for  inclusion  in  the  concept. 

The  subject  then  reasons:    "I  know  from  my  last  choice  that  trian- 
gle is  included  in  the  concept.    Two  other  things  which  are  changing 
on  the  cards  are  the  color  of  the  objects  a^d  also  the  size  of  the 
objects.     I  will  try  to  test  these  attributes  for  inclusion  in  the 
concept  by  choosing  a  card  which  differs  from  the  first  card  by  these 
two  attributes  only.    A  yes  would  mean  that  neither  color  nor  size 
is    included,    while  a  no  would  mean  that  at  least  one  of  color  or 
size  is  included."       The  subject  chooses  one    large    green  triangle 
and  receives  a  positive  response. 
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This  choice  would  be  classified  as  a  focus  gambling  choice 
(where  the  gamble  paid  off).    Two  attributes  were  varied  while  all 
others  were  held  constant.    A  yes  response  indicated  that  changing  ^ 
the  value  of  these  attributes  did  not  affect  the  concept  status,  so 
that  neither  color  nor  size  was  included. 

The  subject  now  reasons:    '*I  know  at  this  point  that  shape  is 
included  and*' that  neither  color  nor  size  is  included.  Therefore, 
there  are  two  possible  hypotheses  which  remain  for  the  concept. 
These  are  ^11  cards  with  triangles'  and  'all  cards  with  one  triangle.' 
I  will  therefore  make  a  card  choice  which  will  eliminate  one  of  these 
outcomes.    Any  card  with  two  triangles  will  satisfy  the  requirement, 
since  a  yes  eliminates  the  concept  'one  triangle'  and  a  no  eliminates 
the  concept  'triangles'."    The  subject  chooses  two,  large,  red  trian- 
gles and  receives  a  negative  response. 

This  would  be  classified  as  a  simuttaneouB  scanning  choice, 
since  the  subject  simultaneously  considered  all  possible  outcomes  and 
chose  a  card  which  xrould  eliminate  the  most  possible  outcomes  at  that 
stage. 

With  this  information,  the  subject  can  successfully  guess  that 
the  goal  concept  is  *'all  cards  with  one  triangle."  While  this  "inner 
protocol"  is  highly  fictionalized,  it  should  give  some  flavor  for  the 
qualitative  distinctions  which  are  intended  by  the  definitions  of 
these  ideal  strategies.  It  should  also  illustrate  that  the  same  card 
choice  might  exemplify  different  strategies,  depending  on  the  line  of 
reasoning  being  followed. 

However,  there  are  problems  with  the  measurCTient  of  these  strat ea- 
gles, which  we  now  mention.    We  shall  discuss  four  methods  of  measuring 
strategy  use:     (a)  protocol  analysis,  (b)  behavioral  measures,  (c) 
retrospective  accounts,  and  (d)  structured  questions. 

In  initially  developing  these  strategies,  Bruner  and  his  asso- 
ciates essentially  employed  a  technique  of  "protocol  analysis,"  in 
which  the  experimenter  may  conduct  a  dialogue  with  the  subject  during 
problem  solving,  but  tries  to  limit  his  or  her  own  remarks  to  those 
designed  to  elicit  responses  from  the  subject  describing  the  approach 
to  the  problem.    After  the  session  is  completed,  the  experimenter  then 
analyzes  the  subject's  protocol  in  an  attempt  to  discern  methods  of 
approach,  attempting  to  arrive  at  a  description  of  the  strategy  used. 
This  analysis  might  take  the  form  of  a  comjiarison  with  "ideal"  methods 
of  problem  solution.    Such  an  analysis  is  particularly  useful  if  one 
is  at  the  beginning  stages  of  experimentation,  and  is  trying  to  define 
the  ideal  strategies  which  may  be  employed  on  a  set  of  related  tasks. 
One  disadvantage  of  this  technique  is  that  the  risk  of  giving  hints 
is  relatively  high. 

One  way  to  preclude  the  interference  of  verbal  discourse  with 
problem  solving  is  simply  to  prohibit  it;  that  is,  to  rely  totally 
on  nonverbal  behavioral  measures  of  strategy  usage.    This  technique 
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has  been  widely  employed  in  the  case  of  selection  strategies  in  con- 
cept attainment.    For  example,  the  focusing  index  of  Laughlin  (1965) 
defines  behavioral  rules  for  scoring  the  focusing  strategy.  This 
technique  has  several  advantages:     it  produces  reliable  measures 
since  these  are  objectively  determined,  and  verbal  intercourse  does 
not  vary  over  different  subjects.    However,  these  strategy  saores 
must  satisfy  several  criteria  if  they  are  to  be  valid. 

Strategy  scores  are  based  on  the  concept  of  partitioning  the 
set  of  possible  moves  into  mutually  disjoint  subsets,  and  associating 
each  subset   with  a  particular  strategy.    However,  in  the  case  of  the 
focusing  and  scanning  strategies  in  concept  attainment,  some  of  the  ^ 
early  behavioral  definitions  of  these  strategies  in  terms  of  card 
choices  and  hypotheses  were  found  to  be  imprecise  in  that  certain 
choices  could  be  associated  with  either  focusing  or  scanning  by  these 
definitions.    Thus  the  definitions  had  to  be  modified  to  eliminate 
these  ambiguities. 

In  obtaining  mutually  exclusive  categories  of  moves,  however, 
the  researcher  must  also  be  careful  to  preserve  the  validity  of  the*, 
definitions.     In  other  words,  it  must  be  arguable  that  the 
"behavioral  strategies"  measure  the  ways  in  which  subjects  approach 
the  problem. 

In  addition,  it  is  important  to  realize  that  a  purely  behavioral 
approach  to  the  measurement  of  strategies  makes  inferences  about 
strategies  from  what  the  subject  daeSf  and  not  from  what  was  intended. 
In  the  case  of  our  concept  attainment  tasks,  the  strategies  of  focus- 
ing and  scanning  impose  a  heavy  load  on  memory,  and  assume  the  under- 
standing of  rather  complex  logical  inferences.     The  complexity  of  the 
tasks  and  of  the  strategies  involved  casts  doubt  on  the  assumption 
that  a  behavioral  strategy  score  based  only  on  a  subject *s  card 
choices  and  hypotheses  can  totally  reflect  the  intended  approach  to 
the  problem. 

Another  technique  of  ascertaining  a  subject's  intended  strategy 
(as  opposed  to  the  behavioral  implementation  of  that  strategy)  is 
through  retrospective  accounts.    First,  the  subject  performs  the  task 
without  interference.    Then,  at  the  conclusion  of  the  task,  the 
experimenter  asks  the  subject  a  series  of  detailed  questions  designed 
to  ascertain  the  subject's  method  of  approach  to  different  problem 
configurations.    Based  on  the  answers  to  these  questions,  the  strategy 
usage  is  scored. 

One  advantage  of  this  technique  is  that  the  original  task  is 
unaffected  by  verbal  discourse  during  problem  solution.     In  addition, 
a  greater  -emphasis  is  placed  on  the  subject's  intended  strategy  than 
on  actual  moves.    Dienes  and  Jeeves  (1965)  and  Branca  and  Kilpatrick 
(1972)  have  performed  experiments  involving  the  learning  of  mathe- 
matical group  structures  using  the  technique  of  retrospective  accounts. 
According  to  Branca  and  Kilpatrick' s  results,  a  subject's  retrospective 
account  may  not  be  consistent  with  what  was  Intended  at  the  time  he  or 
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she  was  solving  the  problem.    Retrospective  accounts  may  reflect 
approaches  which  ultimately  produced  success  rather  than  those 
which  were  unfruitful  and  fell  by  the  wayside. 

For  the  concept  acquisition  tasks  in  this  study,  we  are  interested 
in  how  certain  variables  c^f  the  task  embodiment  (i*e*»  the  presence  of 
.  an  abstract  attribute  and"  the  increase  in  object  exemplar  diversity) 
affect  strategy  selection  and  efficiency.    For  this  purpose,  we  choose 
to  employ  the  technique  of  structured  questions. 

In  utilizing  this  technique,  the  first  step,  as  with  behavioral 
strategy  scores,  is  to  develop  definitions  of  the  ideal  problem- 
solving  strategies.    The  difference,  however,  is  that  these  defini- 
tions now  depend  to  some  extent  on  things  the  subject  says  about  what 
'  is  done,  in  addition  to  his  or  her  actions  in  solving  the  problem. 
After  these  definitions  are  formulated,  the  experimenter  develops  a 
short  series  of  questions  aimed  at  eliciting  the  information  necessary 
for  strategy  classification  according  to  these  definitions.  These 
questions  are  asked  of  the  subject  after  each  move  or  play 
in  the  task  and  should  constitute  almost  the  entirety  of  the  experi- 
menter's dialogue  with  the  subject. 

For  our  concept  acquisition  instruments,  the  structured  ques- 
tions technique  is  employed  by  first  setting  up  mutually  exclusive 
definitions  of  "intended"  focusing  and  "intended"  scanning  as 
follows : 

Intended  focusing  -  The  subject  expresses  concern  with  one  or 
more  attributes,  and  changes  the  values  in  his  or  her  card  choice  of 
one  or  more  of  these  attributes  from  its  value  on  the  original  card. 

Intended  scanning  -  The  subject  either  (1)  expresses  no  hypothe- 
sis and  chooses  a  card  or  (2)  expresses  a  partial  hypothesis  and  holds 
constant  in  his  or  her  card  choice  all  of  the  attributes  involved  in 
that  hypothesis,  making  reference  in  the  response  to  none  of  the 
changed  attributes. 

For  experimental  purposes,  we  define  an  intended  focusing  index 
to  be  the  number  of  intended  focusing  choices  divided  by  the  total 
number  of  choices,  and  likewise  an  inte>ided  scanning  index. 

These  definitions  are  theoretically  mutually  exclusive.  Either 
a  subject  expresses  a  reason  for  a  card  choice  or  does  not.     If  the 
subject  does  state  a  reason,  either  reference  Is.  made  to  changed 
attributes,  or  no  such  reference  is  made.    However,  in  actual  prac- 
tice, the  two  indices  do  not  necessarily  add  exactly  to  1,  due  to 
the  occasional  occurrence  of  a  completely  different  type  of  justifi- 
cation being  offered  by  the  subject.     In  such  cases,  the  response 
counts  in  the  denominator,  but  not  in  the  numerator  of  either  index. 

Since  our  purpose  in  these  tasks  is  essentially  to  find  out  uhu 
the  subject  made  each  particular  choice,  a  short  series  of  questions 
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which  is  designed  to  elicit  this  infonaation  is  asked  of  each 
subject.     Immediately  after  each  choice »  the  experimenter 
asks  the  subject,  ^^\<hy  did  you  choose  tha^  card?'*  the 
subject  states  a  clear  reason  for  the  choice,  no  further  questions 
are  asked •    If  a  clear  reason  is  not  stated,  the  experimenter  asks, 
"Did  you  have  any  particular  concept  in  mind  when  you  made  that 
choice?"    If  the  subject  answers  "no,"  nothing  else  is  said.  If 
the  subject  answers  "yes,"  the  experimenter  asks,  "',Jhat  was  your 
concept?"    It  is  important  to  note  that  these  questions,  are  asked 
in  the  same  way  of  all  subjects  after  every  card  choice.    In  addition, 
a  series  of  allowable  comments  from  the  experimenter  concerning  the 
rules  of  the  game,  etc.,  was  developed.    These  questions  and  comments 
constitute  the  experimenter's  entire  portion  of  the  dialogue  during 
the  task,  and  are  given  under  the  same  conditions  to  all  subjects. 
Experimenters  are  strongly  discouraged  from  making  any  other  coimnents 
during  the  administration  of  the  task.    By  structuring  questions  and 
comments  in  this  way,  the  chances  of  hints  are  minimized,  and  what 
hints  may  be  given  are  given  in  a  similar  manner  to  all  subjects. 

It  should  be  pointed  out  that  the  asking  of  this  series  of  ques- 
tions doea  change  the  task  from  one  in  which  no  dialogue  is  allowed. 
In  effect,  the  mere  asking  of  the  questions  may  cause  subjects  to  view 
the  tasks  differently  than  if  no  questions  had  been  asked •  However, 
an  important  feature  of  the  structured  questioning  technique  is  that 
exactly  the  same  series  of  questions  is  employed  in  the  same  order  for 
all  subjects  on  all  three  versions  of  the  task.    Thus  for  the  three 
concept  acquisition  tasks,  the  structural  isomorphism  is  preserved. 

The  use  of  "intended  focusing"  and  "intended  scanning"  indexes  in 
measuring  strategy  use  avoids  another  pitfall  of  the  behavioral 
"strategy  scores"  used  by  Bruner,  Laughlln,  and  others.    As  these 
strategy  scores  are  frequently  defined  in  the  literature,  card  choices 
which  are  "focus"  choices  are  often  those  which  are  non-- redundant  in  a 
logical  sense  and  yield  new  information;  while  card  choices  which  are 
"scanning"  choices  are  often  those  which  are  repetitive  or  yield  no 
new  information.     (See  Laughlin,  1965,  for  one  such  definition  of 
"focusing  strategy.")    Given  these  properties  which  hold  by  definition 
of  the  choice  categories,  the  reported  findings  that  focusing  is  the 
more  efficient  strategy  must  be  viewed  with  great  reservation — surely 
this  is  more  a  consequence  of  the  logiaal  structure  of  the  defini- 
tions ^  than  of  Xhe  psychological  nature  of  the  focusing  and  scanning 
strategies.     "Intended"  focusing  and  scanning,  on  the  other  hand,  are 
defined  with  reference  to  subjects'  statements  about  the  reasons  for 
their  choices;  there  is  no  a  priori  association  of  focusing  with  effi- 
ciency or  scanning  with  inefficiency. 

In  the  study  itself,  we  shall  observe  how  t'le  task  embodiment 
influences  the  choice  of  strategy,  and  how  the  choice  of  strategy 
influences  the  efficiency  of  solution. 
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3«    Su::imary  of  Findings 

The  Hotelling-Lawley  MANOVA  Test  was  highly  significant  for  over- 
all group  differences  (p<.0001),  but  vas  not  significant  for  either 
experimenter  differences  or  experimenter  x  group  interactions •  The 
latter  result  provides  an  important  cross-check  on  inter-experimenter 
reliability,  in  view  of  the  "structured  questions"  nature  of  the  task 
and  the  extensive  experimenter  training ^which  took  place  in  prepara- 
tion for  the  structured  questions  format •    Ail  experimenter  groups 
are  pooled  in  reporting  the  data  below* 

Table  7A.1  lists  the  means  by  group  and  by  task  on  each  of  the 
dependent  variables. 

Table  7A^2  shows  the  main  effects  and  differences  between  groups 
on  dependent  variables  from  the  first  problem.    These  effects  were 
calculated  using  univariate  analysi«-^of  variance  and  Duncan's  Multi- 
ple Range  Test, 

From  Tables  7A,1  and  7A.2,  it  can  be  seen  that  with  respect  to 
overall  task  difficulty,  the  introduction  of  the  more  abstract  attri- 
bute and  the  increase  in  object  exemplar  diversity  from  Task  1 
to  Task  2  had  a  detrimental  effect  on  performance,  whereas  the  further 
increase  in  object  exemplar  diversity  from  Task  2  to  Task  3  did  not 
significantly  worsen  performance  from  Task  2  (although  the  three  task 
difficulty  variables  of  the  number  of  choices  to  solution,  the  time 
to  solution,  and  the  percentage  of  subjects  solving  the  problem^ all 
showed  slightly    but  not  significantly    greater  difficulty  for  Task 
3  than  for  Task  2). 

With  regard  to  the  strategies  for  problem  solution,  it  can  be 
seen  that  each  change  in  the  task  embodiment  significantly  affected 
subjects*  intended  strategies.     Subjects  intended  to  scan  the  most 
and  focus  the  least  on  Task  3;  they  scanned  the  least  and  focused  the 
most  on  Task  1;  and  they  scanned  and  focused  to  an  intermediate  degree 
on  Task  2. 

In  addition  to  the  above  results,  some  interesting  effects  of 
the  change  in  problem  embodiments  on  transfer  of  learning  from  the 
first  task  to  the  second  were  observed.    For  example,  in  comparing 
groups  A  and  C,  overall  performance  on  the  second  problem  was  facili- 
tated only  when  the  more  difficult  problem  was  presented  first.  In 
other  words,  group  A  significantly  outperformed  group  C  on  Task  1, 
but  group  C  did  not  significantly  outperform  group  A  on  Task  3,  even 
though  group  C  subjects  had  the  prior  experience  of  Task  1.  This 
result  is  consistent  with  the  "deep  end"  hypothesis  of  Dlenes  and 
Jeeves  (1970),  discussed  in  Chapter  IV* 

In  addition,  the  intended  strategies  which  predominated  on  the 
first  problem  were  carried  over  to  increased  usage  on  the  second 
problem.    For  example,  group  A  scanned  more  and  focused  less  on 
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Table  7A.1   Mea^is  by  Group  and  by  Task  for  Dependent  Variables 
Dependent  Variable^ 


F  P 
i  r 
r  o 
s  b 
t  1 
e 
tn 


S  P 

e  r 

c  o 

o  b 

n  1 

d  e 


Number  of  Choices  to  Solution 
Time  to  Solution 
Solved      Not  Solved 
Intended  Focusing  Index 
Intended  Scanning  Index 


Number  of  Choices  to  Solution 
Time  to  Solution 
Solved  -  Not  Solved 
Intended  Focusing  Index 
Intended  Scanning  Index 


A 

B 

C 

Task  3 

Task  2 

Task  1 

v-t  rest 

Second 

14.47 

13.75 

8.67 

16  32 

13.26 

7.18 

•  -30 

56 

.97 

•  uo 

20 

.39 

87 

75 

.61 

Task  1 

Task  1 

Task  3 

Second 

Second 

Second 

5.28 

6.97 

14.53 

3.40 

4.86 

13.60 

1.00 

.97 

.53 

.15 

.27 

.19 

.8A 

.73 

.78 
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Table  7A.2.    t-!ain  Effects  and  Differences  Among  Groups  for  the  First  Problem 


Dependent  Variable  SS  df  MS 


Differences 


Number  of  Choices  to  720.80  2  360.40  8.57  .0004  Task  1< 
Solution  '  Task  2  = 

Task  3 

Time  to  Solution        155794.89      2      77893.44    18.08     .0001    Task  1< 

Task  2  = 
Task  3 

Solved  -  Not  Solved  7.02     2  3.51    19.06    .0001^   Task  1> 

Task  2  ■» 
Task  3 

Intended  Focusing  19613.63  2  9806.82  23.91  .0001  Task  1  > 
Index  Task  2> 

Task  3 

Intended  Scanning  12217.35  2  6108.68  13.07  .0001  Task  1< 
Index  Task  2< 

Task  3 
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Task  1  than  did  group  C;  group  C  focused  loore  and  scanned  less  on 
Task  3  than  did  group  A,    Also,  on  Tasks  1  and  3  combined,  group  A 
scanned  more  and  focused  less  Chan  did  group  C« 

Table  7A.3  shows  Pearson  product-uK^xnent  correlations  between 
measures  of  overall  performance  and  measures  of  intended  strategy 
usage  by  task  groups  on  the  first  problem.    It  can  be  seen  from  the 
table  that  these  correlations  are  all  quite  low.    In  fact,  none  of 
the  correlations,  even  for  Task  1  (which  employed  all  perceptual 
attributes),  was  significant  at  the  .05  level.    Thus  the  presumed 
superior  efficiency  of  the  focusing  strategy  was  not  substantiated 
at  the  level  of  intended  strategy  usage  for  any  of  the  tasks. 

The  aforementioned  results  are  illustrative  of  some  of  the 
interesting  effects  which  can  be  observed  through  the  variation  of 
task  structure  and  embodiments.    In  this  study,  care  was  taken  on 
every  level  to  preserve  not  only  the  structural  isoiaorphism  of  the 
three  tasks,  but  also  to  hold  constant  variables  of  em^diment  which 
were  not  under  consideration.    The  technique  of  asking  subjects  a 
structured  series  of  questions  after  each  card  choice  was  used* 
This  series  of  questions  assessed  process  variables  relating  to  the 
intended  strategy,  while  at  the  same  time  preserving  the  isomorphic 
nature  of  the  three  tasks. 

It  can  be  concluded  with  a  high  degree  of  confidence  that  varia- 
tions in  the  embodiment  of  a  concept  acquisition  task  may  not  only 
affect  the  overall  difficulty  of  the  task,  but  also  induce  subjects 
to  employ  different  strategies  for  solution, , even  though  the  struc- 
ture of  the  task  remains  unchanged.    This"^s  not  to  say  that  problems- 
solving  strategies  are  totally  task-specilic.    However,  given  that 
several  different  strategies  can  be  employed  on  all  problems  having 
a  certain  structure,  slight  variations  in  the  problem  embodiment  may 
induce  subjects  to  solve  the  task  using  one  strategy  rather  than 
another. 

The  variations  in  problem  embodiment  introduced  in  Tasks  2  and 
3  have  the  effect  of  transforming  these  tasks  into  more  "real-life" 
problem-solving  situations.    The  results  indicate  that  under  these 
conditions,  neither  focusing  nor  scanning  strategy  usage  was  signifi^ 
cantly  associated  with  superior  performance,  but  that  the  vast  majority 
of  subjects  preferred  to  employ  a  scanning  strategy  to  discern  the  c  a- 
cept.    These  results  call  into  question  some  of  the  inferences  regard- 
ing concept  acquisition  made  by  bruner  and  his  followers.    The  results 
support  the  assertion  that  the  focusing  strategy  cannot  be  assumed  to 
be  the  better  strategy  to  employ  in  the  attainment  of  "real-life" 
concepts.    In  cases  where  the  possibly  relevant  attributes  of  the 
concept  are  unknown  at  the  outset  and  where  the  diversity  of  examples 
of  the  concept  is  great,  it  may  be  preferable  to  adopt  a  scanning 
strategy. 
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Table  7A.3. 


Pearson  Produat-Moment  Correlations  Between  Measures  of 
Overall  Performance  and  Measures  of  Intended  Strategy 
Usage  by  Task  Groups  on  the  First  Problem 


Task  1 

Intended  Focusing  Index 
Intended  Scanning  Index 
Task  2 

Intended  Focusing  Index 
Intended  Scanning  Index 
Task  3 

Intended  Focusing  Index 
Intended  Scanni  nelndex 


Solved  - 
Not  Solved 

-.20167 

.20091 

.04363 
.16342 

.31059 
.11118 


Number  of 
Choices  to 
Solution 

.17445 

-.18093 


-.28902 
.23752 

.07415 
-.26416 


Time  to 
Solution 

.14228 

-.15403 

-.01605 
-.16975 

.01420 
-.30660 
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, Appendix; 

Directions  Given  to  Subjects  Prior  to  Task  Administration 

'  —  ' — [  ~  V 

First  Problem 

« 

Before  we  begin  the  experiment,  I  would  like  to  ask  you  if  you 
are  familiar  with  the  nane  Jerome  Brunei    Have  you  ever  heard  of  the 
phrase  "concept  attainment"? 

This  experiment  contains  two  problems  for  you  to  solve.  Your 
job  in  the  problems  is  to  find  what  is  called  a  conjunctive  concept. 
By  a  conjunctive  concept,  I  mean  a  way^of  grouping  things  in  terms 
of  some  shared  characteristic  or  characteristics.    For  example,  look 
at  the  pictures  I  am  placing  before  you.    If  I  were  to  ask  you  to 
name  a  property  shared  by  pictures  1,  2,  3,  and  4,  you  might  say 
"people."    People  is  an  example  of  a  conjunctive  concept.    If  I  were 
to  ask  you  to'  name  some  characteristics  shaf'ed  by  pictures  1  and  2, 
you  might  say  "young  people."    Young  and  people  are  two  characterise 
tics  which  are  shared  by  pictures  1  and  2,  so  young  people  is  a 
conjunctive  concept  which  is  shown  on  pictures  1  and  2.  However, 
pictdre  5  is  not  an  example  of  the  conjunctive  concept  young  people, 
since  there  is  no  young  person  shown  on  picture  5.    Do  you  have  any 
questions  on  what  a  conjunctive  concept  is? 

Can  you  give  me  an  example  of  another  conjunctive  concept? 

Would  all  things  that  are  old  be  a  conjunctive  concept? 

Would  all  things  that  are  gray  be  a  conjunctive  concept? 

Would  all  things  that  are  both  old  and  gray  be  a  conjunctive 
concept? 

Would  all  things  that  are  either  old  or  gray  be  a  conjunctive 
concept? 

Would  all  things  that  are  old,  gyay,  and  wrinkler^  be  a  con- 
junctive concept? 

Now  in  the  first  problem  you  are  going  to  be  finding  a  conjunctive 
concept  which  is  shown  on  some  of  these  cards  but  not  on  others.  As 
you  can  see,  I  have  typed  the  names  of  the  objects  4^  the  lower  right- 
hand  corner  to  help  you  identify  them,  but  the  labels  have  nothing  to 
do  with  the  problem.    Just  for  practice,  I'll  give  you  a  sample  con- 
junctive concept,  and  you  show  me  all  cards  which  are  examples  of  the 
concept.    How  about' all  cards  with  objects  v/hich  are  red  and  make  noise 
(all  cards  with  objects  that  are  red  and  have  corners)? 

Now  we  are  ready  to  start  the  problem.    I  am  thinking  of  a  certain 
conjunctive  concept.    The  concept  is  shown  on  some  of  the  cards  before 
you,  and  on  others  it  is  not.     It  is  your  job  to  describe  which  cards 
illustrate  the  concept.     I  will  start  by  showing  you  a  card  which  is  an 
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example  of  my  concept.    For  exanqsle,  if  I  were  thinking  of  all  cards 
with  objects  which  are  red  and  make  noise  (all  cards  with  objects 
that  are  red  and  have  corners),  I  might  show  you  this  card.  Your 
job  is  to  choose  cards  one  by  one  to  test  whether  they  are  examples 
of  the  concept  I  am  thinking  of^  and  ^ter  each  choice^  I  will  tell 
you  whether  or  not  the  card  you  have  chosen  is  an  example  of  my 
concept,    t^hen  you  think  you  know  the  concept,  you  can  make  a  guess, 
and  I  will  tell  you  whether  you  are  right  or  wrong.    You  can  make  a 
guess  after  any  choice,  but  you  can't  make  more  than  one  guess  after 
any  particular  choice  without  choosing  another  card  for  testing* 
Also,  when  you  make  a  guess,  pl-^ase  say  something  like,  "I  think 
it's  all  cards  which..*"  and  then  say  the  concept. 

The  problem  is  solved  when  you  have  correctly  described  the 
cards  which  illustrate  the  concept.    Do  you  have  any  questions? 

Try  to  arrive  at  the  concept  as  efficiently  as  possible.  As 
you  go  along,  Vd  like  you  to  ttiinkoutloud  and  tell  me  why  you  are 
choosing  each  particular  card.    Are  you  ready  to  begin?    Here  is  an 
example  of  the  concept  I  am  thinking  of. 


Second  Problem 

In  the  second  problem,  the  rules  will  be  exactly  the  same  as  in 
problem  one  except  that  we  will  be  using  a  different  set  of  cards. 
Before  we  begin,  do  you  have  any  questions  as  to  the  rules  of  the 
game? 

Here  is  an  example  of  the  concept  I  am  thinking  of. 
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structure  Variables  in  Problem-Solving  Research 

B. 

Classifying  Algebra  Problems  According  to  the  Complexity  of 
Their  Mathematical  Representations 

by 

Harold  C.  Days 
Fort  Valley  State  College 
Fort  Valley,  Georgia 


1.    Description  of  the  Study 

This  section  presents  a  scheme  which  can  be  used  to  classify  a 
variety  of  algebraic  problems  according  to  the  complexity  of  their 
structure.    The  particular  scheme  is  designed  to  classify  problems 
which  can  be  solved  using  one  or  more  linear  equations.  Although 
problems  requiring  the  use  of  quadratic,  cubic,  or  other  equations 
were  not  considered  in  the, development,  a  few  minor  modifications  of 
the  classification  scheme  will  make  it  applicable  to  such  problems 
as  well. 

The  procedure  is  based  entirely  on  the  mathematical  representa-- 
tlon  obtained  by  translating  the  problem  statement  into  symbols  (i.e., 
on  the  algebraic  structure  of  the  problem) •    Although  in  this  study  it 
is  used  to  place  problems  into  two  categories  (simple  structure  or 
complex  structure),  it  can  easily  be  adapted  to  a  more  detailed  class- 
ification. 

The  purpose  of  the  study  was  to  examine  the  effects  of  problem 
complexity,  together  with  the  cognitive  level  of  the  subjects,  on  the 
processes  used  in  solving  verbal  problems  (Days,  1977).    Two  eighth- 
grade  general  mathematics  classes  were  randomly  selected  from  each  of 
three  junior  high  schools.    Sheehan's  modified  version  of  the  Longeot 
Test  was  administered  to  each  class,  in  order  to  classify  the  students 
as  concrete  operational  or  formal  operational  (Longeot,  1964;  Sheehan, 
1970),    Ten  subjects  per  school  were  then  randomly  selected  from  each 
of  the  two  cognitive  groups;  each  of  these  60  subjects  was  scheduled 
for  a  two-hour  interview. 

In  the  interview,  the  student  was  asked  to  solve  ten  word  prob- 
lems while  "thinking  aloud."    Two  of  these  problems  served  as  practice 
problems  and  eight  as  experimental  problems.    Four  of  the  experimental 
problCTxs  were  defined  as  having  simple  structures  and  four  were  defined 


-297- 


-298- 


as  having  complex  structures.    The  interviews  were  audio tape-recorded, 
and  a  written  record  was  also  kept  of  selected  responses.    The  pro to- 
cols  obtained  in  the  interviews  were  used  as  the  basis  for  determining 
the  processes  employed  by  the  subjects. 

Coding  of  Protocols 

A  iwdified  version  of  the  coding  system  devised  by  Kilpatrick 
(1967)  was  used  to  code  the  tape-recorded  protocols.    The  checklist 
variables  were  included  on  the  coding  form  under  the  following  eight 
categories: 

(1)  Understanding  Processes  —  (a)  rereads,  (b)  restates, 
(c)  separates. 

(2)  Representational  Processes  —  (d)  performs  exploratory 
manipulations,  (e)  draws  a  diagram,  (f)  uses  mnemonic 
no tat ion • 

(3)  Recall  Processes  —  (g)  recalls  related  problems,  (h) 
recalls  related  concepts,  (i)  uses  method  or  results  of 
related  problem. 

(4)  Production  Procesap^  —  (j)  reasons  deductively,  (k)  uses 
successive  approximations,  (1)  estimates. 

(5)  Evaluation  Processes  —  (m)  checks  manipulations,  (n) 
checks  conditions,  (o)  checks  by  retracing  steps. 

(6)  Comments  About  Solution  —  questions  uniqueness  or  exis- 
tence of  solution,  questions  relevance  of  information, 
says  he  or  she  cannot  solve  problem. 

(7)  Executive  Error  —  makes  counting  or  computational  error 
while  solving  the  problem, 

(8)  Strategies  —  (i)  uses  deductive  algorithmic  approach 
(subject  uses  reasoning  and  an  algorithm  or  a  sequence 
of  algorithms  to  obtain  solution),  (ii)  uses  systematic 
trial-and-error  approach  (trial--and-error  in  which  succes- 
sive trials  are  modified  on  the  basis  of  former  trials  and 
trial-and-error  in  which  some  type  of  system  is  used  to 
generate  the  numbers  tried)  ,  and  (ill)  uses  random  trial-and- 

,    err^^approach  (trial-and-errbr  which  is  not  systematic). 

One  coding  form  was  completed  for  each  problem.    Only  explicit 
behavior  was  coded.  ,  The  checklist  variables  were  recorded  (with  the 
exception  of  executive  error  and  strategy  variables)  at  the  first 
observance  of  the  process  in  a  given  solution  attempt.     The  sequence 
of  processes  was  coded  at  the  bottom  of  the  checklist.    This  sequence 
included  the  total  number  of  times  each  process  was  used  and  the  order 
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in  which  the  processes  occurred •    The  sequence  of  the  solution  pro- 
cesses was  used  to  classify  the  solution  attempt  with  respect  to  the 
"strategy"  variable.    Further  data  collected  included  the  number  of 
executive  errors,  the  number  of  structural  errors,  and  the  total  time 
for  each  problem^ s  solution. 

Scoring 

Two  process  scores  were  computed  for  each  student  for  each  of 
the  15  processes  (a)  -  (o)  listed  above,  which  were  chosen  for  analysis. 
Two  strategy  scores  for  each  of  the  three  strategies  (i)  -  (iii) 
listed  above  were  also  computed  for  each  student.    A  score 
was  assigned  to  a  given  process  on  the  simple  structure  problems  by 
counting  the  number  of  simple  structure  problems  (0-4)  on  which  the 
student  was  observed  using  the  process.    Similarly  a  student's  score 
for  a  given  process  on  the  complex  structure  problems  was  the  number 
of  complex  structure  problems  (0-4)  on  which  the  student  was  observed 
using  the  process.    For  example,  a  "draws-a-diagram"  score  of  3  on  the 
complex  structure  problems  implies  that  the  subject  drew  a  diagram  in 
solving  three  of  the  four  complex  structure  problems.    Th6  scores  for 
"systematic  tiial-and-error ,"  "random  trial-^and-error,"  and  "deductive 
algorithmic"  strategies  were  assigned  in  a  similar  manner. 

The  range  score  for  each  problem  set  was  a  measure  of  the  variety 
of  processes  used  on  the  set.    The  range  score  was  obtained  by  count-- 
ing  the  number  of  different  processes  used  to  solve  the  problems  in 
the  given  problem  set.    For  example,  a  range  score  of  6  on  the  simple 
structure  problems  implied  that  six  different  processes  were  used 
while  attempting  to  solve  the  four  simple  structure  problems.  The 
(1)  understanding,   (2)  representational,  (3)  recall,  (4)  production, 
and  (5)  evaluation  scores  were  obtained  by  summing  the  process  scores 
which  fell  under  the  respective  categories.    For  example,  the  "under- 
standing" score  was  obtained  by  summing  the  scores  for  "rereads," 
"restates,"  and  "separates." 

The  experimental  design  was  a  2x2  factorial  design  with  repeated 
measures  on  problem  structure.    The  factors  were  (A)  cognitive  level 
(concrete  or  formal)  and  (B)  problem  structure  (simple  or  complex). 
Analysis  of  variance  was  used  to  analyze  those  scores  which  satisfied 
the  ANOVA  assumptions,  and  Wilson's  two-way  analysis  of  variance  based 
on  medians  was  used  to  analyze  those  scores  which  did  not  satisfy  the 
ANOVA  assumptions  (Wilson,  1956), 

Before  summarizing  the  findings,  the  classification  scheme  for 
problem  complexity,  used  to  establish  factor  (B)  in  the  study,  will 
be  described  in  detail. 
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2.  Definitions 

Mathematical  Repr^esentation  of  the  Problem  Stat^ent 

The  mathematical  representation  of  a  problem  statement  was  con- 
sidered to  consist  of  symbols  representing  known  and  unknown  quanti- 
ties, mathematical  sentexices  involving  these  symbols,  and  the 
mathematical  operations  which  were  explicit  in  the  mathematical 
sentences*    A  whole-number  coefficient  of  a  variable  was  considered 
to  indicate  the  operation  of  multiplication,  while  a  fractional  or 
decimal  coefficient  was  considered  to  indicate  the  operation  of 
division,.    The  mathematical  sentences  describe  both  the  explicit 
and  implicit  relations  found  in  the  statement  of  the  problem. 

For  example^  consider  the  following  problem: 

7B. 1    Together  Tom  and  John  have  S4  pemiies.    Tom  has 
twice  as  many  pennies  as  John*    How  many  pennies 
does  each  boy  have? 

A  mathematical  representation  of  this  problem  can  be' written  as 
T  +  J  =  24  and  T  «  2J*    The  mathematical  representation  consists  of. 
four  different  symbols,  with  two  of  them  representing  variables. 
The  two  variables  are  the  number  of  pennies  Tom  has  and  the  number 
of  pennies  John  has.    The  mathematical  representation  also  contains 
the  operations  of  addition  and  of  multiplication,  but  it  does  not 
contain  any  combination  of  the  two  operations.    The  synibols  used  in 
vnritlng  the  mathematical  representation  of  a  problem  are  not  unique. 
The  above  representation  could  have  been  written  as  x  +  y      24  and 
y  «  2x  just  as  well. 

It  should  be  pointed  out  that  there  may  be  more  than  one  mathe*- 
matical  representation  of  some  problems.    However,  in  such  cases 
either  representation  should  give  rise  to  the  same  classification 
of  the  problem.    Consider  the  following  problem: 

There  are  some  rabbits  and  some  cages,    ^en  one 
rabbit  is  put  ,into  each  oage^  one  rabbit  will  have 
no  cage.    When  two  rabbits  are  put  into  each  cage 
there  are  two  empty  cages.    How  many  rabbits  and 
how  many  cages  are  there? 

£ 

One  possible  mathematical  representation  of  the  problem  is:    S  "  C 
+  1  and       «  C  -  2.    Another  possible  mathematical  representation  of 
the  problem  is:    C     R  -  1  and  C  «  %R  +  2.    However,  in  both  represen- 
tations of  the  problem  the  numbers  of  variables  and  symbols  are  the 
same,  and  the  operations  involved  are  the  same.    Consequently,  the  use 
of  either  representation  of  the  i^roblem  will  give  rise  to  the  same 
classification.    Thus,  although  there  may  be  more  than  one  mathematical 
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representation  of  the  same  problem,  for  classification  purposes  the 
mathematical  representations  of  a  problen  can  be  considered  to  be 
equivalent . 

Other  Terms  and  Expressions 

Other  terms  and  expressions  important  to  the  problem  classifica- 
tion scheme  were  defined  as  follows: 

!•    Variable^    A  variable  was  defined  as  a  symbol  that  repre- 
sented an  unknown  quantity* 

2.  An  Expression  Based  on  Explicitly  Stated  Relationships*  An 
expression  is  said  to  be  based  on  explicitly  stated  relation- 
ships if  that  expression  can  be  obtained  by  a  direct  trans-- 
latlon  of  the  verbal  statement  of  the  problem  into  a 
mathematical  statement  of  the  problem. 

3.  An  Expression  Based  on  Implioit  Relationships.    An  expression 
is  said  to  be  based  on  implicit  relationships  if  (a)  the 
expression  is  based  on  relationships  deduced  from  the  infor- 
mation in  the  problem  statement  and  (b)  the  expression  cannot 
be  obtained  by  a  direct  translation  of  the  problem  statement. 

4.  Transformation.     A  transformation  was  defined  as  an  applica- 
tion of  one  of  the  following  nroperties  of  real  numbers:  (a) 
the  distributive  property,   (b)  the  addition  property  of 
equality,   (c)  the  subtraction  property  of  .equality,   (d)  the 
multiplication  property  of  equality,  (e)  the  division  property 
of  equality,  or  (f)  the  substitution  property  of  equality. 
Substitution  was  counted  as  a  transformation  only  if  an 
algebraic  expression  v/as  substituted  for  a  symbol.  Conse- 
quently, substitution  of  a  number  for  a  variable  was  not 
counted  as  a  transformation.    The  application  of  one  of  the 
order  axioms  was  also  included  as  a  transformation.    Due  to 
the  high  frequency  with  which  the  associative  and  commutative 
properties  are  used  in  solving  most  problems,  the  application 
of  these  properties  in  the  solution  of  a  problem  was  not 
counted  as  a  transformation* 

5.  Conversion.     Conversion  refers  to  changing  one  unit  of  measure- 
ment into  another  unit  of  measurement;  for  example,  changing 
feet  to  inches,  dollars  to  cents,  or  decimals  to  fractions. 

3.    The  Classification  Scheme 

Simple  Structure 

A  problem  was  said  to  have  a  '^simple  structure"  if  at  least  four  of 
the  following  statements  about  the  mathematical  representation  of  the 
problem  statement  were  true:  . 
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1.  The  mathematical  representation  contained  at  most  four 
different  symbols  that  represented  either  numbers  of 
variables  (i.e.,  the  cardinal  number  of  the  set  of 
numerals  and  letters  in  the  mathematical  representation 
was  <  A) . 

2.  The  mathematical  representation  of  the  probl^i  statement 
contained  only  one  variable* 

3.  The  value (s)  of  the  variable (s)  in  the  mathematical  repre^ 
sentation  could  be  obtained  by  substituting  the  given  data 
into  an  expression  that  was  based  solely  on  explicitly 
stated  relationships,  and  then  performing  the  operations 
indicated  by  the  expressions. 

4#    The  mathematical  representation  of  the  problem  statement 
could  be  written  and  the  equations  involved  in  the  repre-- 
sentation  solved  without  any  conversions. 

5.  The  only  operations  or  combinations  of  operations  that  were 
part  of  the  mathematical  representation  were  addition,  multi-- 
plication  (by  a  whole  number),  subtraction,  or  addition- 
subtraction.     (The  representation  2a  +  b  «  c  implies  a 
combination  of  multiplication  and  addition,  whereas  the 
representation  a  +  b  +  c  »  d  implies  only  the  one  operation 
of  addition.) 

6.  The  portion  of  the  mathematical  representation  that  was 
based  on  a  direct  translation  of  the  problem  statement 
contained  (a)  one  system  of  two  or  more  linear  equations 
in  two  variables  and  (b)  one  of  these  equations  expressed 
a  variable  in  terms  of  the  other  variables  or  it  expressed 
one  of  the  variables  in  terms  of  known  quantities. 

7.  The  minimum  number  of  transformations  necessary  to  reach  a 
correct  numerical  solution  to  the  number  sentence  in  the 
mathematical  representation  of  the  problem  statement  was 
less  than  four.     If  the  mathematical  representation  con-- 
tained  more  than  one  linear  equation,  then  the  count  of 
transformations  was  based  on  the  substitution  method  of 
solution.     (Consider  the  two  linear  equations  ax  +  by  «  c, 
y  «  dx;  it  takes  three  transformations  to  solve  thil^ystem 
of  equation.    First  dx  is  substituted  for  y;  then  tha  dis- 
tributive property  is  applied  to  obtain  (a  +  bd)x  «  c;  and 
finally,  the  division  property  of  equality  is  used  to  get 

c 

^  "  a  +  bd  " 

Complex  Structure 

A  problem  was  said  to  have  a  "complex  structure''  if  at  least  five 
of  the  fallowing  statements  about  the  mathematical  representation  of 
the  problem  were  true: 
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1*    The  mathematical  representation  contained  at  least  five 
different  symbols  that  represented  either  numbers  or 
variables* 

2.  The  mathematical  representation  contained  at  least  three 
variables  (unknowns) . 

3.  The  value (s)  of  the  variable (s)  in  the  mathematical  repre- 
sentation could  not  be  obtained  by  evaluating  an  expression 
that  was  based  solely  on  explicitly  stated  relationships. 

4.  At  least  one  conversion  was  necessary  in  order  to  write  or 
solve  the  number  sentences  in  the  mathematical  representa- 
tion of  the  problem  statement. 

5.  The  mathematical  representation  contained  at  least  one  of 
the  following  combinations  of  operations:  (a)  multiplication- 
addition,   (b)  multiplication-subtraction,   (c)  divisions- 
multiplication,   (d)  division-addition,  or  (e)  division- 
subtraction, 

6.  The  mathematical  representation  contained  a  system  of  two 
or  more  linear  equations  in  two  or  more  variables.  The 
portion  of  the  mathematical  representation  that  was  based 
on  a  direct  translation  of  the  problem  statement  into 
mathematical  sentences  did  not  contain  an  equation  which 
expressed  one  variable  In  terms  of  the  other,  nor  did  it 
contain  an  expression  of  one  variable  in  terms  of  known 
quantities. 

7.  The  minimum  number  of  transformations  necessary  to  reach  a 
correct  munerical  solution  %o  the  number  sentences  in  the 
mathematical  representation'^l^w^  greater  than  four. 

Problems  which  did  not  satisfy  either  of  the  above  criteria  were 
classified  as  neither  simple  nor  compli(x;  these  problems  have  struc- 
tures intermediate  between  simple  and  complex. 


The  mathematical  representation  of  the  problem  statement  was 
used  solely  for  the  purpose  of  classifying  the  problem  as  simple, 
intermediate,  or  complex.    The  subject  was  not  necessarily  aware  of 
the  underlying  mathematical  representation  of  the  problems,  nor 
necessarily  expected  to  use  the  representation  to  obtain  the  solution. 

To  sum  up,  there  are  three  steps  required  in  the  use  of  the  above 
classification  scheme.    First,  a  mathematical  representation  for  each 
problem  must  be  written.    Second,  all  equations  or  mathemiatical  sen- 
tences should  be  simplified  and  solved.     Finally,  the  properties  in 
each  set  should  be  checked  to  determine  if  a  given  problem  should  be 
defined  as  having  a  simple,  intermediate,  or  complex  structure. 
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Reliability  of  the  Classifiaaticn  Scheme 

To  check  the  reliability  of  the  classification  schemst  the  author 
sent  a  set  of  13  randomly  selected  verbal  algebra  problems »  together 
with  the  problem  classification  definitions,  to  13  mathematics  educa- 
tors at  various  universities.    The  respondents  were  instructed  to  use 
the  definitions  to  classify  each  problem  as  having  a  simple  structure, 
a  complex  structure,  or  neither.    Of  the  13  problem  sets  mailed,  10 
were  returned  along  with  the  classifications  reached.    Each  respondent 
was  considered  as  a  judge,  and  analysis  of  variance  was  used  to  esti- 
mate the  reliability  of  the  problem  classification  procedure  (Winer, 
1962,  p.  283). 

For  a  given  problem  each  judge  assigned  a  "1"  for  a  problem  if 
it  was  classified  as  having  a  "simple  structure,"  a  "3"  if  it  was 
classified  as  having  a  "complex  structure,"  and  a  "2"  if  it  was 
classified  as  "neither,"    These  numbers  were  then  used  to  compute 
the  reliability  of  the  classification  procedure.    The  reliability 
of  the  mean  of  the  ten  judges  was  .94  and  the  reliability  of  a  single 
judge  was  .63.    Five  of  the  ten  judges  were  randomly  chosen  for  a 
second  analysis.    The  reliability  of  the  mean  of  the  five  judges  was 
•95  and  the  reliability  of  a  single  judge  was  .79,    These  statements 
mean  that  if  the  average  of  the  numbers  (rounded  to  the  nearest  whole 
number)  assigned  to  a  problem  by  the  five  judges  was  used  to  classify 
the  problem,  then  the  reliability  of  the  classification  was  .95,  But 
if  the  score  of  only  one  judge  was  used,  the  reliability  was  .79. 
Since  the  decisions  of  all  judges  were  based  on  the  problem  classifi- 
cation definition,  it  was  concluded  that  the  procedure  used  to 
classify  the  problems  was  a  reliable  procedure. 

Examples 

To  illustrate  how  problems  can  be  classified  according  to  com- 
plexity of  structure,  the  above  classification  procedure  is  used  to 
classify  the  following  four  problems  into  one  of  the  three  categories: 
(a)  simple  structure,  (b)  complex  structure,  or  (c)  neither. 

7F,2.    There  are  some  rabbits  and  cages,    When  one  rabbit 
is  put  into  each  eage^  one  rabbit  will  have  no  cage. 
When  two  rabbits  are  put  into  each  cage  there  are 
two  empty  oages.    How  many  rabbits  and  how  many 
aages  are  there? 

R  "  number  of  rabbits 
C  *  number  of  cages 

R  *  C  +  1  (implicit  in  statement  of  problem) 
J5R«C-2  (implicit  in  statement  of  problem) 


Representation 


Solution  to 
Equations  in 
Representat  ion 


^(C  +  D-C-Z  (substitution)  Transfonnatlon  1 
isC  +  *s  «  C  -  2  (distributive)  Transformation  2 
JsC«C-5/2  (addition  property)  Transformation  3 
^hC^-  5/2  (addition  property)  Transformation  4 
C*5  (multiplication  property)  Transformation  5 


7B.3    A  COD  and  pig  together  cost  56  dollars.    TVa  aow  coat 
30  dollars  more  than  the  pig.    How  muah  does  each 
animal  cast? 


Representat  ion 


Solution  to 
Equations  in 
Representat  ion 


C  *  cost  of  cow  (unknown) 

P  »  cost  of  pig  (unknown) 

C  +  P  *  56  (explicitly  stated  relation) 

C«P  +  30  (explicitly  stated  relation) 

(P+30)+P*56  (substitution)  Transformation  1 
2P+30  «  56  (combining  like  terms) 

2V^  26  (addition  property  of  equality)  Transformation  2 
P=*13  (division  property  of  equality)  Transformations 


7B.4.    An  apple  and  pear  together  cost  20  aents.    Five  apples 
and  10  pears  cost  $2,65,    How  muah  does  one  apple 
cost?    How  muoh  does  one  pear  aost? 


Representat  ion 


Solution  to 
Equations  in 
Representat  ion 


A  «"  cost  of  one  apple  (unknown) 
p  «  cost  of  one  pear  (unknown) 
A  +  P  *=  20c  (explicitly  stated) 
5A+10P*$1.65  (explicitly  stated) 

A  +  P  «  .20  (conversion) 

A«,20-P  (addition  property)  Transformation  1 
5(,20- P) +10P*«  1.65  (substitution)  Transformation  2 
1.00- 5P  +  10P-1.65  (distributive  prop  ,)  Transformation 
1.00+ 5P  «  1.65  (combining  like  terms) 
5P  «  .65  (addition. property)  Transformation  4 
P      .13  (division  property)  Transformation  5 


7B.5    A  housewife  oan  buy  sugar  for  IS^  a  pound  and  coffee 

far  80(f  a  pound.    If  she  buys  the  same  number  of  pounds 
of  each  ami  spends  $5,  70^  how  many  pounds  of  each  does 
she  buy? 


Representation 


Solution  to 
Equations  in 
Representation 


S  *  number  of  pounds  of  sugar  (unknown) 
C      number  of  pounds  of  coffee  (unknown) 
C  »  S  (explicitly  stated) 

15cS  +  80cC«$5.70  (implicit  in  problem  statement) 
'.15S+.80C*   5.70  (conversion) 

.15S+.80S  «  5.70  (substitution)  Transformation  1 
.95S  «  5.70  (combining  like  terms) 

S»6  (division  property  of  equality)  Transformation  2 
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Table  7B.1   Properties  of  the  McAhmatioal  Eepresentations  of  the  Examptes 


Simple  Structure  Properties       Problems    7B.2       7B.3       ?B.4  TB.S 

1 ,  Representation  contains  at  most  four 
different  symbols. 

2,  Representation  contains  only  one 
variable. 

3!  Value  of  variable (s)  can  be  obtained 
by  substituting  into  exprjessions 
based  on  explicitly  stated  relation** 
ships . 

4.  No  conversions  necessary. 

5.  The  only  operations  or  combinations 
of  operations  are:  addition,  multi- 
plication, subtraction,  or  addition*- 
subtraction. 

6.  At  least  one  variable  is  explicitly 
stated  in  terms  of  other  variables 
or  known  quantities. 

7.  Minimum  number  of  transformations 
less  than  four. 

Complex  Struati4Te  Properties      Problems  7B.2 


\ 

L 


7B.3       7B.4  7B.S 


1.  Represent at ion  contains  at  least 
five  different  symbols. 

2.  Representation  contains  at  least 
three  variables. 

3.  Value  of  variable (s)  cannot  be 
obtained  by  substituting  into 
expressions  based  on  explicitly 
stated  relationships. 

4.  At  least  one  conversion  necessary. 

5.  The  operation  of  division  or 
the  combination  multiplication- 
addition  or  multiplication-subtrac- 
tion is  contained  in  the  representa^ 
tion. 

6*  No  variable  is  explicitly  stated  in 
terms  of  other  variables  or  known 
quantities. 

7.  Minimum  number  of  transformations 
greater  than  four. 

Classification 


✓  ^ 


aomplex    simple    complex  neither' 
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Now  let  us  consider  Table  7B.1.    If  the  mathematical  representa- 
tion of  a  problem  satisfies  a  given  property »  a  check  is  placed  in  the 
square  which  corresponds  to  that  problem  and  property*    Otherwise,  the 
square  is  left  blank.    If  at  least  four  checks  fall  under  the  simple 
structure  properties  for  a  given  problem,  the  problem  is  classified 
as  having  siuiple  structure*    If  at  least  five  of  the  complex  structure 
properties  are  checked  for  a  given  problem,  the  problem  is  classified 
as  having  a  complex  structure.    All  other  combinations  of  checks  are 
classified  as  neither  simple  nor  complex. 

Note  that  Problem  7B,3  is  classified  as  having  a  simple  structure 
since  five  of  the  simple  structure  properties  are  satisfied.    On  the 
other  hand.  Problems  ?B,2  and  7B.4  are  classified  as  having  complex 
structures  since  they  both  satisfy  at  least  five  of  the  complex  struc- 
tures properties.    Since  Problem  7B. 5  satisfies  onlJ>6W)  simple 
structure  properties  and  only  four  complex  structures  properties,  it 
is  placed  in  the  ^'neither**  category.  I 


4.    Fispirical  Results  of  the  Study 

Tables  7B.2  and  7B.3  contain  a  summary  of  the  analyses  performed 
on  several  of  the  process  scores  and  strategy  scores.    The  analysis  of 
the  range  score  reveals  that  both  groups  used  a  wider  variety  of  pro- 
cesses on  the  complex  structure  problems  than  on  the  simple  structure 
problems.    In  general,  "understanding,^'  "representational,"  "produc- 
tion," and  "evaluation"  processes  were  used  pn  significantly^ more 
complex  structure  problems  than  simple  structure  problems*  While 
problem  structure  had  a  significant  effect  on  the  use  of  "understand- 
ing" and  "representational"  processes,  cognitive  level  did  not 
significantly  affect  th^  use  of  these  processes. 

Of  the  three  strategies  studied,  "systematic  trial-and-error"  Was 
used  on  significantly  more  complex  structure  problems  than  simple 
structure  problems,  while  "deductive  algorithmic"  approaches  were  used 
on  significantly  more  simple  structure  problems  than  complex  structure 
problems. 

There  was  a  significant  interaction  effect  for  the  time  score 
(p<.05).    An  analysis  of  the  interaction  revealed  that  the  concrete 
and  formal  subjects  did  not  differ  significantly  in  the  amount  of 
time  spent  solving  the  complex  structure  problems  (p<.l),  but  the 
concrete-operational  subjects  spent  significantly  more  time  solving 
the  simple  structure  problems  than  did  the  formal-operational  subjects 
(p<.05).    As  expected,  both  groups  spent  significantly  move  tin^ 
solving  the  complex  structure  problems  than  they  did  solving  the 
simple  structure  problems  (p<.001). 

There  was  a  significant  interaction  between  cognitive  level  and 
problem  structure  for  the  use  of  "evaluation"  processes.  Concrete- 
and  formal-operational  subjects  did  not  differ  significantly  in  their 
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Table  7B.2,  Amlysis  of  Variame  of  the  Range.  Scores  the  *^Under>8tanding\*" 
Score,  the  "Production"  Score  and  the  "Evaluation"  Score 


Source 


df 


MS 


Cognitive  Level  (A) 
Error 

Problem  Structure  (B) 

AXE 

Error 

Cognitive  Level  (A) 
Error 

Problem  Structure  (B) 

A  X  B 

Error 

Cognitive  Level  (A) 
Error 

Problem  Structure  (B) 

A  X  B 

Error 

Cognitive  Level  (A) 
Error 

Problem  Structure  (B) 

A  X  B 

Error 


Range  Score 

1 
56 

1 

1 
56 


31.11 
4.50 

110.08 
6.28 
3.82 


^^roductlon"  Score 

1  147.94 

56  2.43 

I  45.94 

1  10.00 

56  2.19 

"Evaluation"  Score 

1  21.55 

56  1.89 

1  37.55 

1  7.75 

56  1.72 


18.03** 

28.79** 
1.64 


.02 

27.83*** 
.24 


60.49*** 

20,95*** 
4.79* 


11.36** 

21.75*** 
4.50* 


*£  <  .05 


**£   <  .01 


***£   <  -001 


t 
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Table  7B.3    wUson^s  Tsjo-way  Analysis  of  Variame  of  "Representational," 

"Recall/'  "Systematic  Tpial-and-Evrov"  and  Time  Scores 


Scorea 


df  X2 


.   "Representational"  Score 

Cognitive  Level  (A)       .                     1  0.03 

Problem  Structure  (B)                         1  66.81** 

AXB                                               ^1  0.52 

"Recall"  Score 

Cognitive  Level  (A)                             1  1.01 

Problem  Structure  (B)                          1  1.01 
AXB 

"Systematic  Trial-and-Error"  Score 

Cognitive  Level  (A)                             1  20.05** 

Problem  Structure  (B)                          1  13.93** 

AXB                                                    1  0,00 

Time 

Cognitive  Level  (A)                             1  0.07 

Problem  Structure  (B)                           1  42.28** 

AXB                    '                                 1  ^.1^* 

<■•     *£  <  .05  **2.  <  -001 
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use  of  '^evaluation"  processes  on  the  simple  structure  problems,  but 
the  formal-operational  subjects  used  "evaluation"  processes  on  signi- 
ficantly more  of  the  complex  structure  problems  than  did  the  concrete- 
operational  subjects.    Similar  results  were  found  for  the  "production" 
score* 

Finally,  the  fon^l'-operational  subjects  found  the  complex  struc- 
ture problems  to  be  significantly  more  difficult  than  the  simple 
structure  problems,  while  the  concrete-operational  subjects  found  the 
simple  structure  problems  to  be  as  difficult  as  the  complex  structure 
problems.    This  finding  is  supported  in  part  by  previous  research. 
Jerman  and  Mirman  (1973)  found  that  structural  (task)  variables  which 
were  good  predictor^  of  problem  difficulty  for  subjects  in  grades  4 
through  9  were  not  as  good  predictors  of  problem  difficulty  for 
college-'level  subjects*    Similarly,  Ingle  (1975)  found  that  certain 
structural  (task)  variables  were  better  predictors  of  problem  diffi- 
culty for  high-ability  students  than  they  were  for  low-ability  student 

Thus,  the  structure  variable  has  a  significant  effect  on  both 
product  variables  and  process  variables  in  this  study.    It  appears 
that  the  classification  procedure  described  in  this  chapter  may  be 
fairly  useful  for  studying  algebra  problems  of  varying  levels  of 
complexity. 


VII 


Structure  Variables  in  Problem-Solving  Research 

C. 

State-Space  Representation  of  Problem-Solving  Behavior 

by 

Geotge  F*  Luger* 
University  of  Edinburgh  . 
Edinburgh,  Scotland 


In  this  section,  the  results  of  two  empirical  studies  based  on 
the  state-space  analysis  of  the  Tower  of  Hanoi  problem  are  summarized. 
The  utilization  of  the  state-space  to  represent  problem-solving 
behavior  has  been  discussed  by  Goldin  in  Chapter  IV.    Here  our 
purpose  is  to  illustrate  how  empirical  research  based  on  this  kind 
of  analysis  of  problem  structure  can  be  carried  out* 


1.    Paths  Through  the  Tower  of  Hanoi  State-Space 


The  Tower  of  Hanoi  (TOH)  problem  and  its  state-space  have  been 
described  in  Chapter  IV  (Problem  4.11,  Figure  4.12).     In  the  first 
study,  the  TOH  state-space  is  used  to  describe  the  problem-solving 
behavior  of  subjects  (Goldin  and  Luger,  1979;  Luger,  1973,  1976). 
Fifty-one  college  students  and  college-educated  adults  solved  the 
4-ring  TOH  problem,  and  their  behavior  was  recorded  as  sequences  of 
paths  through  the  state-space.    The  purpose  of  this  study  was  to 
investigate  a  set  of  general  hypotheses  proposed  by  Goldin  and  Luger 
(1973,  1975),  anticipating  patterns  which  might  be  expected  to  occur 
in  the  paths  generated  by  problem-solvers.    These  hypotheses  are 
restated  and  extended  in  Chapter  IV,  Section  3  of  the  present  book; 
we  shall  make  reference  to  them  by  number  as  we  go  along. 

Hypothesis  In     In  order  to  test  whether  the  subjects  generate  non- 
random,  goal-directed  paths  through  the  state-space,  a  metric  is  defined 
on  the  state-space,  with  the  distance  between  two  states  given  by  the 
number  of  moves  along  the  shortest  path  between  them.    A  goat "directed 
path  is  defined  to  be  one  for  which  the  distance  from  the  goal  state 
is  non- increasing;  thus  it  is  a  path  which  does  not  "double  back" 
within  the  state-space.    Subgoal-divected  paths  are  defined  analogously 
for  the  2-ring  and  3-ring  subspaces  illustrated  in  Figure  4.12.  InFigure 
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Figure  7C.1    Goal- and  Subgoal-Diveated  PgJ^Jwinthe  Tower  of  Hanoi  StateSpaae 

{ 

(a)  The  Main  4-Rin8  State-Space  ( 


 goal 

A  path  that  is  neither  goal-directed 
nor  weakly  goal -directed . 
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Figure  7C.1  aontimed 


(b)  The  2-iUng  Subspace  (*  -  subgoals) 


CD 


C2) 

.start        ^  start       ,  atart       .start.     ^  start. 

.■:\  :\  A  A  L  . 
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C3) 


(4) 


(5) 

start. 


C6) 


■k  * 


Start 


start       M  start       .  start 

.c  A  A. 


Start 


Six  mutually 
non-congruent 
subgoal-^directed 
paths.  ; 


Examples  of  non-subgoal- 
directed  paths. 


(c)  The  3-Ring  Subspace  (*  ^  subgoals) 


start 


start 


A  subgoal-directed 
path. 


start 


A  weakly  subgoal- 
directed  path. 


A  non-weakly-subgoal- 
directed  path. 
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Figure  7C.2    The  Exit  Criterion  for  Subgpa'^Statea 


start 


A  path  meeting  the 
criterion  at  the 
subgoal  state  C*)^ 


/ 


.  start 


A  path  not  meeting 
^the  criterion  at 

the  subgoal  state  <*). 
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7C#1»  we  have  depicted  goal--  and  subgoal-dlrected  paths  in  the  TOH 
state-space. 

Every  time  a  subject  ^tarts  over"  in  solving  the  TOH  problem,  a 
new  "path"  is  said  jU^  begin',  .  Thus  a  subject's  problem  solving  con- 
sists of  a  sequ0ncQ^^||jLdttempts  corresiK)nding  to  a  sequence  of  paths 
commencing  with' the^iSitial  problem  state^p    When  a  subject  arrived  at 
the  goal  state,  he  or  she  was  asked  to  solve  the  problem  again  in 
fewer  moves.    When  a  subject  arrived  at  the  goal  state  by  means  of 
the  shortest  possible  path,  the  interview  ended* 

Six  of  the  51  subjects  solved  the  problem  on  their  first  attempts 
in  the  minimum  number  of  moves.    These  paths  are,  of  course,  goal-  and 
subgoal-directed,  by  definition.    For  the  reiMining  45  subjects.  Table 
7C.1  summarizes  the  frequencies  of  occurrence  of  goal-*  and  subgoal-** 
directed  paths. 

For  the  sake  of  interest,  a  path  is  defined  to  be  weakly  goal-- 
directed  if  it  does  not  double  back  except  within  a  2-ring  subspace 
of  Che  main  TOH  state-space.    A  path  through  a  3-ring  subspace  is 
defined  to  be  weakly  subgoal'-direated  if  it  does  not  double  back 
except  within  a  1-ring  subspace.    These  definitions  thus  allow  for 
slight  deviations  from  strictly  goal-directed  paths.    Table  7C.1 
also  summarizes  the  frequencies  of  occurrence  for  weakly  goal-  and 
subgoal-directed  paths. 

The  frequencies  of  goal-  and  subgoal-directed  paths  in  Table 
7C.1  have  been  compared  with  those  expected  for  randomly  generated 
paths  under  various  plausible  sets  of  constraints  (Luger,  1973).  Not 
surprisingly,  it  turns  out  that  in  all  cases  subjects'  frequencies  of 
goal-  and  subgoal-directed  paths  substantially  exceed  the  frequencies 
for  randomly  generated  paths.     (Under  one  set  of  constraints  that  is 
fairly  rigorous,  randomly  generated  paths  through  the  2-ring  subspace 
are  subgoal-directed  21  times  in  32,  or  in  65.6  percent  of  the  cases. 
Under  the  same  set  of  constraints,  randomly  generated  paths  through 
the  A-ring  state-space  are  determined  experimentally  to  be  goal- 
directed  in  approximately  9  percent  of  the  cases.    These  figures 
compare  with  subjects'  frequencies  of  96  percent  and  77  percent 
respectively.)    Thus  the  goal-  and  subgoal-directedness  of  subjects' 
paths  is  not  automation  but  is  characteristic  of  problem-solving 
behavior  for  this  problem. 

Hypothesis  1  of  Chapter  IV  further  suggests  that  when  a  subgoal 
state  is  entered,  the  subject's  path  leaves  the  state  in  such  a  manner 
as  to  exit  also  from  the  subspace.    This  idea  is  illustrated  for  the 
TOH  problem  in  Figure  7C.2.    A  randomly  generated  path  would  be 
expected  to  meet  this  criterion  for  exactly  50  percent  of  the  sub- 
goal  states  entered,  assuming  that  reversals  of  single  moves  are 
totally  disallowed.    In  fact,  subjects'  paths  met  the  criterion  for 
96  percent  of  the  2-ring  subgoal  states  entered  and  98  percent  of 
the  3-ring  subgoal  states,  figures  which  seem  to  confirm  a  special 
role  played  by  these  states. 
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Table  7C.i    Goal- and  Subgoal-Direoted  Paths  in  the  Tauev  of  Hanoi  State-Space 

(a)  Paths  Through  the  Main  4-Rixig  State-Space  (exclusive  of  minimal  solution 

paths) 

£       W     N    Tot.        G/Tot.  (G4W)/Tot. 

Tocal  45  Subjects,  All  Trials  102    21    10    133  .77  .93 

Total  45  Subjects,  First  Trial  33     6     6     45  .73  .87 

Only 

G  »  goal-directed;  W  -  weakly  goal-directed  (but  not  goal-directed); 
N  •«  neither  goal-directed  nor  weakly  goal-directed 

(minimal  solution  paths  are  not  included  in  the  totals) 

(b)  Paths  Through  the  2-Ring  Subspaces 

G 

(i)  C2)  (3)  (4)   (5)  (6)    N     Tot,  G/Tot. 

Total  45  Subjects,  All  Trials  563    8    29      2    53      3    27      685  .96 

G  «  goal-directed;  (l)-(6)  ■  congruence  class  of  goal -directed  path, 
see  Fig,  7C.1;  N  «  non-goal -directed 

(minimal  solution  paths  are  included  in  these  totals) 

(c)  Paths  Through  the  3-Ring  Subspaces 

£       W      N    Tot.        G/Tot.  (G-W)/Tot. 

Total  45  Subjects,  All  Trials  286      7    28    321  .89  .91 

G  *■  goal-directed;  W  ■  weakly  goal-directed  (but  not  goal-directed); 
N  -  neither  goal-directed  nor  weakly  goal-directed 

(minimal  solution  paths  are  included  in  these  totals) 
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Hypothesie  2.    The  presence  of  th^  nested  structure  of  subproblema 
in  the  TOH  problem  permits  us  to  define  stages  during  problem  solving t 
in  which  the  subproblems  of  a  particular  level  are  solved  in  the  mini- 
mum number  of  moves*    For  each  problem  solver,  a  stage  was 
defined  to  begin  at  the  first  p^^int  subsequent  to  which  the  solver's 
path  through  fnore  than  half  of  the  2-ring  subspaces  was  congruent  to  the 
straight-line  path  [Path  (1)  in  Figure  7C.l(b)].    During  the  period 
when  half  or  fm^ev  of  the  2-ring  aubspaces  were  traversed  by  such 
minimal  solution  paths,  the  subject  was  said  to  be  in  a  l^x^ing  stage. 
Similarly,  a             stage  was  defined  to  begin  at  the  first  point 
subsequent  to  which  the  solver's  path  through  more  than  half  of  the 
3-ring  subspaces  was  a  minimal  straight-line  path.    The  first  path  in 
Figure  7C.l(a),  for  example,  is  characteristic  of  a  2-ring  stage:  in 
this  path,  six  successive  2-ring  subspaces  are  traversed  by  minimal 
straight-line  paths,  while  two  successive  3-ring  subspaces  are  not. 

Table  7C.2  shows  how  a  subject's  paths  are  analyzed  with  respect 
to  the  sequences  of  subspaces  that  are  entered. 

The  sequence  of  stages  is  invariant  by  virtue  of  the  way  they  are 
defined — in  traversing  a  3-ring  subspace  by  means  of  a  straight-line 
path,  it  is  automatic  that  two  2-ring  subspaces  will  be  traversed  by 
means  of  straight-line  paths.    However,  it  is  not  necessary  that  all 
stages  occur  for  all  subjects.    For  example,  a  subject  may  from  the 
outset  traverse  more  than  50  percent  of  the  2-ring  subspaces  by  mini-- 
mal  paths;  then  that  subject  does  not  display  the  1-ring  stage  as  we 
have  defined  it.    A  subject  may  pass  directly  from  a  1-ring  stage  to 
a  3-ring  stage,  bypassing  the  2-ring  stage,  and  so  forth. 

Of  the  31  subjects  in  this  study,  six  displayed  no  stages  (these 
were  the  six  who  solved  the  main  prol5lem  in  their  first  attempts  in 
the  minimum  number  of  moves);  16  displayed  just  one  stage;  22  dis- 
played just  two  stages;  and  seven  displayed  all  three  theoretically 
possible  stages.    The  1-ring  stage  was  evident  for  21  subjects  and 
skipped  by  30;  the  2-ring  stage  was  evident  for  37  subjects  and 
skipped  by  14;  and  the  3-ring  stage  was  evident  for  23  subjects  and 
skipped  by  23,  being  undefined  for  five  subjects  who  did  not  complete 
their  minimal  solution  paths. 

Although  a  50  percent  criterion  was  set  a  priori  as  the  defini- 
tion of  the  beginning  of  a  new  stage,  the  actual  percentages  of  minimal 
solution  paths  prior  to  the  beginning  of  a  stage  are  substantially 
lower  than  50  percent,  while  the  actual  percentages  after  the  stage 
has  begun  are  substantially  higher.    VThen  these  percentages  are  aver- 
aged over  all  subjects  to  whom  they  are  applicable,  it  is  found  that 
during  the  1-ring  stage,  the  average  subject  traversed  only  33  percent 
of  the  2-ring  subspaces  by  minimal  solution  paths;  subsequent  to  the 
end  of  the  1-ring  stage,  the  average  subject  traversed  91  percent  of 
the  2-ring  subspaces  by  minimal  paths.    Correspondingly,  prior  to  the 
end  of  the  2-ring  stage,  the  average  subject  traversed  only  23  percent 
of  the  3-rdng  subspaces  by  minimal  solution  paths;  subsequent  to  the 
end  of  the  2-ring  stage,  the  figure  is  87  percent.    These  data  seem  to 
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Table  7C.2    The  Sequences  of  Sitbspacee  Entered  by  Subjeats*  Paths 

s 

Subject  1 

1-  riTig  stage  2-ring  stage  3 --Ting -stage  

2-  ring      1  0    0  0  ^ 'l    11    0  10  1    11    0  1^^^  1    11    0  1    11    11    1  iT 

3-  ring       OOP        1  0  10        110       1^       1  0  • 

4-  ring  0  0  0  0  0 

Subject  2 

3-ring 

2-  ring  stage       stage       minimal  solution  path 

1  0  1    1  0  I       11         11  11 

3-  ring  0  0  1_  1  I 

4-  ring  0  0  1 

Key:    1  =  minimal  straight-line  path  through  a  subspace 

2  =  non-minimal  path  through  a  subspace 

a  a  beginning  of  2-ring  stage  '-} 
b  =  beginning  of  3-ring  stage 

c  =  end  of  3-ring  stage  (heginning  of  minimal  solution  path) 

Note  that  the  2-,  3-,  and  4-ring  subspaces  are  placed  over  each  other 
so  as  to  indicate  the  time-sequence  (left  to  right)  of  subspaces  entered. 
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indicate  that  a  subject's  acquisition  of  an  n^ring  subproblem  struc- 
ture, as  evidenced  by  the  production  of  minimal  solution  paths  when 
such  subspaces.are  entered «  is  a  fairly  well-defined  event. 

Hypothesis  2^    Since  the  n-ring  subspaces  at  a  particular  level 
are  all  mutually  ison^rphic,  it  was  hypothesized  that  a  subject's  nan^ 
miniinal  paths  through  the  2*ring  (or  3-ring)  subspaces  might  tend  to 
be  congruent  •    For  the  ^-ring  subspaces^  ^  single  congruence  class  of 
non-minimal  solution  path  was  predominant  for  seven  subjects  (accord-- 
ing  to  a  pre-established  criterion);  for  six  subjects  no  single 
congruence  class  was  predominant;  while  for  the  remaining  subjects, 
no  conclusion  could  be  reached  (because  of  insufficiently  many  non- 
minimal  paths,  or  an  inconclusive  distribution  of  these  paths).  For 
the  3-ring  subspaces,  a  single  congruence  class  of  non-minimal  solu- 
tion path  was  predominant  for  six  subjects;  for  21  subjects  no  single 
congruence  class  was  predominant;  and  for  the  remainder  no  conclusion 
was  possible • 

These  results  appear  inconclusive,  and  will  not  be  elaborated 
further  in  this  section. 

Hypothesis  4.    The  TOH  problem  state-space  possesses  a  syxmnetry 
automorphism.     In  the  notation  of  Figure  4.12,  the  autotm)rphism 
exchanges  the  letters  B  and  C  in  the  description  of  any  state,  leaving 
A  fixed;  for  example,  the  image  of  state  CCBA  is  BBCA.    The  automor- 
phism thus  maps  the  goal  state  CCCC  into  the  state  BBBB,  which  is  not 
a  goal  state  in  our  presentation  of  the  problem.    Mere  the  three  pegs 
of  the  TOH  board  to  be  arranged  at  the  corners  of  an  equilateral 
triangle,  the  symmetry  automorphism  would  represent  the  geometric 
operation  of  reflection  about  the  altitude  of  the  triangle. 

From  the  initial  state  AAAA,  there  are  two  possible  first  moves: 
to  BAAA,  which  is  "towards''  the  goal  state,  and  to  CAAA,  which  is  not. 
As  subjects  begin  to  explore  the  TOH  problem  by  moving  rings  from  peg 
to  peg,  we  might  expect  that  due  to  the  reflection  symmetry,  approxi- 
mately half  of  the  subjects  would  generate  paths  leading  towards  the 
goal  state  CCCC,  and  about  half  would  generate  paths  leading  towards 
BBBB  instead.    The  former  group  will  not  need  to  reorient  the  direc- 
tion of  their  exploration  during  problem  solving*    Thus  we  would  predict 
that  approximately  half  of  the  subjects  will,  at  some  point  in  their 
problem  solving,  recognize  that  a  transformation  of  their  previous 
steps  is  required  in  order  to  arrive  at  the  correct  goal  state • 

Figure  4.15  illustrates  the  occurrence  of  a  pair  of  successive 
paths  which  are  congruent  modulo  the  syrmetry  automorphism.     In  the 
first  path,  the  subject  has  commenced  moving  rings  so  as  to  approach 
BBBB,  but  has  apparently  realized  th^^^  direction  is  wrong. 
Starting  over,  the  subject  has  generated  an  isomorphic  image  of  the 
previous  path,  state  for  ^tate,  but \ heading  towards  the  goal  state 
CCCC^    As  illustrated^y^Hhis  figure,  the  second  path  in  such  a  pair 
of  congruent  paths  is  not  nec^essarily  the  most  direct  solution  path* 
We  conJecttH*^  that  the  interruption  of  a  path,  followed  by  the 
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generatlon^of  its  conjugate  path  under  the  synaaetry  autoiaorphism» 
corresponds  to  the  acquisition  of  "insight"  into  the  problem  syametry* 
Thus  it  toay  be  hypothesized  that  a  path  which  is  the  second  path  in 
such  a  congruent  pair  is  tDore  likely  than  other  paths  to  be  a  tainitaal 
solution  path« 

For  the  51  subjects  discussed  above,  two  successive  paths  by  the 
same  subject  are  defined  to  be  a  aongpuent  pair  if  (a)  the  first  path 
is  at  least  four  states  long;  (b)  the  second  path  is  at  least  as  long 
as  the  first;  and  (c)  the  second  path  is  conjugate  to  the  first,  state 
for  state,  for  the  entire  length  of  the  first  path.    A  path  is  classi- 
fied as  a  minimal  solution  path  if  it  connects  the  initial  state  to 
the  goal  state  in  exactly  15  or  16  steps  (this  definition  allows  for 
a  1-move  deviation  by  the  subject  if  it  is  immediately  corrected). 

The  following  hypotheses  are  investigated  (Goldin  and  Luger,  1979) 

(a)    Predicted  randormeas  of  initial  move:    For  subjects*  very 
first  moves,  the  frequency  of  tooves  to  state  BAAA  rather 
than  state  CAM  does  not  differ  significantly  from  .50. 


<b)    Predicted  frequency  of  the  syrmetry  effect:'   The  propor- 
tion of  subjects  wlK>se  moves  generate  a  congruent  pair  of 
paths  does  not  differ  significantly  from  ,50. 

(c)  Correlation  between  a  subject^ s  first  move  and  subsequent 
occurrence  of  the  symmetry  effect:    Subjects  whose  first 
moves  are  to  state  CAAA  are  significantly  more  likely  to 
r  aerate  congruent  pairs  of  paths  than  subjects  whose 
tirst  moves  are  to  state  BAAA. 

(d)  Association  of  the  synfnetry  effect  with  successful  problem 
solving:    A  path  which  is  the  second  path  in  a  congruent 
pair  is  significantly  more  likely  to  be  a  minimal  solution 
path  than  a  path  which  is  not  the  second  path  in  a  con- 
gruent pair. 

Hypotheses  (a)  and  (b>  are  tested  using  the  binomial  test;  hypotheses 
(c)  and  id)  are  tested  using  the  chi-square  test  for  two  independent 
samples  (Siegel,  1956).     In  the  test  of  hypothesis  (d),  each  path 
(coxmnencing  with  the  initial  state)  is  treated  as  an  independent 
event.    This  is  not  strictly  correct,  since  two  paths  generated  by 
the  same  subject  can  scarcely  be  considered  independent  of  each  other. 
However,  there  is  no  obvious  way  in  which  the  lack  of  independence 
which  is  theoretically  present  should  affect  the  outcome  of  the  hypo-- 
thesis;  thus  the  chi-square  test  may  be  considered  as  a  rough  indi- 
cation of  statistical  significance. 

The  outcomes  are  as  follows: 

*^  (a)  Among  the  51  subjects  there  were  27  first  moves  to  state 
CAAA  and  24  first  moves  to  state  BAAA.  N  «  51  is  suffi- 
ciently large  to  approximate  the  binomial  distribution  by 
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neans  of  a  normal  distribution  with  a  correction  for 
continuity.    Then  we  obtain  z  -  .28  or  p<  .39  even  for 
a  one-tailed  test.    The  data  are  therefore  consistent 
with  the  randomness  of  subjects'  first  a»ve«.-_._^_^^ 

(b)  Of  the  51  subjects,  22  generated  at  least  one  congruent 
pair  of  paths  during  the  course  of  problem  solving  (one 
subject  generated  two  such  pairs),  and  29^did^not  do  bo. 
Then  z  ■  .84  or  p<  .20  even  for  a  one-tailed  test.  The 
data  are  therefore  consistent  with  the  hypothesis  that 
congruent  pairs  will  occur  for  50  percent  of  the  subjects. 

a 

(c)  Table  7C.3  is  a  2x2  contingency  table*  showing  the  distri- 
bution of  subjects  according  to  first  move  (state  BAAA  or 
CAAA)  and  according  to  the  occurrence  or  non-occurrence  of 
the  symmetry  effect  during  problem  solving.    For  the  data 
in  Table  7C,3|  chi-square  -4.76  (where  a  correction  for 
continuity  has  been  incorporated),  df  ■  5 ,  and  p<  ,05  (for 
a  one-tailed  test)  in  confirmation  of  hypothesis  (c).  How- 
ever, it  should  be  noted  that  the  sigt^if icance  of  the  effect 
lessens  if  the  six  subjects  who  solved  the  problem  in  the 
first  trial  are  removed  from  the  upper  right  cell.  These 
subjects,  by  virtue  of  having  solved  the  problem  via  a 
minimal  path  on  the  first  trial,  will  not  have  the  oppor- 
tunity to  generate  the  second  path  which  would  be  necessary 
to  observe  the  symmetry  effect.    It  is  simply  assumed  that, 
for  these  subjects,  the  effect  is  not  present. 

(d)  Table  7C.4  is  another  2x2  contingency  table;  but  this  table 
shows  the  distributions  of  paths  (trials)  according  to 
whether  or  not  each  path  is  the  second  path  in  a  congruent 
pair,  and  whether  or  not  each  path  is  a  minimal  solution 
path.    Since  each  subject's  first  attempt  cannot  possibly 
be  the  second  path  in  a  congruent  pair,  first  trials  have 
been  excluded  from  this  table.    For  the  data  in  Table  7C.4, 
chi-square  «  10.59,  df  *  1,  p<.005,  and  hypothesis  (d)  is 
confirmed.    However,  note  the  comment  above  concerning  the 
use  of  chi-square  here. 

In  short,  it  appears  on  balance  that  a  symmetry  effect  can  be 
defined  using  the  concept  of  paths  conf.ruent  under  the  symmetry  auto- 
morphism (Hypothesis  4  of  Chapter  IV),  and  that  the  symmetry  effect 
is  associated  with  success  in  the  problem  task. 


2,    Transfer  Between  Isomorphic  Problems 

The  second  study  discussed  here  (Luger  and  Bauer,  1978)  examines 
transfer  between  the  TOH  problem  and  one  of  its  isomorphs,  the  Tea 
Ceremony  (TC)  problem,  which  was  first  studied  by  Hayes  and  Sii^n 
(1974). 
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Table  7C.3    Disf^'tbution  of  Subjects 


first  move  to  BAAA 
first  move  to  CAM 
totals 


congruent 
pair 

6 

-  -  _  16 


no  congruent 
pair 

11 


totals 
24 
27 
51 


\ 


Table  7C.4    Distribution  of  Paths  (exaluding  first  trials) 


second 
path  in  a 
congruent 

pair 

not  the  second 
path  in  a 
congruent 
pair 

totals 

minimal  solution  path 

15 

29 

44 

not  a  minimal  solution  path 

8 

80 

88 

totals 

23 

109 

132 
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?C.l    Three  pSopte,  a  host^  an  elder  ami  a  youths  partici- 
pate in  the  ceremony.    Th&re  are  four  tasks  they  ^ 
pevform^  listed  in  ascending  order  of  importance: 
feeding  the  fire,  serving  cakes,  serving  tea,  and  read- 
ing poetry.    The  host  performs  all  the  tasks  at  the 
beginning  of  the  ceremony,  and  the  tasks  are  trtzns- 
f erred  back  and  forth  among  the  participants  until 
'ail  the  tasks  are  performed  by  the  youth,  at  which 
time  the  ceremony  is  completed^    There  are  ti>o  con^ 
straints  on  the  transfer  of  tasks:    only  one  task — the 
least  important  a  person  is  performing — may  be  moved, 
and  no  person  rmy  receive  a  new  task  unless  it  is  less 
important  than  any  task  they  perform  at  the  time.  The 
object  of  the  Tea  Ceremny  game  is  to  transfer  the 
four  tasks  frm  the  hast  to  the  youth  in  the  feuest 
^number  of  moves. 


In  the  Tea  Ceremony  problm,  each  task  is  represented  by  a  block  with 
a  square  base;  the  height  of  each  block  represents  the  relative  impor- 
tance of  each  task*    The  transfer  of  the  blocks  is  constrained  by 
means  of  a  track,  thus  allowing  access  only  to  the  block  representing 
the  least  Important  task  a  person  is  performing*   

A 


The  three  people— host,  elder,  and  youth — correspond  to  the  three 
pegs  in  the  TOH  problem—A,  B,  and  C  respectively.    The  four  tasks^ — 
feeding  the  fire,  serving  cakes,  serving  tea,  and  reading  poetry — 
correspond  to  the  four  rings  in  the  TOH  problem — 1,  2,  3,  and  4 
respectively.    These  labels  have  been  introduced  for  convenience  in 
the  above  diagram. 

Forty-eight  subjects,  all  second-year  psychology  students  at  the 
University  of  Edinburgh,  volunteered  for  the  study.    These  were  randomly 
assigned  to  two  treatment  groups:     24  solving  the  TOH  problem  first  and 
then  the  TC  problem  (TOH-1  and  TC-2),  and  24  solving  the  TC  problem 
first  and  then  the  TOH  problem  (TC-1  and  TOE-2) .    Subjects  were  told 
they  were  solving  two  different  problems,  and  no  reference  was  made 
before  or  during  the  problem  solving  to  any  relationship  between  them. 
Criterion  for  each  problem  consisted  in  performing  the  minimal  sequence 
of  moves  corresponding  to  the  solution  within  a  90-second  time  period. 
Although  subjects  were  not  explicitly  informed  of  a  time  criterion, 
they  were  if  necessary  told,  "Your  solution  was  in  the  fewest  possible 
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nxusber  of  moves.    Now  see  if  you  can  repeat  this  solution  a  little 
more  quickly."    The  data  for  six  subjects  were  not  used,  either 
because  of  prior  experience  with  one  of  the  problems  (2) ,  or 
inability  to  meet  the  criterion  within  a  45-minute  time  period  (A) . 
Data  for  the  remaining  42  subjects  are  tabulated  in  Table  7C,5. 

Hypothesis  6,    This  study  provides  a  test  of  Hypothesis  6  of 
Chapter  IV.    TOH-1  is  compared  with  TOH-2  and  TC-1  with  TC-2  with 
respect  to  the  difficulty  measures  of  total  time  required  and  total 
number  of  states  entered.    Table  7C.5  lists  the  medians  (M)  and 
interquartile  ranges  (IQR)  for  each  group  of  subjects  on  each  problem. 
The  (one-tailed)  Mann-l-rtiitney  U-test  was  used  to  determine  the  signi- 
ficance levels.    There  was  a  significant  decrease  both  in  total  time 
to  solution  and  the  total  number  of  states  entered  between  TOH-1  and 
TOH-2  (p<  .001  for  both  measures  using  a  one-tailed  test).    There  was 
also  a  significant  decrease  between  TC-1  and  TC-2  (p<.02  for  the 
time,  and  p<  .05  for  the  number  of  states  entered,  for  a  one-tailed 
test).    Thus  significant  transfer  occurred  from  one  problem  to  the 
other,  in  either  order  of  presentation. 

An  analysis  of  variance  was  also  performed,  indicating  that  the 
TC  problem  was  more  difficult  than  the  TOH  problem  with  respect  to 
both  measures,  regardless  of  the  order  of  presentation  (p<  .01), 

Hypothesis  7,    The  evidence  from  this  study  is  somewhat  incon- 
clusive with  respect  to  the  "deep  end"  hypothesis  discussed  in  Chapter 
IV,    From  the  fact  that  the  level  of  significance  for  transfer  from  the 
TC  problem  to  the  TOH  problem  was  greater  than  that  for  transfer  from 
the  TOH  problem  to  the  TC  problem,  one  might  infer  .that  ti»re  transfer 
occurred  when  the  TC  problem  was  presented  first.    However,  in  the 
analysis  of  variance  the  problem  order  did  not  have  a  significant 
effect  on  either  measure  of  difficulty;     that  is,  the  total  number  of 
moves  and  the  total  time  required  for  solving  both  problems  were  not 
significantly  Influenced  by  the  order  of  presentation.' 

Thus  for  these  problems  there  tnay  be  a  mild  "deep  end"  effect 
(greater  transfer  when  the  more  difficult  problem  is  solved  first) 
or  none  at  all;  additional  evidence  from  more  subjects  is  required. 

To  summarize,  the  above  two  studies  have  interpreted  Hypotheses  1-4 
and  Hypotheses  6-7  from  Chapter  IV,  Section  3  in  a  concrete  fashion 
for  the  Tower  of  Hanoi  problem  and  its  isomorph,  the  Tea  Ceremony 
problem.    For  the  subject  populations  which  were  studied,  confirming 
evidence  was  found  for  Hypotheses  1,  2^  4,    and  6,  while  the  evidence 
for  Hypothesis  S  and  7  was  scanty  or  inconclusive.    Mcve  important 
than  the  details  of  the  outcomes  is  the  feasibility  of  this  approach 
to  the  study  of  problem-solving  behavior;  namely,  the  graphing  of 
behavior  paths  through  the  state-space,  and  the  quantitative  test 
of  hypotheses  concerning  patterns  in  the  obse'rved  paths. 
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Table  7C.5     Heaawpes  of  Difficulty  for  the  ExpeHmentat  Problems 

TQH-1  (N  =  25)  TOH-2  CN  «  19)  TOH-I  «  TOH-2 

Time  (seconds):            M  *  307  IQR  =  233  M  =    79  lOR  =134  p  <  .001 

Number  of  states:         M  «    69  IQR  =26  M  =    32  IQR  =30  p  <  .001 

TC-1  CN  =  19)  TC-2  CN     23)  TC>1  »  TC~2 

Time  (seconds):            M  =  386  IQR  =408  M  =  242  IQR  =245  p  <  .02 

Number  of  states:         M  =    88  IQR  =  114  M  =    61  IQR  =68  p  <  .05(a) 


M  =  median;  IQR  =  interquartile-range.  The  Mann-Whitney  (one-tailed) 
U-test  was  used  to  determine  the  significance  levels. 

(a)  This  corrects  a  tyt30graphical  error  which  appeared  in  Luger  and 
Bauer  (1978),  Table  1. 
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Heuristic  Behaviors  Associated  with  Problem  Tasks 

by 
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In  Chapter  V,  the  potential  for  heuristic  behavior  to  be  inherent 
in  a  task  was  discussed*    We  shall  consider  a  heuristic  process  to  be 
inherent  in  a  problem  when:     (a)  in  a  strictly  logical  sense,  the  pro- 
cess can  be  applied  successfully  to  the  problem;  and  (b)  there  exists 
a  population  of  subjects  of  which  a  majority  applies -the  process  to 
the  problem,  independently  of  individual  differences. 

Establishing  that  a  certain  process  is  inherent  in  a  particular 
task  has  important  consequences  for  the  study  and  teaching  of  prob-* 
lem  solving.    Being  able  to  develop  a  task  that  will  elicit  a 
particular  process  enables  the  researcher  to  look  mote  closely  at 
that  process,  and  to  explore  its  characteristics  in  detail.     It  also 
enables  the  teacher  to  select  appropriate  tasks  and  to  provide  appro- 
priate instruction  in  the  improvement  of  the  process. 

In  this  chapter,  these  ideas  are  illustrated  by  describing  and 
analyzing  the  heuristic  process  of  trial -and- error .    The  tasks  in  the 
present  study  were  originally  developed  for  two  reasons — first,  to 
look  at  the  influence  of  certain  task  variables  on  the  difficulty 
of  the  task;  and  secondly,  to  elicit  the  heuristic  process  of  trial- 
and-error  as  an  "inherent"  process,  so  that  it  could  be  closely 
examined.    Here  we  shall  discuss  only  the  latter  purpose. 

Some  of  the  criteria  that  were  used  in  developing  the  tasks  were 
the  following:     (a)  the  tasks  should  have  a  standard  method  of  solu^ 
tion  that  permits  methodical  analysis  by  the  researcher;   (b)  the 
standard  method  of  solution  should  not  have  been  previously  taught  to 
the  solvers;  (c)  the  task  should  be  solvable  using  basic  skills  avail- 
able to  the  solvers  from  previous  learning,  such  as  the  operations  of 
addition,  subtraction,  multiplication,  and  division  of  positive  inte- 
gers; (d)  the  tasks  should  vary  systematically,  to  allow  study  of  the 
effects  of  increasing  complexity;  in  particular,  how  the  process  of 
trial-and-error  might  vary  with  the  tasks  while  maintaining  its  major 
characteristics;  (e)  the  solution  process  should  require  observable 
behavior  that  is  repeated;  that  is  to  say,  the  tasks  should  be 
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sufficiently  complicated  so  that  several  trials  are  needed  before  the 
solution  is  found,  and  so  that  the  trials  have  to  be  written  rather 
than  oral. 

Based  on  these  criteria,  sets  of  problems  were  constructed  as 
described  below • 

1.    Definitions  of  Problem  Characteristics 


Story  problems  were  developed  which,  when  routinely  translated, 
yield  two  or  more  simultaneous  equations.    It  is  to  be  noted  that  the 
subjects  were  untrained  in  algebra,  and  therefore  were  not  expected 
to  be  able  to  translate  the  problem  statements  into  simultaneous 
equations  in  the  routine  manner.    The  problems  have  different  values 
of  three  variables:    the  number  of  unhiowns^     the  number  of  conditions m 
and  the  size  of  the  search  space. 

The  following  definitions  were  adopted.    An  unknaim  is  a  quantity 
described  in  the  problem  statement  for  which  the  value  is  not  expresi^ly 
given.    A  condition  is  a  statement  which  translates  to  a  linear  equa-^ 
tion  involving  at  least  two  unknowns.    The  number  of  conditions  in  tfie 
problem  is  the  number  of  linear  equations  that  are  obtained  by  direct 
translation  of  the  verbal  problem  statement.    The  search  space  of  a  ' 
condition  of  a  problem  with  n  unknowns  is  the  set  of  all  n-tuples  of 
positive  integers  that  satisfy  the  condition.    A  finite  condition  is 
a  condition  whose  search  space  is  finite.    When  all  of  the  problem 
conditions  are  finite,  the  search  space  of  the  problem  is  the  union 
of  the  search  spaces  of  the  conditions. 

The  idea  of  a  search  space  is  analogous  to  the  corresponding 
concept  in  information  processing.     It  is  based  on  the  assumption 
that  trial-and-error  is  not  completely  random,  and  that  in  most  cases 
trials  emerge  from  a  domain  of  possibilities  that  satisfy  some  of  the 
conditions  In  a  problem  but  not  necessarily  all  of  them. 

Six  systems  of  simultaneous  equations  were  developed;  two  involv- 
ing two  equations  and  two  unknowns,  two  involving  two  equations  ^nd 
three  unknowns,  and  two  involving  three  equations  and  three  unknowns. 
Each  pair  of  systems  contained  one  example  of  a  small  search  space, 
and  one  example  of  a  large  one. 

To  illustrate  what  a  search  space  is,  let  us  consider  the  follow- 
ing problem: 

A  clothing  factory  makes  btouses  and  dresses.  A 
blouse  takes  S  ft.  of  materials  and  a  dress  takes 
25  ft.    The  factory  uses  a  total  of  160  ft.  and' 
produces  12  pieces  of  clothing.    How  many  of  each  * 
kind  are  'produced  daily?  '  -  '  * 
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Table  8A,i       Problem  Sets  Used  in  the  Stiidy 


There  are  a  total  of  36  problems,  corresponding  to  six  systems 
of  equations  embodied  in  six  stories.    Each  problem  is  labeled 
by  a  pair  of  numbers  (a,b);  where  a  stands  for  the  system  of 
equations  and  b  stands  for  the  story  embodiment. 


Problem  Set  1 


Equations: 


5x  +  25z  =  150 


Search  space: 


16  elements 


X  + 


z  =  12 


Correct  answer: 


(x,2)  =  (7,5) 


(1,1) 
(1,2) 

(1,3) 

(1,5) 
(1,6) 


Sam  has  $1,60  in  nickels  and  quarters.    He  has  12  coins  in  all. 
How  many  coins  of  each  kind  does  Sam  have? 

Jeff  bought  5  jawbreakers  and  25  candy  canes  for  $1,60.  A 
candy  cane  and  a  jawbreaker  together  cost  12  cents.    How  much 
did  Jeff  pay  for  each  piece? 

Janet  had  a  birthday  party.    She  gave  bags  of  candy  to  her 
friends.    Some  bags  had  5  lemon  diX5ps,  other  bags  had  25  redhots. 
Altogether  there  were  160  pieces  of  candy.    There  were  12  bags. 
How  many  bags  of  each  kind  were  there? 

A  clothing  factory  makes  blouses  and  dresses.    A  blouse  takes 
5  ft  of  material  and  a  dress  takes  25  ft.    The  factory  uses  a  total 
of  160  ft  daily  and  produces  12  pieces  of  clothing.    How  many  of 
each  kind  are  produced  daily? 

Linda  and  David  were  on  a  walk  for  Mankind,     Linda  got  pledges 
of  5i  for  each  mile  she  walked.    David  got  pledges  of  25^  for  each 
mile  he  walked.     Both  walked  for  a  total  of  12  miles  and  got  total 
pledges  for  $1.50.    How  .many  miles  did  each' one  walk? 

Mrs.  Robinson  has  a  puzzle  corner  in  her  classroom.  A  kid  scores 
5  points  for  solving  a  picture  puzzle  and  25  points  for  solving  a 
block  puzzle.  Carol  solved  a  total  of  12  puzzles  from  both  kinds 
and  scored  160  points.    How  many  puzzles  of  each  kind  did  she  solve? 
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Table  8A.1  aantiniied 


Problem  Set  2 


Equations:  5x  ^  lOy  =  160  Search  space:         U2  elements 

X        y  =    29  Correct  answer:      (x,y)  =  (26,3) 

(2.1)  Sam  has  $1.50  in  nickels  and  dimes •  He  has  29  coins  in  all.  How 
many  coins  of  each  kind  does  Sam  have? 

(2.2)  Jeff  bought  5  jawbreakers  and  10  pieces  of  bubble  gum  for  $1.60. 
A  jawbreaker  and  a  bubble  gum  together  cost  29<.    How  much  did 
Jeff  pay  for  each  piece? 

(2.3)  Janet  had  a  birthday  party.  ^  -S^ie  pave  bags  of  candy  to  her  friends. 
Some  bags  had  5  lemon  drops ,  other  bags  had  10  gumdrops*  Altogether 
there  were  160  pieces  of  candy.    There  were  29  bags.    How  many 

bags  of  each  kind  were  there? 

(2.4)  A  clothing  factory  makes  blouses  and  skirts.    A  blouse  takes  5  ft 
of  material  and  a  skirt  takes  10  ft.    The  factory  uses  a  total  of 
160  ft  daily  and  produces  29  pieces  of  clothing.    How  many  of  each 
kind  are  piK>duced  daily? 

(2.5)  Linda  and  Jim  were  on  a  walk  for  Mankind.    Linda  got  pledges  of 

5<:  for  each  mile  she  walked.    Jim  got  pledges  of  IOC  for  each  mile 
he  walked.     Both  walked  for  a  total  of  29  miles  and  got  total 
pledges  for  $1.60.    How  many  miles  did  each  one  walk? 

(2.6)  Mrs.  Robinson  has  a  puszle  corner  in  her  classroom.  A  kid  scores 
5  points  for  solving  a  picture  puzzle  and  10  points  for  solving  a 
story  puzzle.  Carol  solved  a  total  of  29  puzzles  from  both  kinds 
and  scored  160  points.    How  many  puzzles  of  each  kind  did  she  solve? 


Problem  Set  3 


Equations:  5x  +  lOy  +  25z  =  160  Search  space:         7U  elements 

X        y  ^      z  =    10  Correct  answer:      (x,y ,z)  =  (3,2,5) 

(3,1)    Sam  has  $1.60  in  nickels,  dimes  and  quarters.    He  has  10  coins  in  all. 
How  many  coins  of  each  kind  does  he  have? 
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Table  8A.1  continued 

(3^2)    Jeff  bought  5  jawbreakers,  10  pieces  of  bubble  leuin,  and  25 

candy  canes  for  $1.60.    A  jawbreaker,  a  piece  of  bubble  gum,  and 
a  candy  cane  together  cost  10^.    How  much  did  Jeff  pay  for  each 
piece? 

(3,3)    Janet  had  a  birthday  party.    She  gave  bags  of  candy  t6t}ier  friends. 
Some  bags  had  5  lemon  drops,  other  bafs  had  10  gundrops,  and  the 
rest  of  the  bags  had  25  redhots.    Altogether  there  were  160  pieces 
of  candy.    There  were  10  bags.    How  many  bags  of  each  kind  were  , 
there? 

(3,^)    A  clothing  factory  makes  blouses,  skirts  and  dresses.    A  blouse 
takes  5  ft  of  material,  a  skirt  takes  10  ft  and  a  dress  takes 
25  ft.    The  factory  uses  a  total  of  160  ft  daily  and  produces 
10  pieces  of  clothing.    How  many  of  each  kind  are  produced  daily? 

(3.5)  Linda,  Jim  and  David  were  on  a  walk  for  Mankind.    Linda  got  pledges 
of  5^  for  each  mile  she  walked,    Jim  got  pledges  of  10<:  for  each 
mile  he  walked.  .  David  got  pledges  of  25^  for  each  mile  he  walked. 
All  walked  a  total  of  10  miles  and  got  total  pledges  for  $1.60. 
How  many    miles  did  each  one  walk? 

(3.6)  ?irs.  Robinson  has  a  puszle  corner  in  her  classroom.    A  kid  scores 

5  points  for  solving  a  picture  puzzle,  10  points  for  solving  a  story 
puzzle,  and  25  points  for  solving  a  block  puzzle.    Carol  solved 
a  total       10  puzzles  from  all  3  kinds  and  scored  160  points. 
How  many  puzzles  of  each  kind  did  she  solve? 

Problem  Set  H  .  ' 


Equations:      5x  +  lOy  +  25z  =  155  Search  space:     266  elements 

X  +      y         z  =    23  Correct  answer:  (x,y ,2)=(18,U,1) 


(4.1)  Sam  has  $1.55  in  nickels,  dimes  and  quarters.    He  has  23  coins  in 
all.    How  many  coins  of  each  kind  doe^'  Sam  have? 

(4.2)  Jeff  bought  5  jawbreakers,  10  pieces  \e?f  bubble  gum  and  25  candy 
canes  for  $1.55.    A  jawbreaker,  a  piece  of  bubble  gum  and  a  '.andy 
cane  together  cost  23<^.    How  much  did  Jeff  pay  for  each  piece' 

(4.3)  Janet  had  a  birthday  party.     She  gave  bags  of  candy  to  her  f riendi . 
Some  bags  had  5  lenon  drops,  other  bags  had  10  gumdrops  and  the 
rest  of  the  bags  had  25  redhots.    Altogether  there  were  155  pieces 
of  candy.    There  were  23  bags #    How  many  bags  of  each  kind  were 
there? 
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(^t^)    A  clothing  factory  makes  blouses ,  skirts  and  dresses •    A  blouse 
takes  5  ft  of  material »  a  skirt  takes  10  ft^  and  a  dress  takes 
25  ft.    The  factory  uses  a  total  of  155  ft  daily  and  produces  23 
pieces  of  clothing*    How  many  of  each  kind  are  produced  daily? 

(4,5)    Lipda,  Jim  and  David  were  on  a  walk  for  Mankind.    Linda  got  pledges 

of  5$  for  each  mile  she  walked.    Jim  got  pledges  of  10<?  for  each 

mile  he  walked.    David  got  pledges  of  25$  for  each  mile  he  walked. 

All  walked  a  total  of  23  miles  and  got  total  pledges  of  $1,55» 
How  many  miles  did  each  one  walk? 

(Hg6)    Mrs.  Robinson  has  a  puzzle  corner  in  her  classroom.    A  kid  scores 
5  points  for  solving  a  picture  puzzle,  10  points  for  solving  a 
story  puzzle  and  25  points  for  solving  a  block  puzzle.    Carol  solved 
a  total  of  23  puzzles  from  all  3  kinds  and  scored  155  points. 
How  many  puzzles  of  each  kind  did  she  solve? 


Problem  Set  5 

Eqiaation;     5x  ^  lOy  ^  25z  =  155       Search  space;  71 

X  t     y  +  z  =  10       Correct  answer:  {x,y,z)=(U,l,5) 

X  ^  z  =  9 


(5.1)  Sam  has  $1.55  in  nickels,  dimes  and  quarters.    He  has  10  coins  in 
all.    Nine  of  these  coins  are  nickels  and  quarters.    How  many 
coins  of  each  kind  does  he  have? 

(5.2)  Jeff  bought  5  jawbreakers,  10  pieces  of  bubble  gum  and  25  candy 
canes  for  $1,55.    A  jawbreaker,  a  piece  of  bubble  gum  and  a 
candy  cane  together  cost  10<r.    The  cost  of  a  jawbreaker  and  a 
candy  cane  is  9^.    How  much  did  Jeff  pay  for  each  piece? 

(5.3)  Janet  had  a  birthday  party.    She  gave. bags  of  candy  to  her  friends. 
Some  bags  had  5  lemon  drops,  other  bags  had  10  gumdraps  and  the  rest 
of  the  bags  had  25  redhots.    Altogether  there  were  155  pieces  of 
candy.    There  were  10  bags.    Nine  of  the  bags  were  lemon  drop  bags 
and  redhot  bags.    How  many  bags  of  each  kind  were  there? 

(5.4)  A  clothing  factory  makes  blouses,  skirts  and  dresses.    A  blouse 
takes  5  ft  of  material,  a  skirt  takes  10  ft,  and  a  dress  takes 
25  ft.    The  factory  uses  a  total  of  155  ft  daily  and  produces  10 
pieces  of  clothing.    Nine  of  the  pieces  are  blouses  and  dresses. 
How  many  of  each  kind  are  px>oduced  daily? 

(5.5)  Linda,  Jim  and  David  were  on  a  walk  for  Mankind.    Linda  got  pledges 
of  5C  for  each  mile  she  walked.    Jim  got  pledges  of  lOt  for  each 

"mile  he  walked.    David  got  pledgees  of  2S<:  for  each  mile  he  walked. 

All  walked  a  total  of  10  miles  and  not  total  pledges  of  $1.55. 

Linda  and  David  alone  walked  for  a  total  of  9  miles.     How  many 
miles  did  each  one  walk? 
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(5,6)    Mrs.  Robinson  has  a  puzzle  corner  in  her  classroom*    A  kid  scores 
5  points  for  solving  a  picture  puzzle^  10  points  for  solving  a 
story  puzzle  and  25  points  for  solving  a  block  puzzle.  Carol 
solved  a  total  of  10  puzzles  from  all  3  kinds  and  scored  155  points. 
9  of  the  puzzles. she  solved  were  picture  puzzles  and  block  puzzles. 
How  many  puzzles  of  each  kind  did  she  solve? 


Problem  Set  6 


Equations:     5x  +  lOy  +  25z  =  160      Search  Space:  2^8 

X  -^^  y  +  z  =  22  Correct  answer:  (x,y ,z)=(15,6,l) 
X  ^  z  =  16 


(6.1)  Sam  has  $1.60  in  nickels,  dimes  and  qiaarters.  He  has  22  coins  in 
all.  16  of  these  coins  are  nickels  and  quarters.  How  many  coins 
of  each  kind  does  he  have? 

(6.2)  Jeff  bought  5  jawbreakers,  10  pieces  of  bubble  gum  and  25  candy 
canes  for  $1.50.    A  jawbreaker,  a  piece  of  bubble  gum  and  a  candy 
cane  together  cost  22<?.    The  cost  of  a  jawbreaker  and  a  candy  cane 
is  16*.    How  much  did  Jeff  pay  for  each  piece? 

(6.3)  Janet  had  a  birthday  party.    She  gave  bags  of  candy  to  her  friends. 
Some  bags  had  5  lemon  drops,  other  bags  had  10  gumdrops  and  the  rest 
of  the  bags  had  25  redhots.    Altogether  there  were  160  pieces  of 
candy.    There  were  22  bags.     16  of  the  bags  were  lemon  drop  bags 
and  redhot  bags.    How  many  bags  of  each  kind  were  there?  ' 

(6,u)    A  clothing  factory  makes  blouses,  skirts  and  dresses.    A  blouse 

takes  5  ft  of  material,  a  skirt  takes  10  ft  and  a  dress  takes  25  ft. 
The  factory  uses  a  total  of  160  ft  daily  and  produces  22  pieces  of 
clothing.     16  of  the  pieces  are  ^blouses  and  dresses.    How  many  of 
each  kind  are  produced  daily.? 

(6.5)  Linda,  Jim  and  David  were  on  a  walk  for  Mankind.    Linda  got  pledges 
of  5^  for  each  mile  whe  walked.    Jim  got  pledges  of  10<:  for  each 
mile  he  walked.     David  got  pledges  of  25^  for  each  mile  he  walked. 
All  walked  a  total  of  22  miles  and  got  total  pledges  of  $1.50. 
Linda  and  David  alone  walked  a  total  of  16  miles.    How  many  miles 
did  each  one  walk? 

(6.6)  Mrs.  Robinson  has  a  puzzle  corner  in  her  classroom.    A  kid  scores 
5  points  for  solving  a  picture  puzzle,  10  points  for  solving  a 
story  puzzle,  and  25  points  for  solving  a  block  ppzzle^  Carol 
solved  a  total  of  22  puzzles  from  all  3  kinds  and  scored  160  points. 
16  of  the  puzzles  she  solved  were  picture  puzzles  and  b3ock  puzzles. 
How  many  puzzles  of  each  kind  did  she  solve? 
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This  problem  can  be  expressed  algebraically .  in  the  fona  of  two  eqtla- 
tions  and  two  unl^wns; 

5x  +  25z    -    160  (i) 

X  +     2    -     12  (ii) 

If  the  subject  Is  working  towards  satisfying  equation  (i)  alone  with 
positive  integers,  he  or  she  will  have  the  following  possibiXities 

.  for  the  values  of  x  and  z:     (2.6)  (7,5)  (12.4)  (17.3)  (22.2)  (27.1). 
However,  if  the  subject  chooses  to  satisfy  equation  (ii)  alone,  the 
possible  values  for  x  and  z  would  be:     (1,11)  (2,10)  (3,9)  (4,8) 
(5,7)  (6,6)  (7,5)  (8,4)  (9,3)  (10,2)  (11.1).    Looking  at  the  two 

.  sets  of  pairs  of  possible  values,  we  find  that  there  is  only  one  pair 
of  possible  values  that  they  have  in  coinmon. 

■ 

It  is  assumed  that  the  domalru  where  the  trial--and-error  search 
for  an  answer  will  take  place  could  be  the  union  of  these  two  sets. 
This  union  is  referred  to  here  as  the  search  space. 

Sizes  of  search  spaces  were  varied  with  as  little  change  in  the 
coefficients  of  the  equations  as  possible.    Once  the  systems  of  equa- 
tions were  developed,  six  different  stories  were  written  in  such  a  way 
that  every  story  could  be  used  to  embody  all  six  systems  of  equations. 
The  stories  are  such  that  onl]^  positive  integer  solutions  to  the  prob- 
lems are  suggested.    Thus,  six  systems  of  equations  embodied  in  six 
different  stories  produced  a  total  of  36  problems.    These  problems  are 
arranged  by  sets  and  listed  in  Table  8A.1. 

2.    The  Analysis  of  Observed  Processes 

By  observing  subjects  solving  the  above  problems,  four  different 
kinds  of  "moves"  by  subjects  were  identified.    The  four  kinds  of  moves 
fall  into  two  categories,  guessing  moves  and  deductive  moves.  A 
guessing  move  is  characterized  by  a  series  of  actions  as  follows:  (a) 
a  guess  is  made  that  may  be  correct  or  incorrect,  totally  random  or 
partially  random;  (b)  calculations  to  test  whether  or  not  the  guess 
satisfies  one  or  more  conditions  of  the  problem  are  carried  out;  and 
(c)  a  conclusion  is  made  as  to  the  accuracy  of  the  guess  and  the 
direction  in  which  it  should  be  modified.    The  two  kinds  of  observed 
guessing  moves  are  guessing  an  answer  and  guessing  an  operation*  A 
deductive  move  is  characterised  by  a  series  of  actions  as  follows: 
(a)  a  deduction  is  made;  (b)  calculations  that  are  consequent  on  the 
deduction  are  made;*  and  (c)  implications  of  the  deduction  for  the  rest 
of  the  problem  are  ^rawn.    The  two  kinds  of  observed  deductive  moves 
are  deducing  for  an  answer  and  deducing  for  an  estimate. 

We  shall  illustrate  Uiese  moves  through  sample  solutions  of  the 
following  problem: 
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8A.2   Jeff  bought  S  jcnjbreakeps  "and  10  pieces  of  bubble 
gum  for  $2.60.    A  jawbreaker  and  a  bubble  gm 
together  cost  29^.    How  much  did  Jeff  pay  for  each 
piece? 

Gueaaing  f^k)Ves 

A*    Guessing  an  Answef 

"I'll  tjry  lOC  for  the  jawbreaker  and  19c  for  the  bubble 
gum.  That  makes  10  x  5  -  50;  19  x  10  -  190;  50  +  190  - 
240.  No 9  that  is  too  much.  The  bubble  gum  should  cost 
less," 

Here  the  subject  of  the  guess  is  the  values  of  the  unknowns  asked 
for  in  the  question.    The  calculations  are  to  test  whether  or  not  the 
guess^  satisfies  the  conditions  stated  in  tKe  problem. 

B.    Guessing  an  Operation 

"29  i  2  •  lA  Rl,  14c  and  a  remainder  of  1.  No^  I  can^t 
have  this.  Try  10  +  5  »  15;  160  15  *  10  RIO.  No,  it 
doesn't  work." 

Here  the  student  has  made  two  "guesses";  but  the  subjects  of  the 
guesses  are  the  operations  that  might  provide  a  reasonable  answer. 

DeSictive  Moves 

A.  Deducing  for  an  Answer 

"Since  the  jawbreakers  and  the  bubble  gum  together  cost 
29c,  1^11  try  29  x  5  «  145.    1^11  figure  how  much  5  other 
pieces  of  bubble  gum  cost:     150  -  145  ■  15;  15  r  5  «  3; 
3c  for  each  bubble  gum  and  26c  for  each  jawbreaker." 

This  is  an  algorithmic  deductive  move  that  is  structurally  the 
same  as  the  algebraic  approach  to  the  solution  of  the  system  of  two 
simultaneous  equations. 

B.  Deducing  for  an  Estimate 

"If  a  jawbreaker  alone  costs  29c,  5  jawbreakers  cost 
29  X  5  «  145.     If  the  bubble  gum  alone  costs  29c,  10 
bubble  gum  pieces  cost  29  x  10  »  290.    145  is  closer 
to  160.    The  bubble  gum  should  cost  less  than  the  jaw- 
breakers." 

This  hypothetico-deductive  approach  is  used  for  the  purpose  of 
estimating  an  answer  more  accurately. 
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Foms  of  "Gmsaing  an  Answer"  Moves 

The  value  of  considering  a  heurfstic  process  to  be  a  task  variable 
lies  in  the  perspective  of  observing  the  changing  characteristics  of 
the  process  as  elicited  by  variations  in  the  task.    Three  groups  of 
tasks  will  be  used  to  describe  the  most  cooaoon  forms  taken  by  the 
"guessing  an  answer"  move  in  the  present  study. 

The  first  group  of  tasks  consist:s  of  the  twelve  story  problems 
involving  two  equations  and  two  unknowns.    The  only  diffjarences, among  r 
the  twelve  problems  are  in  the  problem  story  cont^t,  and  in  the.  size 
of  the  search  spaces.    The  equations  representing  the  problems  are: 

(1)  5x+25z  ■  160    (i)  Search  space;         16  elements 

x+    z  -    12   (il)  Correct  answer:      (x,z)  «  (7,5) 

(2)  5x  +  10y  »  160    (i)  Search  space:         42  el^ents 

x+    y  -    29   (ii)  Correct  answer:      (x,y)  ■  (26^3) 

The  unknovms  that  can  be  guessed  in  each  of  the  problems  aife  four; 
for  the  first  pair  of  equations,  for  example,  they  are  x,  z,  5x,  and 
25z.    These  vatiables'have  to  satisfy  two  conditions,  namely  that 
x  +  z  «  12  and  that  5x  +  25z  «  160. 

The  guessing  moves  that  have  been  exhibited  by  the  subjects  solv- 
ing the  above  twelve  tasks  can  be  classified  into  three  forms.    Me  will 
use  Problem  8A.2  to  illustrate  eadh  of  the  forms. 

^       Form  A: 

"I  will  try  15c. for  the  gum;  15  x  10  -  150;  160  -  150  »  10; 

10<?  for  5  jawbreakers  gives' me  2c  for  each;  15  +  2  *  17. 

No,  I  need  29."  ^ 

Graphically,  the  move  can  be  represented  as  in  Figure  8A.l(a). 
The  subject  makes  ^  guess  of  the  value  of  y,  in  this  case  the  price  of 
a  piece  of  bubble  gum;  finds  the  value  of  lOy;  obtains  a  value  of  5x 
that  would  satisfy  the  equation  5x  +  lOy  •  160;  obtains  a  value  for 
x;  and  checks  to  See  if  it  satisfies  x  +  y  »  29.,   The  arrows  indicate 
the  order  in  which  the  various  values  are  obtained. 

In  the  given  example  the  initial  guess  was  the  value  of  y.  How-* 
ever,  subjects  seem  to  start  their  guessing  with  any  of  the  four  varia- 
bles, and  still  use  the  same  "form"  as  in  Figure  8A.l(a).  Graphically, 
these  variations  of  Form  A  appear  in  Figure  8A.l(b)-(d).    The  major 
difference  among  these  diagrams  is  the  starting  point  of  the  guess. 

Form  B; 

"I  will  try  lie  for  each  jawbreaker  and  iSc  for  each 
bubble  gum;  11  x  5  -  55;  18  x  10  -  180;  180  +  55  is 
too  much,  I  want  150." 
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Figure  8A.1  A  Fom  of  Guessing  Move  for  the  First  Ti^elve  Problems 
(Sets  2  atu^  2)- 


(a) 


I  I 

5x  *  lOy 


(b)  X 


1  I 

5x   >10y 


(c)       X   >  y 

I  1 

5x  lOy 


(d)  X 


1  I 

5x  lOy 


% 
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Figure  8A.2  A  Second  Form  of  Guessing  Mov^-for  the  First  ToeUe  Problems 


(a) 


Sr 

5x 


lOy 


(b) 


X 


z 


5x 


lOz 


ERIC 


3oB 


-339- 


The  graphic  representation  of  Form  B_  looks  as  in  Figure  8A.2(a). 
The  subject  splits  29  into  two  values  for  x  and  y,  finds  5x  and  lOy, 
them  adds  5x  and  lOy  to  check  if  they  amount  to  160. 

A  move  where  160  is  split  into  two  quantities  and  the  values  of 
X  and  y  are  checked  is  represented  in  Figure  8A,2(b)  and  has  a  form 
similar  to  the  one  above.    The  difference  lies  in  the  variables  that 
are  subject  to  the  initial  guess. 

Form  C: 

"12c  for  a  piece  of  bubble  gum.  leaves  17c  for  a  jawbreaker. 
12c  for  one  will  make  120  for  all  the  gum.  Th^t  leaves  40c 
for  jawbreakers;  that  means  AO  *  5  -  8c  for  one  jawbreaker. 
It  does  not  work,  I  need  17c <" 

In  both  Forms  A  and  B^,  one  equation  was  satisfied,  and  the  other 
equation  was  used  to  check  if  the  guess  worked.    In  Form  C  both 
equations  are  satisfied,  and  the  subject  looks  to  see  if  they  lead 
to  the  same  value.    This  protocol  is  depicted  in  Figure  8A,3(a), 

As  in  Form  A  three  variations  of  Figure  8A.3(a)  appear  in  Figu-^e 
8A.3(b),  (c),  and  (d) . 

The  second  group  of  tasks  consists  of  the  twelve  story  problems 
involving  two  equations  and  three  unknowns.    Again  the  only  differ- 
ences among  the  problems  are  in  the  problsa  story  contexts  and  in 
the  size  of  the  search  spaces.    The  equations  representing  the  prob- 
lems are: 


(3) 


5x  + 
X  + 


lOy  +  25z 
y  +  z 


160 
10 


(4)    5x  +  lOy  +252  »  155 
X  +     y  +    z  -  23 


Search  aphze:  74  elements 

Correct  answer:  (x,y,2)  «  (3,2,5) 

Search  space:  266  elements 

Correct  answer:  (x,y,z)  «  (18,4,1) 


Guessing  moves  that  have  been  utilized  by  subjects  can  be  classified 
into  two  forms,  which  will  be  illustrated  using  the  following  problem: 


8A,3    Sam  has  $l,6a  in  niakelSt  dimes  and  quarters.  He 
has  10  coins  in  &tt.    How  many  coins  of  each  does 


he  hpL^i? 


"Ten  coins;  I'll  try  2  quartWs,  4  dimes  and  4  nickels, 
that  will  make:    2  x  25  -  50;  4  x  10  -  40;  4  x  5  «  20; 
50  +  40  +  20  =  110.    No,  I  should  have  more." 


Graphically,  this  can  be  represented  as  in  Figure  8A.4.  The 
subject  splits  "ten"  into  trial  values  for  x,  y,  and  z,  finds  5x,  lOy, 
and  25z,  then  adds  them  to  verify  whether  or  not  they  amount  to  160, 
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Figure  8A.3  A  Third  Form  of  Guessing  Move  for.  the  First  Tuetve  Problems 
(a)      "  X  ■*   y 

1 

5x  ^  lOy 


(b)         X   »  y 

1 

5x   lOy  \ 


(c)         X   J  y 


5x   )10y 


(d)      X  4   y 


5x  4  lOy 


FRir 
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Figure  8A.4  A  Form  of  Guessing  Move  for  the  Seaond  Group  of  Djelve 
Problems  (Sets  3  ami  4) 


5x 


lOy 


25z 


Figure  8A.5  A  Seaond  Form  of  Guessing  Move  for  the  Seoond  Group  of 
lUetve  Problems 


5x   >  (10y+25z): 


y  2 
lOy  <  25z 
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Fom  B; 

**4  nickels  make  20c;  6  xrore  coins  and  160  -  20  «  140c. 
4  quarters  make  a  dollar;  that  leaves  40  cents,  it  will 
make  4  dimes.    No,  1  need  2  dimes;  1*11  try  less:  3 
quarters. ..." 

Graphically,  this  can  be  represented  as  in  Figure  8A.5.    Here  the 
subject  allocates  20c  for  4  nickels,  reduces  the  problem  to  ^  coins 
that  are  dimes  and  quarters  totalling  140c,  and  then  proceeds  to 
attempt  a  two-unknown,  two-condition  problem.    ThA^  essential  charac- 
teristic of  this  form  is  that  the  subject  has  trea\^  the  three 
unknowns  by  treating  two  unknowns  at  a  time,  and  has^tit4J42ed  the 
forms  used  in  the  problems  with  two  unknowns.    Thus  Figures  8A.i(a)  and 
8A.3(b)  are  both  components  of  Figure  8A.5.    In  effect,  the  associa- 
tive property  has  been  utilized « 

Form  C; 

"2  nickels  and  4  dimes  will  make  10  +  40  «  50;  that  leaves 
110  for  the  quarters^    No,  it  won't  work." 


Here  the  subject  makes  guesses  on  two  unknowns,  nickels  and 
dimes,  and  combines  them  into  a  single  quantity  to  be  coordinated 
with  the  third  unknown,  quarters. 

Figure  8A.6,  like  Figure  8A.5,  is  a  composite  of  diagrams  for 
two-variable  forms.    The  difference  between  Forms  jB  and  C  can  be 
interpreted  as  in  Figure  8A.7. 

The  third  group  of  tasks  consists  of  the  twelve  story  problems 
involving  three  equations  and  three  unknowns: 

(5)     5x  +  lOy  +  252 
X  +     y  +  z 


155 
10 
9 


Search  space: 
Correct  answer: 


71  elements 
(x,y,2)  »  (4,1,5) 


(6) 


5x  + 
X  + 
X 


lOy  +  25? 
y  +  z 
+  2 


^  160 
=  22 
«  16 


Search  space:        248  elements 
Correct  answer :     (x,y,z)  •*  (15,  6,1) 


Subjects  who  deduce  a  value  for  y  from  the  second  and  third  equa- 
tions reduce  these  problems  to  two-variable,  two-equation  problems, 
similar  to  the  first  group  of  tasks.    This  makes  the  effective  search 
spaces  substantially  smaller  for  those  subjects.    Under  this  condi- 
tion, the  search  space  for  equations  <5)  has  only  12  elements,  and  the 
space  for  equations  (6)  only  17,     Subjects  who  do  not  make  such  a  deduc-- 
tion  will  have  six  quantities  to  guess,  and  their  search  spaces  will  be 
very  similar  to  the  second  group  of  problems. 

A  guessing  move  on  the  following  problem  illustrates  how  the  prob- 
lem Is  reduced  to  a  simpler  problem: 
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Figure  8A.6  A  Third  Form  of  Guessing  Move  for  the  Second  Group  of 
Tuelve  Problems 


X  y:  .      (x  +  y)  z 

1    1       I  I 

5x  lOyj  (5x  +  l0y)  >25z 


.Figure  8A.7   Comparison  of  Figures  8 A.  5  and  8A,6 


a  *  (b  *  c)  (a  *  b)  *  c 

T  r  T 

initial  guess  initial  guess 

Form  B  (Fig.  8A.5)  Form  C  (Fig.  8A.6) 
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Figure  8A.8  A  Form  of  Guessing  Move  for  the  Third  Group  of  Twelve 


lOy   >(5x  +  25z):  5x  25z 


^345- 


8 A. 4  Mrs^  Robinson  hzs  a  puzzle  ootmex"  in  hex*  claasrodm^ 
A  kid  saopes  S  points  for  solving  a  picture  puzzle^ 
10  points  for  solving  a  story  puzzle^  and  25  points 
for  solving  a  block  puzzle.  Carol  solved  22  puzzles 
and  scored  160' points.  16  of  the  puzzles  she  solved 
were  either  picture  or  block  puzzles.  How  many  i- 
puzzles  of  each  kind  did  she  solve?  • 


"16  puzzles  were  picture  and  block  puzzles*    That  leaves 
6  story  puzzles;  60  points  leaves  100  iK)ints;  I'll  try 
10  picture  puzzles  and  6  block  puzzles;  that  will  make 
10  X  5  -  50;  6  X  25  «  150*    No,  this  is  too  much;  I'll 
try  15  and  I*,.." 

As  represented  in  Figure  8A»8^  the  subject  is  making  a  deduction 
to  obtain  the  number  of  story  puzzles,  and  then  reducing  the  problem 
to  a  problem  in  two  unknowns,  picture  and  block  puzzles,  worth  a 
total  of  100  points.    The  difference  between  the  graphic  representa- 
tion of  the  move  here  and  the  moves  associated  with  the  second  group 
of  problems  is  the  fact  that  the  first  phase  of  the  move  here  is  a 
deduction  and  not  a  guess.    Thus  there  are  only  two  variables  that 
require  guessing.  ^ 


When  subjects  do  not  make  the  deduction,  they  are  effec-- 
tively  solving  a  three-unknown,  two-condition  problem*  The 
guessing  forms  in  that  case  are  Identical  to  those- in  Figures 
8A,4,  8A.5,  and  8A.6. 


The  subjects  chosen  were  60  average  and  above-average  seventh- 
grade  students  who  had  not  had  any  formal  instruction  in  algebra. 
Of  the  36  problems  in  Table  8A.1,  six  problems  in  random  order  were 
presented  to  each  subject,  including  one  problem  for  each  system  of 
equations.    The  purpose  was  to  randomize  any  learning  effects  or 
transmission  of  information  among  subjects.    Each  subject  was  inter- 
viewed for  a  period  ranging  from  45  minutes  to  two  hours.  Subjects 
were  asked  to  think  aloud.    Their  written  and  oral  work  was  recorded 
and  analyzed. 

Information  from  all  of  the  subjects  was  used  in  establishing 
the  classifications  of  heuristic  processes;  however,  the  preliminary 
empirical  data  reported  here  are  based  on  the  detailed  analysis  of 
just  20  randomly  selected  subjects. 

It  was  hypothesized  that  the  majority  of  the  subjects  would  use 
the  heuristic  process  of  ^'guessing  an  answer^*  at  some  point  during 


Form  A: 


Form  B: 


3.     Empirical  Findings 
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problem  solving,  and  that,  of  those  who  successfully  solved  the  prob- 
lems, even  a  greater  majority  would  have  utilized  the  "guessing  and 
answer"  process.    In  Table  8A»2,  the  data  are  displayed  indicating 
the  use  of  the  "guessing  an  answer"  heuristic  process  by  subjects 
solving  the  six  word  problem  embodiments  of  each  of  the  six  systems 
of  simultaneous  equations. 

On  only  two  successful  problem-solving  attempts  was  the  alge- 
braic approach  used  rather  than  trial-and-error • 

Comparing  the  frequencies  of  occurrence  of  all  four  kinds  of 
moves  described,  the  "guessing  an  answer"  moves  were  by  far  the  most 
frequent.    During  those  problem-solving  attempts  which  led  to 
successful  solutions,  this  process  occurred  even  more  frequently 
(see  Table  8A.3). 

The  "deduction  for  an  answer"  moves  occurred  most  frequently 
in  systems  of  equations  5  and  6.    The  deductive  moves  in  these 
problems  occurred  in  conjunction  with  the  guessing  moves  for 
reasons  inherent  in  the-problem  structure,  as  was  discussed  in 
the  previous  section. 

The  above  tables  are  purely  descriptive,  and  the  data  have  not 
(yet)  been  subjected  to  statistical  tests.    However,  it  is  apparent 
that  the  "guessing  an  answer"  process  occurs  more  frequently  than 
the  other  processes  when  word  problems  involving  simultaneous  equa- 
tions are  given  to  students  who  have  had  no  formal  algebraic  training. 
Since  this  process  seems  to  occur  regardless  of  ^  ^dividual  differ- 
ences among  the  students,  we  can  claim  that  the  trial- and-error 
heuristic  process  is  "inherent"  in  the  problems  for  this  population 
of  subjects,  and  it  can  be  studied  as  a  task  or  problem  variable. 

A  major  theme  emerges  from  observing  the  "guessing  an  answer" 
moves;  a  theme  which  Polya  calls  "reducing  the  problem  to  a  simpler 
one."    This  tendency  to  reduce  the  problem  takes  several  forms;  from 
large  and  permanent  reductions  to  small  and  temporary  ones.  Some 
reductions  lead  to  a  solution  of  the  problem  while  others  change 
the  problem. 

We  shall  first  look  at  problem  reduction  that  results  from  lack 
of  coordination  of  simultaneous  conditions.     Such  reduction  is 
exhibited  by  guesses  that  involve  one  of  the  conditions  with  oomplete 
disregard  for  the  other  condition(s) .    A  subject  who  is  solving  a 
problem  embodying  the  first  system  of  equations,  for  example,  would 
guess  a  value  for  x  and  z  that  would  satisfy  5x  +  252  -  160,  with 
complete  disregard  for  the  fact  that  x  +  2  has  to  be  12.  Variations 
on  this  guess  would  be  guesses  for  the  pair  (x,z)  or  the  pair  (5x,252) 
that  would  satisfy  either  x  +  e  «  12  or  5x  +  25z  «  160  but  not  both. 
Of  the  20  subjects  considered  in  this  report,  11  subjects  failed  to 
coordinate  the  simultaneous  conditions  in  at  least  one  problem  attempt. 
Among  the  91^  problems  attempted  where  coordination  or  lack  of  it  could 
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Table  8A.2  (a)    Utilization  of  the  PiKibtemSolving  Proaess  of  "Guessing  an  Answer*^ 

by  Subjects  at  Some  Point  DuHng  Problem  Solving 

System  of  Equations  L    -      1.  1         1  1l  §. 

Number  of  Subjects 
Attempting  the  Problem       20        19        18        16        16  19 

Number  of  Subjects  Using 

"Guessing  an  Answer"  18         14         14        13        16  14 

Percentage  of  Subjects 
Using  "Guessing  an 

Answer"  90%       74%       78%       81%     100%  74% 


Cb)    Utilisation  of  the  Problems olving  Proaess  of  '^Guessing  an  Ansi^er" 
by  Sucaessful  Subjects  at  Some  Point  During  Problem  Solving 


System  of  Equations 


Number  of  Successful 

Subjects  10  9  5  8         10  8 

Number  of  Successful 
Subjects  Using 

"Guessing  an  Answer"  10  8  5  8        10  7 

Percentage  of  Successful 
Subjects  Using 

"Guessing  an  Answer"         100%       89%      100%      100%      100%  88% 
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Table  8A.3(a)    Frequenoies  of  Types  of  Moves 

(The  attempt  of  a  subject  on  each  problem  may  include  one  or 
nore  moves . ) 


1 

2 

3 

H 

5 

6 

Number  of  Subjects 
Attempting  the  "Problem 

20 

19 

18* 

16 

16 

19 

To'^al  NiiTTihe'y*  Movps 

98 

4.  4»  ^ 

914 

120  * 

56 

85 

77 

a? 

103 

W  V 

39 

59 

NunibSr  of  GO  Moves 

19 

22 

3 

15 

3 

11 

Number  of  DA  Moves 

0 

2 

2 

0 

lu 

15 

Number  of  DE  Moves 

2 

3 

1 

2 

0 

0 

Percentage  of  GA  Moves 

79% 

76% 

86% 

70% 

69% 

Percentage  of  GO  Moves 

19% 

19% 

3% 

12% 

5% 

13% 

Percentage  of  DA  Moves 

0% 

2% 

2% 

0% 

25% 

18% 

Percentage  of  DE  Moves 

2% 

3%- 

1% 

2% 

0% 

0% 

Key: 


GA  =  "Guessing  an  Answer" 
GO      "Guessing  an  Operation" 
DA  r  "Deducing  for  an  Answer^* 
DE  =  "Deducing  for  an  Estimate" 
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Table  8A.3Cb)    Freqmnaies  of  Types  of  Moves  in. Attempts  Leading  to 

Suaaessful  Solutions 


(The  attempt  of  a  subject  on  each  problem  may  include  one  or 
more  moves . ) 


Systeir.    of  Equations 

^  1 

2 

6 

II 

0 

D 

Nunber  of  Successful  Subjects 

10 

9 

5 

8 

10 

8 

Total  Nuinber  of  Moves 

69 

24 

Off 

3b 

It  4l 

Number  of  GA  Moves 

CO 

by 

oil 

ol 

"Sis 

Number  of  GO  Moves 

10 

a  1 

H 

U 

4 
1 

U 

Nutnber  of  DA  Moves 

0 

2 

0 

0 

9 

9 

Nutnber  of  DE  Moves 

0 

1 

0 

1 

0 

0 

Percentage  of  GA  Moves 

85% 

90% 

100% 

72% 

80% 

Percentage  of  GO  Moves 

15% 

6% 

0% 

5% 

3% 

0% 

Percentage  of  DA  Moves 

0% 

3% 

0% 

0% 

25% 

20% 

Percentage  of  DE  Moves 

0% 

'1% 

0% 

1% 

0% 

0% 
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be  determined,  26  problem  attempts  exhibited  lack  of  coordination  of 
simultaneous  conditions.    It  is  worth  noting  here  that  the  majority 
of  the  subjects  who  did  not  coordinate  also  did  not  exhibit  a  con- 
sistent lack  of  coordination.    That  is  to  say,  a  subject  would 
coordinate  conditions  in  one  of  the  problems  but  not  in  another. 
Some  exhibited  lack  of  coordination  in  some  of  the  guesses  in  a 
problem  but  not  in  all  the  guesses,  an  indication  that  their  coor-- 
dinatlon  ability  had  not  been  stabilized  yet.    In  contrast  to  this 
situation,  fifth-grd^de  stydents  given  similar  problems  exhibited 
lack  of  coordination  to  a  greater  extent  and  in  a  more  consistent 
manner  (Harik,  unpublished). 

Preliminary  observations  across  the  variations  in  the  tasks  indi-- 
cate  no  change  in  the  degree  of  coordination  (see  Table  8A.4).  This 
fact  may  lead  us  to  consider  the  degree  of  coordination  of  the  prob- 
lem conditions  as  a  consequence  of  individual  development,  rather 
than  as  a  factor  influenced  by  the  limited  variations  in  the  task 
structures. 

Another  kind  of  problem  reduction' occurs  when  a  deductive  move 
is  available  such  as  in  Problem  Sets  5  and  6,  where  the  problems 
have  three  unknowns  and  three  conditions.    A  subject  would  make  a 
deduction  from  the  latter  two  equations  in  Table  8A.1,  and  reduce 
the  problem  to  a  two-unknown,  two-condition  problem.    Of  the  16  and 
19  subjcQts  who  attempted  problems  from  Sets  5  and  6  respectively, 
14  subjects  used  a  deductive  move  in  the  problems  from  each  of  these 
two  sets.    The  numbers  of  subjects  who  followed  the  deductive  move 
by  guessing  moves  which  led  to  correct  solutions  were  10  and  8 
respectively.    All  those  who  solved  problems ' from  Sets  5  and  6 
successfully  used  a  deductive  move  to  reduce  the  problem  to  a 
simpler  one. 

Preliminary  observations  of  the  interaction  bf^tween  deductive 
tnov^s  and  guessing  moves  in  Problem  Sets  5  and  6  indicate  that  some 
subjfcts  confuse  the  certainty  of  a  deduction  with  the  uncertainty 
of  aVuess.    This  confusion  appears  when  a  subject  deduces  the  value 
of  y  In  one  move,  then  goes  on  to  guess  the  value  of  y  along  with 
the  v^ues  x  and  z  in  the  next  move.    Of  the  lA  subjects  who  made 
the  deduction  in  the  problems  from  each  of  the  Sets  5  and  6,  four 
subjects  solving  problems  from  Set  5  and  three  subjects  solving  prob- 
lems from  Set  6  exhibited  this  behavior.    However,  two  of  the  subjects 
for  Set  5  and  one  subject  for  Set  6  subsequently  resolved  the  confu- 
sion.   All  those  who  jjid  not  do  so  failed  to  solve  the  problem(s). 

A  third  kind  of  problem  reduction  occurs  when  a  subject  uses 
"guessing  an  answer"  moves  with  the  three-unknown,  two-condition 
problems  such  as  those  in  Sfets  3  and  4.     In  those  problems,  the  form 
that  the  guessing  move  takes  reduces  the  three  unknowns  to  two 
thr*jugh  the  associative  law,  as  was  shown  graphically  in  the  previous 
section.    The  data  on  this  kind  of  problem  reduction  have  not  (yet) 
been  analyzed. 
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Table  8A»4    Degree  of  Coordination  of  the  Problem  Candiln^ons 
System  of  Equations  1  2  3  4 


Number  of  Subjects 

Att.empting  the  Problem  20         19        18        16        16  19 

Number  of  Attempts 

Exhibiting  Coordination 

of  the  Problem  Conditions      U        11         11        11         11  10 

Number  of  Attempts 
Exhibiting  Lack  of 
Coordination  of  the 

Problem  Conditions  5  3  5  2  4  7 

Number  of  Attempts  for 
which  the  Coordination  of 
the  Problem  Conditions 

was  Uncertain  4  5  2  3  1  2 


( 
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4.  .  Suxnmary 


Six  sets  of  word  problems  were  created,  in  which  problem  context 
and  structure  \?ere  varied  systematically.    We  have  been  able  to  defin6 
a  variety- of  available  moves,  and  to  observe  that  the  process  of 
guessing  an  answer  and  modifying  the  guess  is  the  most  frequently 
used  process  for  these  problems  in  the  sample  of  seventh  graders. 
This  process  was  the  only  process  that  led  to  successful  solutions 
in  four  of  the  six  problem  sets.     It  is  interesting  to  note  the 
difference  between  the  intuitive  problem-solving  process  apparently 
used  by  children,  namely  trial-and-error ,  and  the  problem-solving 
algorithms  taught  to  children,  in  this  case  the  algebraic  approach 
to  solving  simultaneous  equations. 

We  £^lso  observed  three  ways  in  which  a  problem  is  reduced  to  a 
simpler  one:     (a)  disregarding  some  of  the  conditions  of  the  problem; 
(b)  making  a  deJuction  that  reduces  the  number  of  conditions  and 
unk*iowns  of  the  problem;  and  (c)  reducing  a  three-unknown  guess  to 
a  two-unknown  guess  through  the  use  of  associativity.    The  first 
reduction  changes  the  original  problem  to  another  problem;  the  second 
reduces  the  original  pt  iblem  to  a  subproblem;  while  the  third  reduces 
the  guessing  moves  to  simpler  guessing  moves. 
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Heuristic  Behavior  Variables  in  Research 
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The  coding  system  described  in  this  chapter  was  developed  out 
of  a  collaborative  team  research  effort  over  a  period  of  several 
years.     Its  major  objective  was  to  study  heuristic  processes  in 
mathematical  problem  solving  across  varying  developmental  levels. 
A  secondary  objective  was  to  develop  an  instrument  to  organize  and 
record  processes  in  their  sequence  of  observed  occurrence.  The 
coding  system  is  a  partial  fulfillment  of  the  secondary  objective. 
It  represents,  however,  but  one  stage  of  refinement  in  a  continuous 
evolutionary  process,  since  at  the  time  of  this  writing  the  team  is 
still  active* 


1,  Rationale 


Clinical  research  in  mathematical  problem  solving  over  the  past 
decade  has  concerned  itself  mainly  with  the  process  of  problem  solV'- 
ing;  that  is,  the  set  of  behaviors  (actions,  operations,  decisions, 
and  rationale)  which  direct  and  characterize  tha  search  for  a  solu- 
tion as  an  individual  progresses  from  initial  state  to  goal  state  of 
a  problem.     It  has  become  increasingly  important  to  develop  instru- 
ments which  reflect  and  measure  the  problem-solving  process  as  well 
as  the  product.    A  process-sequence  coding  system  has  been  developed 
and  will  be  presented  here  along  with  examples  of  its  use.    Our  aim 
in  developing  the  coding  system  is  to  be  able  .to  describe  a  set  of 
behaviors  and  events    through  associated  c^de  symbols  which  can  be 
arranged  in  time-sequence  of  occurrence,  so  that  a  user  of  the  system 
can  catch  a  glimpse  of  the  entire  problem-solving  process  and  not 
have  his  or  her  view  restricted  simply  to  the  problem  statement, 
several  written  steps,  and  in  outcome. 
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Three  questions  are  suggested  by  the  development  of  this  coding 
system.    They  are:  . 

(a)  How  might  a  researcher  evoke  observable  and  natural  behaviors; 
that  is,  what  is  a  feasible  method  for  sampling  genuine  pro- 
cess behavior  in  problem  solving? 

(b)  What  manner  of  symbolic  format  best  ret>resents  what  actually 
happens  during  problem  solving? 

(c)  Assuming  there  are  behaviors  sufficiently  general  to  mathe- 
matical problem  solving  that  can  be  identified  within  and 
across  various  developmental  levels,  can  researchers  be 
trained  to  identify  these  behaviors  consistently? 

The  first  question  has  been  dealt  with  by  researchers  over  the 
years  in  a  number  of  ways;  e.g.,  silent  problem  solving  with  paper-* 
and-pencil  testing,  multiple-choice  options,  branching  formats,  retro- 
spection, introspection,  and  simultaneous  thinking-aloud.    There  is  a- 
growing  body  of  literature  on  techniques^ for  collecting  and  anal^fzing 
problem^-solving  behavior,  but  a  discussion  of  the  advantages  and  dis- 
advantages of  the  various  reporting  styles  will  not  be  given  here. 
Suffice  it  to  say  that  the  coding  system  described  here  was  derived 
from  data  collected  in  the  "simultaneous  thinking-aloud'*  response 
style,  where  subjects  of  different  ages  and  developmental  levels  solved 
problems  and  simultaneously  verbalized  thoughts  during  the  solution. 
It  i^  the  opinion  of  the  writers,  therefore,  that  the  coding  system 
adapts  best  to  data  gathered  in  the  same  way,  ^ 

With  respect  to  validity  of  representation  (question  b),  each 
thlnking-aloud  self -report  was  audiotaped,  and  the  subject's  written 
work,  audiotape,  and  interviewer  notes  were  synthesized  to  ob^-ain  a 
picture  of  the  problem-solving  process*     In  this  manner,  the  authors 
collected  samples  of  problem-solving  behavior  during  pilot  work  taken 
from  subjects  across  varying  developmental  levels*    Using  these  sam- 
ples together  with  Polya's  writings  on  heuristics  as  a  basis  for 
discussion,  the  authors  came  to  an  agreement  on  the  definitions  for 
a  set  of  constructs  which  were  to  represent  observable,  disjoint 
problem-solving  behaviors  ^nd  related  phenomena.    The  constructs 
were  selected  and  defined  so  as  to  capture  each  event  in  the  problem- 
solving  process.    Each  p.vent  was  assigned  a  symbol,  and  the  collec- 
tion of  events  which  comprised  a  problem-solving  sequence  of  processes 
was  recorded  in  a  horizontal  string  of  symbols  corresponding  to  the 
chronological  orde^;  of  appearance  during  the  actual  problem  solution. 
In  this  manner,  a  Researcher  could  listen  to  a  tape  of  a  problem 
solution  (in  conjunction  with  observing  written  work,  interviewer 
notes,  and/or  a  verbatim  transcript)  and  produce  a  string  of  s5mjbols 
which  represented  a  composite  perception  of  the  solution  process. 
Conversely,  examination  of  a  given  string  of  symbols  could  be  used 
to  provide  a  reasonably  clear  pictiure  of  what  had  happened  during  a 
problem-solving  episode. 
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In  the  communication  between  problem  solver  and  coder,  there  are 
four  potentially  different  phenomena  which  must  be  recognized: 

1.  What  the  problem  solver  says  and /or  writes. 

2.  What  the  problem  solver  means  (is  thinking). 

3.  How  the  codfii-^nterprets  what  is  perceived. 

4*    How  the  coder  matches  this  interpretation  with  a 
category  of  behavior  (symbolized) . 

If  the  analysis  of  problem-solving  behavior  were  ideal,  all  four  of 
these  phenomena  would  be  equivalent.    Since  this  is  not  the  case,  we 
prcxvide  a  discussion  of  relationships  among  the  phenomena.    Event  1, 
however,  can  be  made  invariant  by  keeping  a  record  in  the  form  of 
tapes  and  written  work.    Non-equivalenqe  between  events  1  and  2  is 
distortion.    This  can  probably  be  reduced  by  maintaining  an  interview  * 
atmosphere  in  which  the  subject  can  "get  into"  the  problem,  forgetting 
the  presence  of  the  interviewer  and  making  candid  statements  of  thoughts 
as  well  as  he  or  she  can.     In  addition,  a  synthesis  of  written  work, 
taped  protocol,  and  notes  made  by  the  interviewer  at  the  time  of 
observation  can  be  helpful.    The  degree  of  equivalence  between  event;^^, 
2  and  3  or  events  2* and  4  is  not  measurable,  and  one  can  only  proceed 
•on  the  assumption  that  event  2  can  be  replaced  by  event  1  and  any  non- 
equivalence  between  events  1  and  3  can  be  detected  by  intercoder  relia- 
bility testing.    Finally,  non-equivalence  between  events  1  and  4.  or  3 
and  4  can  be  reduced  by  extens:^e  practice  in  coding*,    Therefore,  taking 
into  account  all  the  possible  junction  points  in  the  channel  of  commun- 
ication between  problem  solution  by  a  problem  solver  and  its  final 
representation  by  a  coder,  it  would  be  erroneous  to  believe  that  a 
method  of  behavioral  analysis  consisting  of  thinking-aloud  protocols 
and  sjnnbolic  coding  is  completely  objective  and  valid.     There  is  bound 
to  be  distortion  or  incompleteness  cn  the  part  of  the  subject  and  draw- 
ing of  erroneous  inferences  or  inconsistency  on  the  part  of  the  coder. 
However,  for  the  purpose  of  examining  process  behavior,  this  system 
represents  a  significant  step  in  the  search  for  improved  methods.  We 
take  note  of  the  obvious  limitations  of  the  system  and  temper  our 
conclusions  in  light  of  them* 

Questions  (a)  and  (b)  above  were  directed  to  the  matters  of  coder 
objectivity  and  validity  of  the  inst  ament  in  representing  the  solution 
process;  question  (c)  is  concerned  with  reliability.    Usage  of  a  coding 
system  of  the  kind  described  herein  requires  considerable  effort  on  the 
part  of  the  researcher  in  concentration  and  practice.    The  diversity  of 
potential  behaviors  and  associated  symbols,  subscripts,  combina- 
tions requires  carefully  understood  definitions  of  the  behavioral 
constructs,  ability  to  recognize  cues  from  observed  behavior,  and  quick 
recall  of  appropriate  symbols  from  a  memorized  list.    One  would 
naturally  anticipate,  therefore,  problems  in  maintaining  both  internal 
(to  the  coder)  and  external  (among  coders)  consistency.    Moreover,  when 
a  coding  system  arises  out  of  the  work  of  an  individual  researcher,  it 
can  be  quite  difficult  to  train  other  coders  to  have  the  same  perception 
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of  various  situations,  and  intercoder  reliability  suffers.  This 
problem  is  at  least  partially  resolved  by  producing  a  coding  system 
through  discussion  and  interaction  of  a  group  of  persons  familiar  with 
both  mathematics  and  the  psychology  of  mathematical  reasoning.    It  is 
precisely  this  feature  which  makes  the  coding  system  described  here 
uniques    it  was  developed  and  tested  by  a  teem  of  researchers  which 
included  several  members  who  hBd  previously  worked  with  their  own 
individual  systems  and  who  were  now  sharing  their  knowledge  and 
experience  to  assist  in  the  construction  of  a  more  effective  and 
reliable  system.    The  associated  intercoder  agreement  and  reliability 
(to  be  discussed  in  the  final  section  of  this  chapter)  has  obvious 
implication  for  the  feasibility  of  this  coding  system  In  problem- 
solving  research. 

It  Is  significant  to  note  that  this  coding  system  was  developed 
in  conjunction  with  a  variety  of  teaching  experiments,  all  of  which 
shared,  in  instructional  emphasis,  a  common  set  of  heuristic  processes. 
Therefore  it  was  deliberately  designed  to  be  sensitive  to  the  presence 
of  heuristic-^oriented  actions  as  well  as  other  problem-solving  events. 
The  schematic  in  Figure  8B,1,  adapted  from  an  earlier  paper  by 
Schoenfeld  (1976),  serves  as  an  organizer  of  problem-solving  and 
heuristic  behavior  (see  also  Chapter  V  and  Chapter  X.B  of  this  book). 

Figure  8B.1  incorporates  Polya's  four  stages:    Understanding  the 
Problem^  Devising  a  Plan^  Carrying  Out  the  Plan^  and  Looking  Back  (see 
also  Figure  10B,4).    Further,  It  includes  the  dimension  of  Analogy  as 
an  adjunct  to  problem  approach  and  planning  heuristics.    As  in  the 
case  of  any  model,  this,  is  an  intentional  overslinplif ication,  presented 
here  for  the  purpose  of  clarity  and  organization.    Actual  human  problem 
solving  does  exhibit  some  or  all  of  these  characteristics,  but  they  do 
not  necessarily  occur  in  order,  and  are  frequently  in  a  much  more  com-- 
plex  arrangement.    There  often  occur  such  phenomena  as  problems  nested 
within  problems,  fragmented  plans,  skipping  back  and  forth  from  givens 
to  goal,  dead  ends  with  reorganized  efforts,  and  attempts  at  various 
points  to  build  bridges  connecting  to  prior  information. 

The  production  of  a  Useful  Formulations  Sahematio  Solution^  Tenta- 
tive Solution^  and  Verified  Solution  suggests  these  as  various  points 
at  which  problem-solving  performance  can  be  measured.  Such  measurement 
focuses  more  on  the  process  aspect  of  mathematical  problem  solving  than 
on  conventional  measures  of  time,  errors,  difficulty,  and  final  outcome 
(result) . 

Within  each  stage  of  the  model,  heuristic  behaviors  which 
generally  characterize  that  stage  ate  listed.    Questions  and  sugges- 
tions such  as 

...draw  a  diagram. . .can  you  restate  the  problem  in  your 
own  words?... can  you  find  a  related  problem? ... look  for 
patterns. can  you  reduce  the  problem  to  a  simpler  case? 
...separata  conditions. .. is  there  any  symmetry? .check 
your  steps... try  to  derive  the  result  differently... 
what  if?... 
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Figure  8B.1   BBuriatia  Problem  Solving  Model  (Adapted  fi*om  Sdhoenfeld,  IB?6), 
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are  generally  recognized  as  cues  for  heuristic  behavior* 

According  to  Polya,  a  major  goal  in  teaching  mathematical  prob- 
lem solving  is  to  make  these  questions  and  suggestions  an  integral  part 
of  the  problem-solving  repertoire  of  the  learner •    Then  a  technique 
(self-questioning)  is  available  for  cueing  ideas*  ratiier  than  rushing 
headlong  into  the  problem  without  a  plan,  or  creating  an  impasse. 
This  goal  of  mathematics  teaching  is  closely  related  to  certain  aims 
of  the  problem-solving  researcher.    Sotae  of  these  are:     (1>  to  see  if 
such  processes  exist  within  and  across  subjects  and  problems,  (2)  to 
examine  the  relationship  bfetween  their  presence  and  successful  problem 
solving,  and  (3)  to  suggest  conditions  for  teaching  and  learning  such 
behavior*     It  is  necessary,  therefore,  that  the  researcher  be  equipped 
with  a  system  which  has  the  capability  of  recording  the  nature  and 
frequency  of  heuristic  actions,  their  sequence  in  relation  to  other 
processes,  and  judgments  about  intermediate  and  terminal  outcomes. 
With  such  an  instrument,  researchers  or  teams  can  reproduce  a  composite 
picture  of  the  problem  solution  for  careful  and  di?tailed  analysis. 

Mathematical  problem  solving  is  like  the  action  of  a  machine — the 
input  and  output  are  clearly  visible,  but  one  does  not  really  develop 
a  full  appreciation  for  the  machine  until  one  has  had  a  look  inside  to 
see  how  it  works.     The  system  described  next  represents  an  attempt  to 
define  some  of  the  "internal  moving  parts"  of  the  problem  solver • 

2.     Code  Sjnnbols  and  Definitions 

The  code  symbols  which  are  presented  and  defined  in  this  section 
represent  a  consensus  of  agreement  among  six  researchers  with  respect 
to  processes  and  phenomena  that  are  likely  to  occur  during  mathematical 
problem  solving •    They  were  derived  from  observational  data  gathered 
from  subjects  of  varying  developmental  levels  and  ranging  in  age  from 
10  to  27  years. 

The  coding  system  evolved  organically  through  observation  of 
problem-solving  behavior  during  initial  pilot  work.    Although  some 
a  p^ior*t  assumptions  about  heuristic  behavior  may  be  made,  a  given 
problem  solution  may  involve  complexities  that  do  not  conform  to  a 
predetermined  formal  ordering  or  expected  structure. 

In  the  present  syst;em,  observed  behavior  is  coded  in  its  order 
of  explicit  appearance,  and  the  coder  makes  judgments  on  the  separa- 
tion or  clustering  of  processes  from  his  or  her  perception  of  the 
natural  "pulse"  of  the  problem  solution.    For  example,  the  problem 
solver  may  assert  a  plan  or  fragment  thereof,  perform  some  action  or 
sequence  of  actions  to  carry  out  the  plan  fully  or  partially,  and 
pause  to  evaluate  the  consequences  of  the  actions  in  relation  to  the 
plan,  and/or  the  goal  of  that  step,  of  the  entire  problem,  or  of  some 
subproblem.     In  the  view  of  the  coder,  this  brief  sequence  of 
behaviors  would  constitute  one  step  in  the  sense  that  symbols  for 
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planning,  execution  process,  and  outcome  would  be  placed  In  juxtaposi^ 
tion  as  one  cluster,  separated  by  comDas  from  those  referring  to  prior 
or  subsequent  behaviors •    For  example,  the  cluster  of  symbols 
PjLDa5E4,  refers  to  the  following  sequence  of  behaviors: 

A  plan  for  an  intermediate  goal  (Pi)»  a  deduction  drawn 
from  one  piece  of  Information  (D^)  in  a  forward  orienta- 
tion from  given  information  toward  a  goal  (subscript  5), 
the  production  of  an  equation  (E),  and  an  outcome  of  the 
step  in  the  form  of  correct  intermediate  result  (4). 

In  several  instances,  variations  aiiK>ng  closely  related  behaviors 
are  coded  by  using  the  same  symbol  but  different  subscripts.  For 
example,  "D^"  codes  a  deduction  drawn  from  one  piece  of  information 
(analysis)  while  "Dg"  codes  a  deduction  drawn  from  several  pieces  of 
information  (synthesis).    Also,  processes  that  incorporate  heuristic 
orientation  are  coded  by  using  a  process  symbol  for  the  behavior 
together  with  a  numerical  subscript  referent  to  the  list  of  fourteen 
commonly  agreed-upon  heuristic  processes  (see  Table  8B.1).  For 
example,  "0^5"  codes  analytic  deduction  in  a  forward  orientation — 
working  in  the  direction  from  given  or  derived  information  toward 
the  goal  (e.g.,  asking  "What  am  I  to  deduce  from  this?"),  whereas 
"Da6"  codes  analytic  deduction  in  a  backward  orientation— working  in 
the  direction  from  the  goal  toward  given  or  derived  information  (e.g., 
asking  "To  obtain  this  result,  what  do  I  need  to  have?^0. 

The  preceding  comments  were  intended  to  serve  as  examples  illus- 
trating the  general  nature  of  the  code  so  that  the  reader  might 
develop  some  feeling  for  the  system  prior  to  its  introduction.  A 
more  thorough  explanation  with  application  to  the  analysis  of  a 
complete  problem  solution  appears  in  the  next  section.     The  dictionary 
of  code  symbols  and  associated  behaviors  is  given  in  Table  SB.  2,  All 
behavior  is  required  to  be  explicit;  otherwise,  it  is  not  coded. 

Introduction  of  a  coding  system  requires  the  use  of  a  dictionary 
such  as  the  one  given  in  Table  8B.2  to  define  the  meaning  or  inter- 
pretation of  each  symbol.    However,  it  is  difficult  to  appreciate 
the  value  of  a  system  of  communication  by  studying  only  from  a 
dictionary — one  obtains  but  a  fractured  view  of  '^little  pieces"  of 
behavior.     By  using  clusters  of  symbols  to  describe  brief  sequences 
of  behavior,  the  system  can  be  demonstrated  in  a  more  meaningful  way, 
and  finally,  when  these  clus;.ers  are  linked  in  horizontal  strings  to 
represent  an  entire  problem  solution,  the  utility  of  the  system  comes 
into  full  view.    The  next  section  is  devoted  entirely  to  a  demon- 
stration of  how  this  coding  system  can  be  used  to  record  a  mathe- 
matical problem  solution. 
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Table  8B.1    List  of  Heuristic  Pvoaesses  (with  Code  Umbeps) 

1  Draw  a  diagram  (figure,  schematic,  table).. 

2  Test  special  cases. 

3  Identify  what  is  wanted  and  what  is  given. 

4  Identify  relevant  or  irrelevant  data. 
J  Examine  all  the  given  information. 

5  Work  forward  from  what  is  given. 

6  Work  backward  from  the  conclusion. 

7  Search  for  a  pattern.    Find  a  generalization. 

8  Search  for  a  related  problem  (emphasis  on 
similar  structure) . 

9  Search  for  an  applicable  theorem, 
definition,  operation  or  algorithm. 

10  Solve  part  of  the  pro^]'>'^ 

11  Check  the  solution 

12  Is  there  another  wa"  to  get  the  result? 
(alternate  solutions) 

13  Is  there  another  result  that  could  be  obtained? 

(uniqueness) 

14  Study  the  solution  process. 
1 
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3.     Illustrative  Applications  of  the  Coding  System 

Sample  Analyses  of  Problem- Solving  BehaoioT 

Several  brief  sequences  of  observed  behavior  appear  below  together 
with  associated  code  clusters.    Note  that  numerals  representing  heuris- 
,tic  processes  appear  as  subscripts  in  the  coding,  while  numerals  which 
are  outcome  symbols  are  in  line  with  the  alphabetic  symbols. 

Sequence  A:    The  problem  solver  reads  the  problem,  hesitates,  rereads 
part  of  the  problem,  says  the  problem  resembles  another 
problem  and  he  will  try  to  use  the  same  method,  then 
deduces  correctly  a  piece  of  information  from  one  of  the 
given  data* 

Code  A:    R,  R,  Lg  P.  D  -4, 


Sequence  B:    During  a  problem  solution,  the  problem  solver  says  "to 
obtain  the  area  of  the  circle,  I  need  to  find  out  what 
the  radius  is... how  can  I  find  the  radius?"    He  then 
uses  two  points  and  applies  the  distance  formula  (an 
algorithmic  calculation,  but  a  mechanical  error  is  made 
in  the  process)  to  arrive  at  an  incorrect  number  for  the 
radius  of  the  circle.. 

Code  B:     ,  P,  <v-D  ^A5, 
i  so 

Seqi^nce  C:    During  a  problem  solution,  the  problem  solver  is  search- 
ing for  a  pattern  among  the  triangular  numbers — testing 
three  or  four  cases,  then  making  a  (correct)  generaliza- 
tion.   Next  the  subject  decides  to  check  one  more 
special  case  as  a  test  of  the  generalization. 

Code  C:    T^,  I4, 

Sequence  D:    The  problem  solver  reads  the  problem,  separates  given 

information  into  threte  key  conditions,  states  the  inten- 
tion to  consider  each  condition  separately,  proceeds  to 
translate  the  first  condition  into  an  inequality 
(correctly),  focuses  on  the  second  condition  but  trans-' 
lates  it  incorrectly  into  an  equation,  checks  back, 
discusses  and  corrects  the  error 


Code  D:    R,  S^,  Ppio^alO^'^'  °alo"'  '^ll 
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Table  8B.2  Diationary 


R        Reads  all  or  part  of  problem  statement 

S         Separates/ summarizes  information 

S3       Separates  wanted  from  given  information 

Identifies  relevant  and/or  irrelevant  infopoation 

Q         Restates  problem  in  other  words  or  in  another  way 

Y^l      Draws  diagram,  makes  table,  constructs  schematic  array 
(represents  problem  information  in  visual  form) 

Fdio    Using  diagram(s),  solves  part  of  problem  to  exclusion  of 
other  parts 

Fa       Adds  auxiliary  construction  (used  with  geometric  representation) 
P         States  plan 

Pp       Suggests  plan  for  final  goal  (goal  orientation) 

?l       Suggests  plan  for  intermediate  goal  (subgoal-orientation) 

?plQ    States  intention  to  solve  part  of  the  problem  ^  part  of  larger, 
goal-oriented  plan 

^ilO    States  intention  to  solve  part  of  problem  without  reference  to 
goal-oriented  plan 

G         States  new  goal  or  new  subgoal 

States  theorem  used 

3tates  operation  carried  out 

N         Suggests  needed  information  which  could  be  helpful  but  is  not 
apparently  available 

Dq       Makes  deductive  inference  drawn  from  one  piece  of  information, 
given  or  derived  (analysis  of  information) 

Da5  with  forward  orientation  (working  forward  from  initial  or 

derived  state  toward  subgoal  or  goal  state) 

Da6  ^a  with  backward  orientation  (working  backwards  from  goal  or 
subgoal  toward  derived  or  initial  state) 

°alO  ^a  with  emphasis  on  one  part  of  the  problem  to  the  exclusion 
of  others  (e.g.  imposing  one  condition  at  a  time  and  exam- 
ining variation  in  result) 

Dg       Making  deductive  inference  drawn  from  several  pieces  of  infor- 
mation given  or  derived  (synthesis  of  information) 

Ds5     ^s  with  forward  orientation 
Ds6      Ds  with  backward  orientation 

Oslo  Dg  with  emphasis  on  one  part  of  the  problem  to  the  exclusion 
of  others 

0  Using  information  in  different  way  than  originally  given;  renaming 

1  States  a  generalization  (inductive  conclusion;  conjecture) 
T         Trial  and  error;  successive  approximation 

ERJC  T2       Tests  special  case(s)  as  trial(s)  to  examine  problem  structure 

(not  aimed  at  induction)      t»8d  '       ^  . 
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Table  SB. 2  (continued) 


Ty       Tests  special  case(s)  as  trial(s)  which  form  part  of  a  pattem- 
Sisarch  (aimed  at  induction) 


V  Introduces  variable  or  other  notation 

E  Introduces  equation 

A  Uses  algorithm  as  routine  calculyStion  or  technique 

L  Reasons  by  analogy  (notes  similarity  with  another  situation) 

Lg       Recalls  method  of  related  problem  or  states  related  problem 
and  uses  its  method 

L9       Recalls  and  states  related  definition,  theorem,  or  problem; 
or  does  same  and  uses  result 

Checks  solution  to  problem  or  subproblem 
Cai2    Attempts  alternate  solution  process 

sX2    Attempts  to  simplify,  condense  solution  or  search  for  more 
elegant  solution 

Cn       Suggests  new  problem 

X         Has  forgotten  or  does  not  know  how  to  solve  problem 

Searches  for  additional  results  that  could  be  obtained 
Bj^4      Studies  the  solution 

Outcome  Symbols 

1  Abandons  process 

2  at  impasse 

3  Produces  correct  final  result 

4  Produces  correct  intermediate  result 

5  Produces  incorrect  result  (final  or  inteirmediate) 

Question  Symbols 

?  Subject  asks  investigator  question 

I  Investigator  asks  subject  question 

c^.  Subject  aLks  self  question 

Error  Symbols 

Jl  Structural  error  (misuse  of  information) 

4^  Executive  error  (mechanical  slip) 

*  Over  error  symbol  means  error  has  been  corrected  explicitly 
  Underline  process  symbol  means  difficulty  with  that  process 

Punctuation  Symbols 

,  Inserted  between  successive  steps 

/  End,  mark;  stops  without  solution 

End  mark;  stops  with  solution 

Iterated  process  (same  process  as  last  has  been  repeated 
at  least  once  more) 
(2)  Encircled  process  symbol  means  that  process  is  exact 

repetition  of  some  earlier  procese 
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Sequence  E:    Near  the  end  of  a  frustrating  problefli  episode,  the 

problem  solver  is  engaged  in  a  series  of  trials,  each 
using  a  new  diagram  which  is  not  the  solution  but 
provides  information  which  could  potentially  leaii  to 
the  solution.    The  last  trial  leads  to  an  impasse; 
the  problem  solver  searches  for  an  alternate  way  to 
do  the  problem  but  abandons  his  attempt,  says  he 
does  not  know  how  to  solve  the  problem  and  gives  up 
without  the  solution. 


Code  E:    T  F^j^4,  TF^^Z,  ^^12^^  X,^/ 


Analysis  of  a  Ppoblem-Solving  Protocol 

The  remainder  of  this  section  is  devoted  to  a  single  problem 
solution  executed  by  an  adult  subject  in  one  of  the  individual 
studies  leading  to  the  production  of  this  system.    The  solution  will 
be  presented  here  in  three  modes.    These  modes  are:     (1)  a  verbatim 
transcript  taken  directly  from  the  audiotaped  protocol  of  the  solu-- 
tion,  (2)  an  analysis  of  various  segments  of  the  verbatim  transcript 
where  code  symbols  and  brief  interpretations  corresponding  to  these 
segments  are  provided,  and  (3)  the  representation  of  the  entire 
problem  solution  usxng  only  horizontal  strings  of  code  symbols. 

Verbatim  Transcript 

8B,1  Two  girls  were  selling  candy.    They  had  a  dollar  and  seven 
cents  in  change  to  begin  with.    Their  first  customer  said 
that  before  he  could  buy  anything^  he  needed  change  for  a 
half  dollar.    One  of  the  girls  looked  into  the  change  box 
and  said  they  didn^t  have  the  change.    The  customer  asked 
if  they  had  change  for  a  quarter i  the  reply  was  no.  The 
customer  asked  if  they  had  change  for  a  dime;  the  answer 
was  no  again.    The  girls  said  that  they  had  seven  coins  in 
all  but  could  not  change  a  nickel  either.    What  were  the 
coins  that  the  girls  had? 

OK,  uh,  the  second  last  sentence  came  to  my  eye  right  away — 
it  says  the  girls  said  that  they  had  seven  coins  in  ^11  but 
coul^d  not  change  a  nickel  either...  ah,  which  means  they 
have  no  pennies,  theoretically. 

What  were  the  coins  that  the  girls  had?    OK,  they've  got 
seven  coins  in  ail. ^.uhmm. . .  OK,  then  I'm,  I'm  reading 
backwards — they  had  no  change  for  a  nickel  which  says... 
00  pennies...  ah,  the  customed:  asked  if  they  had  change 
for  a  dime,  th.?  ansvjer  was  no,  which  means  they'd  have  to 
have  no  nickels. . .customer  has... ask  if  they  had  change 
for  a  quarter .and  the  reply  was  no...  Now,  that  doesn't 
necessarily  rule  out  dimes,  because  they  could  have  dimes 
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...and  just  dimes,  and  then  not  be  able  to  make  change  for 
the  quarter,  so  it  doesn*t  necessarily  rule  out  dimes, 
because  they  could  have  dimes  and  still  not  make  change 
for  a  quarter. 

Needed  change  for  a  half-dollar, • .  OX,  assuming  he's  got 
dimes...  assuming  they  have  dimes...  OK,  if  you  want  * 
change  for  a  half  dollar  you  could  have  two  quarters,  or 
else  five  dimes — now  they  could  have  dimes  and  they  could 
have  quarters...  but  one  thing  they  could  not  have,  they 
could  not  have  f ive ^dimes. . •  and  you  could  not  have  two 
quarters... 

So,  if  "d^Wepresents. . .  the  number  of  dimes,  d  cannot 
equal  ^ive  at  this  point,  and  if  "q"<^represents  the  number 
of  quarters,  q  could  not  equal  two.  N 

All  right,  they  had  dollar  and  seven  cents  in  change  to 
begin  with,  OK,  to  get  the  dollar  and  seven  cents,  they're 
gonna  have  to  have  some  pennies  involved. .  .and  they. .  let 
"p"  represent  pennies,  ...and  p  would  have  to  equal  two, 
or  p  could  equal  seven.    OK,  now,  seven  has  to  be  ruled 
out,  because  they  only  had  seven  coins  in  all,  and  if  they 
only  had  seven  pennies,  all  right,  t^ac  would  take  up  all 
their  coins  and  they  certainly  wouli  not  have  a  dollar  and 
seven  cents.     So,  they  got  two  pennlles,  and  that  puts  us 
down  to  a  dollar  and  five  cents,  ah|  with... five  coins* 

OK,  five  coins,  dollar  and  five  cents,  ahm...and  they  have 
no  nickels,  they  have  absolutely  no  nickels. . •let 's  see. , . 
three  quarters,  that*s  sev?nty-f ive,  and  two  dimes  will 
only  make  it  ninety-five— -I'm  short  a  dime... 

All  right,  let's  just  try  some  possibilities,  how  about 
four  quarters,  ...uhm,  ...one  nickel,  and  two  pennies... 
OK,  I  started  the  wrong  way,  I  should  have  worked  down-,. 
I  should  have  started  with  the  dollar  and  seven  cents  and 
said  they'd  have  to  have  either  seven  or  two  pennies  and 
then  eliminate  the  seven  cents  right  away  and  niade  it  a 
simpler  problem  by  saying  a  dollar  and  five  cents  and  five 
Pennies,  or,  and  five  coins.    OK,  if  they  had  four  quarters 
pne  nickel,  and  two  pennies;  let's  see  if  these  conditions 
satisfy  the  conditions  of  the  problem.    He  needed  change 
Sot  a  half-dollar. . .now  if  he  had,  if  they  had  four  quar- 
ters, they  could  theoretically  give  him  change  for  a  half 
^--^ollar. .  .if  that's  what  is  meant  by  change...  can  I  ask 
you  that?     [Interviewer .uh-huh] .. .Would  two  quarters' 
be  reasonable  to  say  change  for  a  half-dollar?  (Inter- 
viewer. .  .right  1  .OK^  po  the  four  quarters  would  be  ruled  out 
...'cause  if  they  had  four  quarters,  they  could  change  a 
half-dollar,  so  that  option  is  ruled  out^'.  [Interviewer 
...could  you  say  what  you  were  thinking  about  now?] 


383 


Well,  I'm  just  looking  at  the  dollar  and  seven  cents t  and 
to  get  that  dollar  and  seven  cents,  there's  no  other  way 
about  it  except  that  they  could  have  two  pennies  or  seven 
pennies and  they  can't  have  seven  pennies,  so  they  gotta 
have  two  pennies... 

So,  the  problem  is  really  now  a  dollar  and  five  cents  with 
five  coins,  and  one  of  my  options  did  not  work..* 

OK,  •••OK,  I'm  just  trying  one  quarter  now. .. that ' 11  leave 
me  with  eighty  cents,  and  four  coins»..that  would  be  four 
twenty-cent  pieces  and  they  don't  make  those  things  yet... 

A  dollar  and  five  cents  with  five  coins. • .there  can't  be 
any  nickels* • .well,  maybe  there's  two  nickels...  Ah,  these 
dumb  problemsl...  Well,  if  they  didn't  have  change  for  a  ^ 
quarter,  and  they  only  got  two  pennies  there,  there  cannot  ^ 
be  any  nickels. and  the  same  reasoning  if  they  didn't 
have  change  for  a  dime. • .uhn. . .  Am  I  interpreting  the 
problem  right  that  they  have  exactly  seven  coins  to  start 
with  and  they  total  to  a  dollar  and  seven  cents?    6k  [Inter- 
viewer . . . uh-huh] 


0K»  so  now,  there  cannot ,  there's  two  pennies  and  there  are 
no  nickels,  •.or  there  could  be  one  n. -:kel  and  no  dimes,  and 
one  dime — what  if  I  have  one  nickel  and  one  dime,  that's  a 
possibility  because  that  still  would  not  give  them  enough... 
change  for  a  quarter .OK,  that  takes  up. . .uh; . .fifteen 
cents,  leaves  me  ninety  cents  with  three  coins., .a  half 
dollar,...  OK,  half-dollar .. .what  if  they  had  two  half- 
dollars?    One  half  dollar,  one  quarter ... I 'm  just  trying 
combinations. . .seems  to  be  the  best  bet  right  now. ..I'm 
trying  to  find  combinations  that  give  me  five  coins  'n 
dollar  and  five  cents.    A  half-dollar  and  one  quarter,  that's 
seventy-five  cents  and  I've  got... three  coins  left...  OK, 
there  it  is... three  dimes  and  two  pennies,  obviously trial 
and  error. 

Just  checking  it  out... fifty,  seventy-five,  three  would  be 
a  dollar-five,  a  dollar-seven.  Probably  should  have  anal- 
yzed it  something  with  algebra,  but  I  didn't... OK? 

Segmented  Analysis  of  the  Problem  Solution 

CODE 



(reads 
problem) 


j  change  for  a  dime;  the  answer  was  no  again.  The 


Problem  Two... Two  girls  were  selling  candy.  They 
had  a  dollar  and  seven  cents  in  change  to  begin 
with.    Their  first  customer  said  that  before  he 
could  buy  anything,  he  needed  change  for  a  half 
dollar.    One  of  the  girls  looked  into  the  change 
box  and  said  they  didn't  have  the  change.  The 
customer  asked  if  they  had  change  for  a  quarter; 
the  reply  was  -no.    The  customer  asked  if  they  had 
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girls  said  that  they  had  seven  coins  in  all 
but  could  not  change  a  nickel  either •  What 
j^ere  the  coins  that  the  girls  had? 


f  S4, 


(identifies 
relevant  data) 


OK,  uh,  the  second  last  sentence  came  to  my  eye 
right  away — it  says  the  girls  said  that  they 
had  seven  coins  in  all  but  could  not  change  a 
nickel  either. • • 

ah,  which  means  they  have  no  pennies. 


/  •  .  •  theoretically, 

(deduction  by  L 

analysis;  forward; 

structural  error; 

outcome  incorrect) 


(reads  p^t't; 
repeats  same 
deduction  by 
analysis;  forward; 
structural  error; 
outcome  incorrect) 

(reads  part; 
deduction  by  anal- 
ysis; forward; 
structural  error; 
outcome  incorrect) 


What  were  the  coins  that  the  girls  had?  OK, 
they've  got  seven  coins  in  all. . .uhmm. . ,  OK, 
then  I'm,  I'm  reading  backwards — they  had  no 
change  for  a  nickel  which  says.. •no  pennies., 


...  ah,  the  customer  asked  if  they  had  change 
for  a  dime,  the  answer  was  no,  which  means 
they'd  have  to  have  no  nickels... 


(reads  part; 
deduction  by 
analysis;  forward; 
outcome  correct) 


*  a5  • 


(deduction  by 
analysis;  f  orw 
outcome  correct) 


...customer  has... ask  if  they  had  change  for  a 
quarter .and  the  reply  was  no...  Now,  that 
doesn't  necessarily  rule  out  dimes,  because 
they  could  have  dimes... and  just  dimes,  and 
then  not  be  able  to  make  change  for  the  quarter; 

"so  it  doesn't  necessarily  rule  out  dimes... 
because  they  could  have  dimes  and  still  not 


,     ,     -  ,    make  change  for  a  quarter, 

analysis;  forward;  1^  °  ^ 


*    a5  * 
(reads  part ; 
deduction  by 
analysis;  forward; 
outcome  correct) 


Needed  change  for  a  half-'dollar . . .  OK,  assuming 
he's  got  dimes. . .assuming  they  have  dimes*..  OK 
if  you  want  change  for  a  half  dollar  you  could 
have  two  quarters,  or  else  five  dimes-— now  they 
could  have  dimes  and  they  could  have  quarters-..- 
but  one  thing  they  could  not  have,  they  could 
not  have  five  dimes.. ^and  you  could  not  have 
two  quarters . . . 
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(variables 
introduced  d^5 
and  q^2  are  con- 
sidered notation, 
not  equations) 


(reads  part; 
deduction  by 
analysis;  forward; 
outcome  correct) 


(notation  intro- 
duced; deduction  by 
analysis;  forward; 
outcome  correct) 


^o,  if  "d"  represents. . .the  number  of  dimes »  d 
cannot  equal  five  at  this  point,  and  if  '*q" 
represents  the  number  of  quarters,  q  could  not 
equal  two. 


All  right,  they  had  dollar  and  seven  cents  in 
change  to  begin  with,  OK,  to  get  the  dollar 
and  seven  cents,  they're  gonna  have  to  have 
some  pennies  involved. . .and  they... 


..,let  "p"  represent  pennies. .. and  p  would 
have  to  equal  two,  or  p  could  equal  seven. 


*  s5  ' 
(deduction  by 
S3mthesis;  forward? 
outcome  correct) 


.G4,   

(establishes  a 
subgoal,  or  new 
goal;  outcome 
correct) 


(summarizes 
information) 


,T4,   

(trial  combina- 
tion; outcome  is 
not  incorrect, 
furnishes  infor- 
mation about  goal) 


OK,  now,  seven  has  to  be  ruled  out,  because, 
they  only  had  seven  coins  in  all,  and  if  they 
only  had  seven  pennies,  all  right,  that  would 
take  up  all  their  coins  and  they  certainly 
would  not  have  a  dollar  and  seven  cents. 

So,  they  got  two  pennies,  and  that  puts  us 
down  to  a  dollar  and  five  cents,  ah,  with... 
five  coins. 


OK,  five  coins,  dollar  and  five  cents,  ahm. . . 
and  they  have  no  nickels,  they  have  absolutely 
no  nickels. , . 

...let's  see... three  quarters,  that's  seventy- 
five,  and  two  dimes  will  only  make  it  ninety- 
five — I'm  short  a  dime... 


,PT1,   

(states  a  plan 
without  reference 
to  an  expected 
outcome;  starts  a 
trial,  but  abandons) 


All  right,  let's  just  try  some  possibilities, 
how  about  four  quarters. . .uhm. . .one  nickel, 
and  two  pennies... 
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(looks  back, 
condenses, 
simplifies, 
outcome  correct) 


(trial  combina- 
tion;     asks  E 
question;  outcome  \ 
incorrect,  but 
furnishes  infor- 
mation about  goal) 


(E  asks  S 
quest ionT 


,S, 


OK,  I  started  the  wrong  way,  I  should  have  worked 
down... I  should  have  started  with  the  dollar  and 
seven  cents  and  said  theyM  have  to  have  either 
seven  or  two  pennies  and  then  eliminate  the  seven 
cents  right  away  and  made  it  a  simpler  problem  by 
saying  a  dollar  and  five  cents  and  five  pennies, 
or,  and  five  coins. 

OK,  if  they  liad  four  quarters,  one  nickel,  and  two 
pennies;  let's  see  If  these  conditions  satisfy 
the  conditions  of  the  problem.    He  needed  change 
for  a  half-dollar. now  if  he  had,  if  they  had 
four  quarters,  they  cduld  theoretically  give  him 
change  for  a  half  dollar,. i if  that's  what  is  meant 
by  change... can  I  ask  ^u  that?  [Interviewer: 
uh-huh]    Would  two  quarters  be  reasonable  to  say 
change  for  a  half-dollar?    [Interviewer:  right] 
OK,  so  the  four  quarters  would  be  ruled  out.,, 
'cause  if  they  had  four  quarters,  tl^ey  could 
change  a  half --dollar ,  so  that  option  is  ruled  out. 

"[Interviewer:    Could  you  say  what  you  were  think- 
ing about  now?] 

"Well,  I'm  just  looking  at  the  dollar  and  seven 
cents,  and  to  get  the  dollar  and  seven  cents, 
there's  no  other  way  about  it  except  that  they 
could  have  two  pennies  or.sdven  pennies. . .and 
they  can't  have  seven  pennies,  so  they  gotta 
have  two  pennies,.. 


'^sl2^' 
(looks  back, 
simplifies) 


,T2,   

(trial  combina- 
tion; has 
difficulty, 
hesitations, 
leads  to  impasse) 


•"ss"-  

(deduction  by 
synthesis;  for- 
ward; out^otae 
correct)  | 


9 


(S^  asks  E 
question) 


I  n 


So,  the  problem  is  really  now  a  dollar  and  five 
cents  with  five  coins,  and  one  of  my  options  did 
not  work. . . 


OK.  ..OK,  I'm  just  triying  one  quarter  now, that '11 
leave  me  with  eightyi  cents,  and  four  coins.,  that 
would  be  four  twenty-cent  pieces  and  they  don't 
make  those  things  yet...  A  dollar  and  five  cents 
with  ifive  coins.     there  can't  be  any  nickels... 
well,;  maybe  there's  two  nickels...  Ah,  these 
dumb  problemsl... 

Well,  if  they  didn't  have  change  for  a  quarter, 
and  they  only  got  two  pennies  ther^e,  there  cannot 
be  any  nickels. • .and  the  same  reasoning  if  they 
didn't  have  change  for  a  dime. . .uhm. . . 


Am  I  interpreting  the  problem  right  that  they  have 
exactly  seven  coins  to  start  with  and  they  total 
td  a  dollar  and  seven  cents?   OK    [Interviewer:  uh-huh] 
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(summarizes 
information) 


(trial  corabina-- 
tion,  abandons 
before  comple- 
tion) 


,T  ^.1,   

(trial  on  half- 
dollars;  abandons) 


OK,  so  now,  there  cannot »  there's  two  pennies 
and  there  are  no  nickels. ..or  there  could  be 
£ne  nickel  and  no  dimes. 

and  one  dime — what  if  I  have  one  nickel  and 
one  dime?. . .that's  a  possibility  because  that 
still  would  not  give  them  eaough,  change  for  a 
quarter...  OK,  that  takes  up,  uh... fifteen 
cents,  leaves  me  ninety  cents  with  three  coins 
j^..a  half-dollar... 

'FOK,  half-dollar. . .what  if  they  had  two  half- 
[dollars? 


,TS3,   

(trial  combina- 
tion; summarizes 
information; 
obtains  correct 
solution  to 
problem) 


»^11- 

(checks  result 

against  condi- 
tions of  problem) 


one  half-dollar,  one  quarter ... I'm  just  trying 
combinations. . .seems  to  be  the  best  bet  right 
now... I'm  trying  to  find  combinations  that  give 
me  five  coins  'n  dollar  and  five  cents.    A  half- 
dollar  and  one  quarter,  that's  seventy-five  cents 
and  I've  got... three  coins  left...  OK,  there  it 
is... three  dimeg,  and  two  pennies,  obviously... 
_trial  and  error... 

"just  checking       out. ..fifty,  seventy-five, 
three  would  be  a  dollar-five,  a  dollar-seven. 
Probably  should  have  analyzed  it  something  with 

Ulgebra,  but  I  didn't... OK? 


Horizontal  Cod ing  Display 


a5 


VD„^4,    Dg^A,     G4,     S,    T4,     PTl,     C^,,4,  T?4, 


sl2 

S,     T«>-1,     T^-l,  TS3, 


'11  • 


The  above  problem  solution  took  approximately  ten  minutes.  However, 
the  analysis  and  coding  obviously  required  several  hours.    The  method  is 
quite  demanding  on  the  investigator.     But  there  is  a  payoff,  for  the 
investigator  has  an  opportunity  to  observe  the  process  of  problem  solv- 
ing during  its  evolution.     Information  about  the  nature  and  frequency 
of  heuristic  processes  and  even  more  importantly  the  effectiveness  of 
their  application  and  their  sequence  in  terms  of  problem-solving  per- 
formance becomes  clearer.    One  can  examine  such  phenomena  as  the 
relationship  between  goal-oriented  planning  and  the  appearance  of  key 
heuristic  processes,  the  interplay  between  backward  and  forward  reason- 
ing, the  motivation  for  internal  and/or  terminal  checking,  the  corres- 
pondence between  modes  of  representation,  the  nature  and  frequency  of 
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errors^  the  self-questions  which  evoke  recognition  of  structural 
similarities  between  problems,  the  variation  between  problems-solving 
styles,  and  much  more. 

To  illustrate  some  of  these  possibilities,  consider  the  follow* 
ing  examples.    Goal-oriented  planning  is  symbolized  by  P    or  P.. 


general  trial-and-error  (T)  are  key  processes  in  the  production  of 
solutions.    Suppose  a  given  problem  solver's  codes  across  a  variety 
of  problems  frequently  exhibited  clusters  of  the  form  P  DgEA  near  the 
beginning  of  each  problem,  followed  by  clusters  involving       or  Dst 
but  rarely,  if  ever,  Ty  or  T.    This  might  suggest  an  organised  deduc- 
tive style,  more  formal  than  the  "guess-and-test"  orientation  indicated 
by  successive  T's.    Moreover,  if  the  deductive  pattern  were  frequently 
associated  with  the  outcome  symbols  "1,"  "2,"  or  "5,"  this  might  hint 
at  an  attitudinal  characteristic  (inflexibility)  of  the  problem  solver, 
perhaps  an  insistence  that  the  "right"  way  to  solve  problems  is  via 
a  combination  of  straightforward  deduction  (Ds),  the  production  of 
equations  (Ei)  or  expressions,  and  utilization  of  algorithms  (A), 

As  another  example,  some  problem  solvers  verbalize  a  rather 
complete  plan  at  the  outset  of  a  problem  solution;  others  almost 
never  verbalize  a  plan;  while  for  still  others,  the  planning  evolves 
in  stages  as  the  solution  unfolds.    These  characteristics  may  be 
suggested  by  the  presence,  absence,  and/or  placement  of  planning 
symbols  (P) .    An  analogous  phenomenon  exists  with  backward  and 
forward  reasoning  (Ds5,  Ds6)«     Some  problem  solvers  have  a  preference 
for  one  or  the  other,  while  others  vacillate  from  one  to  the  other 
during  the  solution*     Still  another  analogous  situation  exists  with 
checking  (Cn).     Some  check  internally  after  each  '^step,"  somr  check 
only  at  the  end  of  the  problem,  and  others  do  not  check  at  all. 

Is  there  a  relationship  between  the  structure  of  a  problem  and 
the  principal  strategies  used  to  solve  it?    For  example,  do  "induc- 
tion" problems  tend  to  evoke  pattern-search  (Ty)  and  generalization 
(I)?    Is  the  generalization  usually  verified  (Cn,  Cal2»  Csl2)?  Are 
some  problems,  because  of  their  structure  or  the  nature  of  the  ques- 
tion asked,  more  easily  solved  by  working  backward  (Ds6)  than  by 
working  forward  (Dgs)?    Questions  like  these  may  have  some  light  shed 
on  them  by  comparing  coding  strings  within  certain  problems  and  across 
problem  solvers.     Similarly,  developmental  differences  in  problem- 
solving  style,  strategy,  or  presence  of  heuristics  may  be  uncovered 
by  examining  coding  strings  for  the  same  problem  across  subjects 
within  and  across  developmental  levels. 


Finally,  if  a  student  learns  to  ask  heuristic-oriented  questions 
of  himself  or  herself  during  a  problem  solution  (self-dialogue),  is 
there  any  effect  on  the  production  of  "creative"  ideas  or  the  connec- 
tion with  related  problems?    To  investigate  this  question,  the 
researcher  might  look  into  the  codes  for  contiguous  occurrences  of 
c-.L,  or  <>-I^p,  or  c-.   followed  by  a  major  production  heuristic  (Dg,  D^, 
T,  I,  Cix  (error-search)). 


Heuristic  processes  such 
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As  noted  in  the  above  examples,  a  process-sequence  coding  system 
can  be  a  microscope  through  which  we  observe  certain  overt  facets  of 
the  problem-solving  process  and  gather  a  wealth  of  information • 
However,  we  must  be  certain,  within  reasonable  limits  of  error,  that 
different  observers  are  seeing  the  same  behaviors  and  interpreting 
them  similarly.    This  raises  the  question  of  reliability,  which  is 
discussed  next. 


4.    Reliability  of  the  Coding  System 

The  process-sequence  code  obtained  from  a  problem-solving  episode 
cannot  avoid,  at  least  to  some  degree,  being  a  function  of  how  an 
observer  interprets  a  transcript  or  tape  of  the  episode.    This  raises 
an  important  question.    To  what  extent  will  trained  coders,  using  the 
coding  system  described,  differ  in  their  coding  of  the  same  problem- 
solving  episode?    In  an  attempt  to  answer  this  question,  the  investi- 
gators devised  a  procedure  for  comparing  the  process-^sequence  codes 
produced  by  two  coders  from  the  same  transcript.    That  procedure,  its 
rationale,  and  a  test  by  cross-comparison  of  the  codes  of  four 
investigators  will  be  described  in  this  section.    The  reader  should 
note  that  these  results  are  preliminary,  and  that  refinements  of  the 
coding  system  and  greater  experience  with  it  should  improve  the  pre- 
sent reliability. 

In  considering  direct  comparisons  between  different  codings  of  the 
same  problem-solving  episode,  the  investigators  found  that  it  would  be 
extremely  difficult  to  proceed  via  a  symbol-by-symbol  approach.  For 
example,  suppose  the  transcript  shows  a  Gubject  repeating  verbatim  two 
consecutive  sentences  in  a  problem  statement.     It  seems,  most  reasonable 
to  infer  that  part  of  the  problem  is  being  read,  and  this  would  be  ^.uied 
as  '*R."    But  what  if  the  subject  repeats  verbatim  a  key  phrase  consisting 
of  ten  words  from  the  original  statement  of  the  problem?     Is  this  behavior 
rereading  a  portion  of  the  problem  (to  be  coded  "R"),  or  is  it  recalling 
relevant  data  from  memory  (to  be  coded  "S")?    Either  interpretation 
might  be  admissible. 

As  a  first  approach  to  resolve  this  ambiguity  of  interpretation, 
the  Investigators  decided  to  group  the  coding  symbols  into  "clusters," 
with  each  cluster  containing  closely  related  process  symbols,  and  with 
disagreements  within  a  cluster  not  being  counted  in  coding  comparisons. 
Thus,  in  the  example  just  cited,  the  codes  "R"  (for  reading)  and  "S" 
(for  recalling)  would  be  assigned  to  the  same  cluster,  so  that  the 
disagreement  hypothesized  above  would  not  be  counted  as  such*     In  other 
words,  subtle  differences  arising  in  the  microscopic  system  tend  to  dis- 
appear as  the  system  becomes  more  macroscopic,  while  the  internal  validity 
of  the  system  remains  generally  intact. 

To  facilita^te  the  counting  of  disagreements  between  coders,  each 
cluster  was  assigned  a  Greek  letter.    The  original  process-sequence  code 
for  an  episode,  using  Latin  letters,  could  then  be  translated  into  a  new 
code  of  Greek  letters,  in  which  disagreements  would  be  counted  as  "true*' 
disagreements    in  the  sense  of  representing  different  process  clusters. 
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Table  8B*3  shows  the  assignment  of  process-sequence  codes  to 
clusters,  and  also  the  Greek  codes  assigned  to  each  cluster.  For 
more  specific  information  about  the  detailed  processes  within  a 
cluster^  the  reader  is  directed  to  the  Diationai*y  (Table  8B.2)^ 

In  addition  to  clustering  coding  symbols,  the  investigators 
agreed  on  certain  other  procedures  to  be  followed  in  the  coding  of 
coramon  transcripts  for  intercoder  comparison.    For  each  episodet 
each  coder  was  provided  with  a  copy  of  the  audiotape  of  the  episode, 
a  copy  of  the  verbatim  transcript  of  the  tape,  and  a  copy  of  the 
subject's  worksheet.    To  facilitate  symbol-by-'symbol  comparisons, 
the  transcript  was  arbitrarily  divided  into  segments  of  approxi- 
mately equal  length.    This  was  accomplished  by  counting  and  marking 
off  a  certain  number  of  lines  for  each  segment  on  the  typed  trans- 
cript.   These  segments  were  numbered  sequentially.     If  a  process 
overlapped  two  or  more  segments,  it  was  coded  as  though  it  were 
contained  in  the  last  of  the  overlapped  segments.     For  example,  if 
a  subject  began  a  trial  as  part  of  a  pattern  search  in  Segment  9 
and  complet.^d  the  trial  correctly  in  Segment  11,  the  (Latin)  coding 
would  be: 

Segment  Coding 
10 

11  T7A 

As  this  example  illustrates,  it  is  possible  for  a  segment  to  produce 
no  code. 

In  translating  from  the  original  (Latin)  coding  to  the  clustered 
(Greek)  coding,  repetitions  in  the  Greek  code  sequence  within  a  seg- 
ment may  occur.     If  in  a  segment,  for  instance,  a  subject  read  part 
of  the  problem  and  then  restated  it  in  his  or  her  own  words,  the  Latir 
code  sequence  would  be  ^^R,  Q.'*    The  clustered  code  corresponding  to 
this  is  ''aa."    For  the  sake  of  simplicity,   it  was  decided  that  repe- 
titions of  the  Greek  code  would  be  collapsed.    Therefore,  in  the 
latter  example,  the  resulting  Greek  code  was 


Symbols  other  than  alphabetic  process  ssrmbols  (e»g*,  outcome, 
questions,  error,  and  punctuation)  were  ignored  in  translating  to 
the  Greek  code.    Thus  the  sequence 


was  translated  into  Greek  code  as  "6  6  e." 

Once  the  translation  froin  the  microscopic  Latin  to  the  tsacro- 
scopic  Greek  code  was  accomplished,  the  next  task  dealt  with  the 
assignment  of  a  numerical  coefficient  of  agreement  for  a  given  pair 
of  Greek  codings.     It  was  decided  that  a  percentage  of  agreement 
would  be  determined  for  each  segment,  and  that  these  indices  would 
be  averaged  across  all  segments  to  obtain  a  coefficient  for  the  entire 
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Table  8B.3    Cluster  Definitions 

Cluster  Code         Latin  CorresponJents 
a  S,  S3,  S4,  Q 


8 


^dl*  ^dlO» 


P,  Ppt  Pi,  PplO,  PilO, 


Description 

Analysis:  Read, 
Summarise,  Recall, 
Res  ta te ,  Separ a te 

Modeling  Processes; 

Figurative; 

Visualization 

Planning  Pre  cesses: 
Goal-Oriented 


*    ao*  so 


A 
X 


L,  Lg,  L9,  Uf,  Uq,  0 


Da,  °a5»  ^sS^ 
1,  Daio,  DglO 


T,  T2,  T7 


V,  E 

^n>  ^13 »  ^14 

A 
X 


Analogy:  Processes 
Involving  External 
Information 

Production  Processes 
Forward-Oriented 


Trial-Oriented 
Processes ; 
Specialization; 
Pattern-Search 

Sytnb  o  1- In  t  r  oduc  ing 
Processes 

Looking  Back  Pro- 
cesses ;  Checking , 
Studying 

Algorithmic  Process 
Stops  Work:  Impasse 
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episode.    Clearly,  if  one  coder  coded  a  given  segment  as  "a  oi  y  and 
another  had  "a  e  y  St"  then  the  agreement  for  the  episode  should  be 
,75.    But  what  if  one  coder  had  "u)  y>**  while  another  had       y  e"?  Smith 
and  Meux  (1962)  faced  this  problem  in  their  coding  of  classroom 
behavior.    They  used  an  index 

P  ^  Max(S(x),S(y)) 

where  A(x,y)  represents  the  number  of  agreements  in  the  two  codings, 
and  Max(S(x),S(y))  represents  the  greater  of  the  number  of  code  symbols 
used  by  the  two  coders.    Using  this  convention,  the  agreement  between 
the  two  coders  for  the  example  just  given  would  be 

p  -  2/3  -  .67 

For  the  present  work,  the  investigators  decided  to  use  the  following 
modification  of  the  formula: 

P  Ave(S(x),S(y)) 

where  Ave(S(x) ,S (y) )  represents  the  average  of  the  number  of  code 
symbols  used  by  the  two  coders,  and  A(x,y)  is  the  number  of  agree- 
ments.   Thus  in  the  example  given, 

p  «  2/((2+3)/2)  -  .8 

In  examining  several  transcripts  where  coders  disagreed  on  the  number 
of  symbols  to  be  used,  it  was  decided  that  Ave(S(x) ,S(y))  was  a  better 
index  of  agreement  (or  disagreement)  than  Max(S(x) ,S(y)) . 

Since  individual  segments  were  relatively  short  and  occasionally 
contained  behaviors  which  appeared  to  occur  simultaneously,  the  inves-- 
tigators  felt  that  the  focus  of  concern  for  a  given  segment  ought  to 
be  what  processes  occurred  therein,  not  the  order  of  those  processes 
within  the  segment.    Therefore,  order  was  ignored  in  determining  the 
number  of  agreements  between  two  codings.     It  should  be  noted  that 
such  permutations  were  rarely  observed  (only  two  pairs  of  codings 
differed  in  order).    Hence  for  the  two  codings  "6  a  uj'*  and  "i^  Q  a," 
A(x,y)  »  3  and  p  =  1.00. 

Table  8B.4  shows  two  codings  by  different  coders  of  tne  same 
episode  with  the  index  of  agreement  corresponding  to  each  segment. 
The  overall  agreement  between  coders  for  this  episode  (the  average 
of  intercoder  agreements  for  the  fourteen  segments)  was  0.78. 

Four  of  the  investigators  were  recruited  to  participate  in  the 
test  of  intercoder  agreement.    For  each  problem-solving  episode,  six 
coefficients  of  agreement  were  calculated,  one  for  each  of  the 
possible  pairings  of  the  four  coders.    Four  problems-solving  episodes 
were  used  in  these  comparisons,  and  each  of  the  investigators  coded 
all  four  episodes.     The  coef f icients  of  agreement  are  exhibited  in  Table  SB. 
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Table  8B.4    Interaoder  Agreement  (Tuo  Coders) 


/vgreenienL 

Segment 

Coder  1 

Loder  i& 

Index 

I 

2 

a  Q 

OL  c 

1  •  uu 

•> 
3 

Q. 
P 

a 
P 

1  HA 

i  •UU' 

A 
U 

A 

Q 

1  HA 
1  •  UU 

5 

€ 

Y  c 

•  0/ 

6 

1  AA 
1  .UU 

7 

e 

e 

1.00 

8 

a 

a 

1.00 

9 

£ 

e 

1,00 

10 

a 

0 

11 

6 

0 

12 

e  e  V 

6 

.50 

13 

u)  Y 

u>  Y  V 

.80 

14 

A 

A 

1.00 

Coder  pair  average 
.78 
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Table  8B.5    Coefficients  of  Agreement,  Coder  Pair  x  Episode 

Coder  Pair 


Coder 

Coefficient  of  Agreement  for  Episode 

Average 

Pair 

j, 

2 

3 

A 

(4  episodes) 

A-B 

.83 

.81 

.76 

.80 

.80 

A-C 

.28 

.76 

.76 

.51 

.58  . 

A-D 

.60 

.62 

.78 

.36 

.59 

B-C 

.28 

.67 

.  .87 

.50 

.58 

B-D 

.57 

.51 

.63 

.33 

.51 

C-D 

.30 

.63 

.63 

.52 

.52 

3!)S 


It  is  clearly  evident  from  Table  8B.5  that  one  pair  of  coders— 
pair  A-B — is  consistently  more  in  agreement  than  the  other 
pairs »    In  three  of  the  four  episode  codings,  the  A-B  coefficient  of 
agreement  is  the  highest.    The  average  coefficient  of  agreement  for 
coder  pair  A-B  over  all  four  episodes  exceeds  the  next  highest  coder 
pair  average  by  0.20 — ^^a  large  margin.   .It  is  significant  that  coders 
A  and  B  had  had  more  extensive  practice  using  the  coding  system  than 
coders  C  and  D,  and  also  bhat  their  previot^s  work  had  involved  the  . 
development  and  utilization  of  process-sequence  cbding.  Moreover, 
during  the  development  of  this  coding  system.  Coders  A 'and  B  provided 
input  and  discussion  about  the  difficulties  and  nuances  of  coding. 
It  appears  that  intensive  practice  with  the  codi^xg  system  involving 
research  associates  who  are  knowledgeable  in  mathematics  and  the 
psychology  of  mathematical  reasoning  is  a  necessary  condition  for 
high  intercoder  agreement. 

While  coder  pair  A-B  reflected  the  greatest  consistency,  it 
should  be  noted  that  many  of  the  other  coefficients  of  agreement 
are  also  reasonable.    Indeed,  the  highest  coefficient  of  agreement 
in  the  data  is  the  B^C  index  on  Episode  3.    A  further  look  at  the 
data  suggests  that  much  of  the  disagreement  arises  on  Episodes  1 
and  4,  and  that  the  overall  agreement  on  Episodes  2  and  3  is  rather 
good.    The  averages  of  all  coder  pairs  for  Episodes  2  and  3  are  0.67 
and  0.74,  respectively,  while  those  for  Episodes  1  and  4  are  0.48 
and  0.50. 

Agreements  to  the  extent  indicated  are  modest  but  optimistic 
for  process-sequence  coding  of  complex  problem- solving  behavior. 
Some  were  higher  than  the  inveg^tigators  had  expected,  but  mpst 
reflected  a  need  for  intensive  practice  and  discussion.    One  of 
the  future  goals  of  this  research  team  is  continued  practice  and 
dialogue  aimed  at  improved  systems  for  reporting  and  interpreting 
problem-solving  processes. 

There  are  many  unexplored  questions  in  research  on  the  process 
of  mathematical  problem  solving.     To  assist  in  this  exploration, 
researchers  need  tools  and  instruments  which  enable  them  to  organize 
observations  of  complex  processes.    The  coding  system  giVen  here  is 
an  interim  attempt  at  such  instrumentation.     It  is  hoped  that  it  is 
one  step  toward  a  meaningful  connection  between  clinical  research  in 
mathematics  education  and  the  teaching  of  mathematics  in  the  class- 
room. 
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Syntax,  Content,  and  Context  Variables  in  Instruction 

by 

Janet  H.  Caldwell 
Research  for  Better  Schools,  Inc. 
Philadelphia,  Pennsylvania 


'  Task  variables. can  be  of  use  to  the  mathematics  teacher  as  well  as 
to  the  researcher.     By  examining  the  types  of  variables  describing  a 
problem  task,  the  teacher  can  more  clearly  separate  those  effects  which 
are  due  to  the  nature  of  the  task  itself  from  those  due  to  other  sources 
of  variation.    An  analysis  of  the  task  variables  pertaining  to  problems 
used  in  instruction  helps  teachers  to  be  more  effective  in  foreseeing 
difficulties,  and  in  designing  instruction  to  overcome  these  difficul- 
ties. 

Task  variables  can  also  be  of  use  to  the  textbook  author  and 
publisher  in  designing  instruction  in  problem  solving •    For  example, 
in  most  textbooks,  word  problems  in  an  assignment  are  most  often  solved 
in  the  same  way.     Students  seldom  have  an  opportunity  to  solve  a  variety 
of  problems;  they  can  generally  find  the  method  for  solving  any  problem 
by  looking  back  a  few  pages.    Analyzing  task  variables  can  help  text- 
book authors  and  publishers  to  provide  more  variety  and  thus  to  provide 
more  effective  curriculum. 

Two  categories  of  task  variables  are  discussed  in  this  chapter: 
syntax  task  variables  and  content/context  task  variables.     The  uses  of 
task  variables  in  the  classroom  will  be  explored  by  considering  how  to 
design  problems  of  varying  difficulty  levels,  how  to  use  task  variables 
to  create  problems  of  isomorphic  mathematical  structure  with  varying 
syntax,  content,  and  context,  and  how  to  use  task  variables  in  planning 
a  unit.  ' 


1.     S3rntax,  Content,  and  Context  Variables  as 
Indicators  of  Problem  Difficulty 


Some  of  the  task  variables  affecting  problem  difficulty  are  out- 
lined in  Table  9.1.'    It  is  important  for  the  teacher  to  recognize  these 
variables  for  two  purposes:     (a)  to  identify  the  difficulty  levjel  and 
the  reasons  for  the  difficulty  level  of  a  given  problem  or  set  of  prob- 
lems; and  (b)  to  create  a  set  of  problems  of  a  given  difficulty  level 
where  all  problems  are  approximately  equal  in  difficulty,  or  where 
problems  are  of  increasing  difficulty  for  specific  reasons.    It  is 
also  beneficial  for  sttddents  to  be  able  to  r^^cognlze  changes  in  task 
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Table  9.1    Som^  Task  Variables  Affecting  Problem  Difficr^lty 


Syntax  Task  Variables 
Length 

Grammatical  structure 


Numerals  and  mathematical 
symbols 

Question  sentence 
Sequence 
Vocabulary 
Content  Task  Variables 
Mathematical  topic 


Field  of  application 

Mathematical  equipment 
Semantic  content 

Problem  elements 


Total  number  of  words 
Total  number  of  sentences 
Number  of  words  per  sentence 

Number  of  clauses 
Type  of  clauses 
Sentence  depth 
Syntactic  complexity 

Form  (numeral,  symbol,  word) 
Magnitudes  of  numbers 

Type  (fractiovi,  decimal,  etcO 

f  * 

L 

Placen^nt  of  the  question 
Order  of  the  given  data 
Difficulty  level 


Broad  and  narrow  subject  area 

classifications 
Traditional  "problem  types"  (e^g., 

rate  problems,  age  problems) 

Use  of  specific  mathematical 
relationships  which  are  pre- 
supposed 

Availability  and  required  skills 
Key  words 

Mathematical  vocabulary 

Given,  information 
Goal  information 


(  aontinued) 
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Table  9.1  (continued) 


Context:  Task  Variables 

Problem  embodiments  or 
representations 


Verbal  context  or  setting 


Information  format 


Symbolic ,  pictorial,  or 

manipulative 
Visual,  oral,  or  written 

Familiar  or  unfamiliar 
Applied  or  theoretical 
Concrete  or  abstract 
Factual  or  hypothetical 
Conventional  or  imaginative 

Presence  or  absence  of  hints 
Multiple-^choice  or  free-answer 
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variables t  and  to  note  consequent  effects  on  the  problem  solution.  In 
this  section,  we  will  examine  the  effect  on  problem  difficulty  of 
changes  in  the. task  variables • 

Varying  Task  Syntax 

Syntax  task  variables  may  generally  be  altered  without  affecting 
a  problem's  mathematical  structure.    Familiarity  with  commonly  occur- 
ring syntax  task  variables  is  to  be  encouraged;  the  kinds  of  changes 
involved  in  altering  syntax  task  variables  can  be  examined  and  simi- 
larities in  the  solutions  of  the  problems  can  be  noted. 

The  following  problem  is  a  familiar  motion  problem  from  first- 
year  algebra.    It  uses  simple  vocabulary  and  short  sentences.  There 
are  five  sentences  and  39  words  (WRDNUM,  as  defined  in  Chapter  II), 
with  an  average  of  7.8  words  per  sentence.    Each  sentence  contains 
just  one  main  clause. 

9.1(a)    Two  aars  start  at  the  same  place.    They  are  going 

in  opposite  direations.    The  first  car  goes  30  miles 
per  hour.    The  second  ear  goes  45  miles  per  hour^ 
In  how  many  hours  will  they  be  ISO  miles  apart? 

The  problem  can  be  changed  by  varying  the  problem  length.  Lengthening 
the  problem  may  tend  to  increase  its  difficulty;  adding  more  words  to 
the  problem  also  changes  some  of  the  grammatical  structures.  The 
following  problem  still  has  five  sentences,  each  of  which  has  a  single 
main  clause,  but  it  has  58  words  (11.6  words  per  sentence),  three  more 
prepositional  phrases,  and  two  more  adverbs  than  Problem  9.1(a). 

9.2 (b)    Two  aars  start  at  the  same  place  at  the  same  time* 
The  two  aars  are  going  in  opposite  directions  on 
a  straight  road.    The  fir si  ear  goes  east  at  30 
miles  per  hoi4r.    The  second  aar  goes  west  at  45 
miles  per  hour.    In  how  many  hours  will  the  two 
cars  be  ISO  miles  away  from  each  other? 

The  problem  can  also  be  altered  by  combining  sentences.  This 
tends  to  increase  the  problem  difficulty,  primarily  because  it  pro- 
duces a  concomitant  change  in  readability. 

9.1(0}    Two  cars  going  in  opposite  directions  start  at  the 
same  place.    The  first  car  goes  30  miles  per  hour, 
while  the  second  car  goes  45  miles  per  hour.  In 
how  many  hours  will  they  be  ISO  miles  apart? 

This  problem  has  38  words,  but  only  three  sentences;  the  average  sen- 
tence length,  12.7,  is  thus  higher  than  in  Problem  9.1(a).    There  are 
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four  main  clauses,  oue  compound  sentence,  and  one  participial  phrase. 
The  sentence  depth  and  syntactic  complexity  are  thus  higher. 

The  problem  can  also  be  varied  by  using  more  difficult  vocabu- 
lary.   The  following  problem  has  five  sentences,  each  containing  one 
main  clause,  39  words,  and  the  same  grammatical  structure  as  Problem 
9,1 (a).    But  it  has  more  difficult  vocabulary  and  may  therefore  be  a 
more  diff icult^  problem  for  some  children. 

9.1(d)    Ti30  automobiles  oormenae  at  the  same  location. 

They  are  traveling  in  apposite  directions.  The 
first  automobile  traoels  30  miles        hour.  The 
second  automobile  travels  45  miles  per  hour.  In 
how  many  hours  will  they  be  ISO  miles  apart? 

Of  course,  for  many  children  the  kinds  of  changes  made  in  Problems 
9.1(a}-(d}  not  affect  their  ability  to  solve  the  problem.  Such 

a  variation  can  assist  the  teacher  in  identifying  the  extent  to  which 
the  readability  of  a  problem  is  limiting  a  child.! s  performance.  It 
can  also  be  instructive  to  the  child  to  realiae  that  all  of  these 
problems  are  "really  the  same,"  and  that  only  the  wording  has  changed. 

Changing  the  problem  from  one  which  uses  the  English  system  of 
measurement  to  one  using  the  metric  system  may  also  affect  the  diffi- 
culty level  without  changing  the  structure*    This  change  in  units  of 
measurement  is  particularly  important  since  many  texts  now  use  metric 
units, 

9.1(e)    Two  cars  start  at  the  same  place.    They  are  going 
in  opposite  directions.    The  first  car  goes  30 
kilometers  per  hour.    The  second  car  goes  45  kilo- 
meters per  hour.    In  how  many  hours  will  they  be 
ISO  kilometers  apart? 

By  simultaneously  changing  the  grammatical  structure,  adding  words, 
combining  sentences,  and  making  the  vocabulary  more  difficult,  we  can 
create  a  much  more  complicated  problem  statement  while  leaving  the 
problem  structure  intact. 

9.1(f)    One  automobile  is  traveling  east^  while  another 
automobile  is  traveling  west  from  the  same  ini^ 
tial  point.    The  former  of  these  travels  at  a 
rate  of  30  miles  per  hour^  while  the  latter 
travels  at  a  higher  rate  of  45  miles  per  hour. 
How  many  hours  will  be  required  for  the  two  auto^ 
mobiles  to  travel  a  distance  sufficient  to  be  150 
miles  apart? 
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This  problem  has  three  sentences,  62  words,  an  average  of  20.7  words 
per  sentence,  five  main  clauses,  two  compound  sentences,  and  many 
prepos-^tional  phrases  and  infinitives •    It  may  be  inore  difficult  for 
many  students  to  read  and  interpret  this  problem  than  Problem  9^1(a)^ 
but  the  algorithms  used  to  solve  the  two  problems  are  the  same. 

The  same  problem  can  be  altered  by  effecting  changes  in  the 
numerals  and  symbols  used»    Once  again  the  difficulty  may  change, 
but  the  structure  does  not.    The  numerals  may  be  written  out  in 
words,  or  symbols  may  be  used  in  place  of  numerals. 

9.1(g)    Two  oars  start  at  the  same  place.    They  are  going 
in  opposite  directions.    The  first  car  goes  thirty 
miles  per  hour.    The  second  car  goes  forty- five 
miles  per  hour.    In  how  many  hours  will  they  be 
one  hundred  fifty  miles  apart? 

9.2(h)    Two  cars  start  at  the  sasne  place.    They  are  going 
in  opposite  directions.    The  first  car  goes  2x 
miles  per  hour.    The  second  car  goes  2x  miles  per 
hour.    In  how  many  hours  will  they  be  lOx  miles 
apart? 

The  magnitudes  of  the  numbers  may  be  altered  with  or  without  signifi- 
cantly changing  the  problem  difficulty.    The  following  problem  might 
be  used  as  a  parallel  test  item  to  Problem  9.1(a). 

9.1 (i)    Two  ears  start  at  the  same  place.    They  are  going 
in  opposite  directions.    The  first  car  goes  60 
miles  per  hour^    The  second  car  goes  90  miles  per 
hour.    In  haw  many  hours  will  they  be  300  miles 
apart? 

Changing  the  numbers  may  also  make  the  problem  more  difficult  by 
changing  the  answer  from  a  whole  number  to  a  fraction.    This  change 
causes  a  concomitant  change  in  problem  structure,  in  that  the 
algorithm  used  to  solve  the  problem  now  requires  fractions  as 
well  as  whole  numbers. 

9.2(j)    Two  cars  start  at  the  same  place.    They  are  going 
in  opposite  directions.    The  first  car  goes  40 
miles  per , hour.    The  second  car  goes  50  miles  per 
hour.    In  how  many  hours  will  they  be  135  miles 
apart? 

Changing  the  numbers  used  in  the  problem  to  fractions  or  decimals 
may  make  the  problem  still  more  difficult. 
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9.1(k)    Tbk)  aoTB  start  at  the  same  plaae^    They  are  going 
in  opposite  directions.    The  first  car  goes  22. S 
miles  per  hour.    The  second  car  goes  45.1  miles 
per  hour.    In  how  many  hours  will  they  be  145^2 
miles  apart? 

The  last  syntax  variablec  to  be  considered  here  involve  the  sequencing 
of  information.    The  question  in  a  problem  can  be  placed  at  the  begin- 
ning or  the  end  of  the  problem,  or  the  order  of  the  data  can  be 
altered.    Each  of  these  changes  may  alter  the  problem  difficulty 
without  changing  the  problem  structure.    The  question  in  Problem 
9.1(a)  might  be  placed  at  the  beginning: 

9.1(1)    In  Jjou  many  hours  will  two  oars  be  ISO  miles  apart? 
They  start  at  the  same  place.    They  are  going  in 
opposiie  directions.    The  first  car  goes  SO  miles 
per  hour^    The  second  car  goes  45  miles  per  hour. 

The  order  of  the  given  information  might  be  changed: 

9.  Km)    Two  cars  start  at  the  same  place.    The  first  car 
goes  30  miles  per  hour.    The  second  car  goes  45 
miles  per  hour.    In  how  many  hours  will  they  be 
ISO  miles  apart ^  if  they  are  going  in  opposite 
directions? 

We  have  taken  just  one  routine  "vrard  problem"  and  presented  it  in 
thirteen  different  versions,  in  order  to  illustrate  the  ways  in 
which  changes  in  syntax  do  and  do  not  affect  the  problem.    A  child 
who  can  immediately  recognize  all  of  these  problems  as  "the  same"  is 
a  step  ahead  in  solving  verbal  problems.     Such  recognition  is  not 
automatic  but  must  be  taught. 

In  the  following  two  versions  of  a  multi-step  problem,  the  data 
have  first  been  placed  in  the  order  in  which  they  will  be  used  to 
solve  the  problem^  and  then  have  been  resequenced  so  that  they  are 
not  in  the  order  in  which  they  are  used  to  solve  the  problem. 

9.2(a)    Joe  bought  three  shirts  for  $8.98  each  and  two 
ties  for  $6^95  each.    How  much  did  he  spend  all 
together? 

9.2(b)  A  shirt  costs  $8,98  and  a  tie  costs  $6.95.  Joe 
bought  three  shirts  and  two  ties.  How  much  did 
he  spend  all  together? 

The  problems  are  identical  with  respect  to  content,  context,  and 
structure,  but  the  second  problem  is  more  complex  than  the  first. 
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Because  of  the  difference  in  syntax,  the  data  must  be  reorganized  as 
the  student  interprets  the  problem* 

Thus,  recognition  of  changes  in  syntax  task  variables  enables 
one  to  simplify  the  interpretation  of  problem  statements.    A  problem 
statement  can  be  created  parallel  to  the  given  statement  which  con- 
tains only  the  essential  problem  elements,  and  is  thus  easier  to 
solve. 

Varying  Task  Content  and  Context 

Content  task  variables  describe  the  subject  matter  of  the  prob- 
lem.   It  is  the  content  variables  with  which  the  teacher  is  primarily 
concerned  in  defining  the  scope  and  sequence  of  a  course.  Problems 
may  be  classified  according  to  broad  subject  areas  such  as  arithmetic, 
algebra,  geometry,  trigonometry,  calculus,  or  logic,  but  the  classi- 
fication of  a  problem  may  also  depend  on  the  achievement  level  and 
mathematical  background  of  the  problem  solver.    Thus,  the  following 
problem  might  be  solved  differently  by  students  at  different  levels 
of  mathematics  achievement. 

9.S    A  young  farmev  has  eight  more  hens  than  dogs.  Since 
hens  have  ti^o  legs  each,  but  dogs  have  four  legs  eaah^ 
all  together  the  animals  have  128  legs.    How  many 
dogs  does  the  young  farmer  own? 

A  capable  eighth-^grade  student  might  approach  this  problem  with  a  trial- 
and-error  strategy.    The  first-year  algebra  student  who  has  just  learned 
to  solve  linear  equations  in  one  variable  may  solve  the  problem  by 
letting  X      the  number  of  dogs,  x  +  8  *  the  number  of  hens,  and  setting 
up  the  equation  2(x  +  8)  +  4x  »  118.    The  more  advanced  algebra  student 
may  use  two  variables  to  solve  the  problem,  setting  up  the  two  equa- 
tions x  +  8      y  and  2y  +  4x  «  118.     In  determining  the  mathematical 
content  of  the  problem,  the  teacher  must  consider  the  student's  back- 
ground. 

We  are  interested  in  examining  problems  which  have  different  con- 
tent, but  similar  mathematical  structure.    Let  us  look  at  several 
examples.    A  problem  may  be  classified  according  to  traditional 
"problem  types"  (e.g.,  rate  problems,  mixture  problems,  age  problems). 
This  kind  of  classification  is  probably  most  familiar  to  teachers. 
The  basis  for  the  classification  is  found  in  the  kinds  of  mathematical 
information  needed  to  solve  the  problem  but  not  specified  in  the  prob- 
lem statement.    For  example,  in  solving  rate  problems    one  must  use  the 
formula  "distance  equals  rate  times  time,"  but  that  formula  is  seldom 
stated  explicitly  in  the  problem.     Each  different  "problem  type"  has 
its  own  characteristic  relationships  of  this  sort,  so  that  it  is  not 
always  possible  to  maintain  problem  structure  while  changing  "problem 
type."    However,  examples  of  problems  with  the  same  structure  and  syn- 
tax but  of  different  "problem  types"  are  the  following: 
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9^4 (a)    Joan  buys  three  pounds  of  candy  at  Si.  25  a  pound. 
How  much  does  she  spend  in  alt? 

(Money  problem) 

9n4(h)    Tom  walks  three  hours  at  1.2S  kilometers  an  hour. 
How  far  does  he  walk? 

(Rate  problem) 

9,4  (a)    Mary  worked  three  hours^  earning  $1,26  each  hour. 
How  much  did  she  earn  in  all? 

(Work  problem) 

The  non-mathematical  context  of  these  problems  has  changed  along  with 
the  "problem  type." 

In  a  much  more  advanced  example,  a  geometry  student  may  be  asked 
to  prove  that  the  diagonals  of  a  parallelogram  intersect  at  their 
midpoints  by  using  vectors  (Problem  9.5(a))  or  by  using  Cartesian 
coordinates  (Problem  9.S(b)).     The  given  conditions  and  the  goals 
are  the  same  for  the  two  problems,  but  the  acceptable  procedure 
(mathematical  content)  has  been  changed. 


9.5(a)    Let  M  denote  the  midpoint  of 

AC.    AC  and  BD  represent  vectors 
a      6  and  g  -  ot,  respectively ^ 
the  triangle  law.    Since  6  is 
collinear  with^  equidirected 
with,  and  one-half  the  length 
of  OL  i-       we  have  6  -=  (^'^^)(ot  B). 
By  the  triangle  law^  ql      y  -  6  - 

r%;fa  ^  ^)  so  y  =  r%;r$  -  a). 

Therefore  y  is  collinear  with^ 
eLfuidireated  with,  a^iu  one-tialf 
the  length  of  S  -a*    Hence  M  is 
the  ^dpoint  of  ^D.     (^orbes,  1973,  p 

9, 5(b)    Since  ABCD  is  a  parallelogram,  4\ 
X  -  a     b  and  y  -  c.    The  coov- 
dinates  of  the  midpoint  of  AC^ 
are  (x/2,  y/2).    But  x/2  = 
(a^h)/2  and  y/2  =  c/2,  so 
(x/2,  y/2)  =  ((a^h)/2,  a/Z), 
Since  ( (a  ^  b)/2,  c/2)  is  the  mid- 
point of  BD,  the  diagonals  inter-  A (0^0) 
sect  at  their  midpoints. 


357) 


C(x,y) 


B(a,0) 


Mathematical  characteristics  such  as  the  type  of  expression  in 
a  problem  (e.g.,  monomial    binomial,  other  polynomial)  or  the^  type 
of  operation  used  in  the  problem  (e.g.,  addition,  multiplication^ 
exponentiation)  are  also  content  task  variables.    An  example  of  a 
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set  of  problems  which  varies  the  type  of  expression  and  type  of 
operation  systematically  is  the  following  set  of  algebraic  compu- 
tations (Krutetskii,  1976): 


9.  6(a) 

(a  +  b)^ 

9,  6(b) 

fl  +  »^^b  ) 

9.6(e) 

(m  -h  X  +  b)^ 

9,  6(d) 

52^ 

9.6(e) 

^  b^ 

9.6(f) 

(^  ab^)^  -h  (2a) 

9.6(g) 

2(m^  +       +  b^) 

9.6(h) 

98^ 

The  student  must  generalize  across  the  problems  from  9.6(a)  to  9.6(d) 
and  distinguish  them  from  P. ^f^;  through  9.6(h)  ^  which  do  not  use 
the  binomial  formula.    This  becomes  more  difficult  as  the  use  of 
the  formula  becomes  less  obvious  and  the  mathematical  content  of 
the  problems  varies • 

Let  us  examine  more  closely  the  manner  in  which  this  series  of 
problems  was  constructed.    Problem  5. ^Ta^  is  a  straightforward  appli- 
cation of  the  formula  (a  +  b)^  «       +  2ab  +  b^.     In  Problem  9.6(h) ^ 
there  is  still  a  binomial  to  be  squared;  but  the  first  term  is  now  a 
constant,  while  the  second  term  includes  a  (fractional)  coefficient 
and  two  variables  with  exponent s*    A  trinomial  is  introduced  in 
Problem  9.6(a) ^  while  in  9.6(d)  ^  the  polynomial  and  the  variables 
seem  to  have  disappeared;  the  student  must  think  of  51  as  50+1, 
The  problems  in  the  second  half  of  the  set  look  very  similar  to  the 
ones  in  the  first  half,  but  are  created  so  that  the  formula  is  not 
applicable.     Problem  9.6(e)  resembles  9.6(a)  ^  but  it  is  the  sum  of 
two  monomials  of  degree  two  rather  than  the  square  of  a  binomial; 
and  so  forth. 

The  presence  or  absence  of  key  words,  verbal  clues  to  the  opera- 
tions to  be  performed  in  a  word  problem,  may  be  varied  easily  from 
problem  to  problem,  while  maintaining  the  mathematical  structure* 
Teachers  often  focus  on  such  key  words  in  teaching  students  to  trans- 
late word  problems  into  mathematical  symbols.    A  list  of  some  of 
these  key  words  is  given  in  Table  9*2.    Let  us  consider  the  follow- 
ing basic  problem: 

9.7(a)    Anthony  has  four  balls.    Jane  has  eight  balls. 
How  many  balls  do  they  have? 
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Table  9,2    A'^^^  Word^ 


Addition 

sum 

in  all 

together 

total 

plus  ^ 

more  (than) 

greater  (than) 

increased 

add 

rise 

gain(ed) 

earn 

save 


Subtraction 

difference 
reduced  (by) 
less  (than) 
decreased 
minus 

fewer  (than) 

remain 

subtract 

fall 

lost 

take  away 

spend 

change 


Multiplication  Division 

produc  t  quo  tient 

times  divide 
multiply  per 
each  each 
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The  following  problems  add  verbal  clues. 

9,?(b)    Anthony  has  fous*  balls,    Jane  has  eight  balls. 
How  many  balls  do  they  have  together? 

9,7 (a)    Anthony  has  four  halls, ^   Jane  has  eight  balls. 
How  many  balls  are  there  in  all? 

f 

Now  consider  the  following  problem  and  its  variant •    Both  problems 
include  key  words,  but  9.8(b)  includes  a  possibly  misleading  verbal 
clue  whereas  9.8(a)  does  not. 

9.8(a)    Sam  has  fourteen  dolls.    Ann  has  foio!*  more  dolls 
than  Sam.    How  many  dolls  does  Ann  have? 

9.8(b)    Sam  has  fourteen  dolls.    Scm  has  fata*  more  dolls 
than  Ann.    How  many  dolls  does  Ann  have? 

Problem  variants  may  be  constructed  in  which  all  of  the  key  words 
are  alternately  included  or  omitted. 

The  use  of  specific  mathematical  vocabulary  may  also  affect  a 
problem's  difficulty.  For  example,  the  following  problem  contains 
no  technical  mathematical  words:  ^ 

9.9(a)    Write  a  number  in  the  box  that  makes  the  sentence 
true.     5x1    \  ^  50. 

On  the  other  hand,  this  version  of  the  same  problem  contains  two  tech- 
nical mathematical  words: 

9.9(b)    Find  the  root  of  the  equation  Sx  -  50. 

Problems  having  the  same  structure  may  also  be  varied  by  changing 
the  given  information,  the  ninnber  of  conditions  which  are  explicit  or 
implied,  the  content  of  hints,  and  the  goal  information.    A  probltiu 
"to  find"  may  often  be  recast  as  a  problem  "to  show,"  implying  a  shift 
from  direct  to  reverse  thinking. 

9.10(a)    Find  the  solution(s)  of  3z^  +  2z  +  1  =  0^  where 
z  is  a  complex  number. 

9.10(b)   -Show  that  the  nwnbers  z^(-l  ±  i>/2)/3  satisfy 
the  equation  Sz^  ^  2z  +  1  =  0  where  z  is  a 
complex  number. 
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Context  variables  which  describe  the  embodiment  or  representation 
of  the  problem  may  often  be  changed  without  affecting  the  problem 
structure.    Sufch  changes,  of  course,  can  substantially  affect  the 
problem  difficulty.    For  example,  as  described  in  Chapter  III,  a  prob- 
lem may  be  symbglic,  verbal,  pictorial,  or  manipulative,    A  single 
task,  such  as  adding  two  whole  numbers,  may  be  presented  in  any  of 
these  embodiments.    The  symbolic  task  simply  asks: 

9.22(a)  2.-h  3  ? 

In  a  verbal  embodiment,  we  have: 

9.12(b)    Karen  has  two  blocks.    She  buys  thJfee  moi^e  blocks. 
How  many  blocks  does  she  have  all  together? 


The  pictorial  problem  asks: 


9.11(c)    How  many  blocks  are  there  all  together? 

r 


The  manipulative  mode  problem  presents  sets  of  actual  blocks,  one 
set  with  two  blocks  and  the  other  with  three.    The  teacher  then  asks 
how  many  blocks  there  are  all  together. 


The  use  of  symbolic,  verbal,  pictorial,  or  manipulative  embodi-- 
ments  may  be  geared  to  the  developmental  level  of  the  child  or  to  his 
or  her  familiarity  with  the  mathematical  operation(s)  involved  in  the 
problem.    It  is  generally  believed  that  instruction  in  any  specific 
concept  should  begin  at  a  concrete  manipulative  level  before  progress^ 
ing  to  the  pictorial,  the  symbolic  and  the  verbal  levels •    Of  the 
examples  given,  then,  a  child  would  presumably  first  encounter  the 
manipulative  mode  problem,  then  9.11(a)^  9, Ufa),  and  finally  9, 21(b)  . 

Context  task  variables  also  describe  the  verbal  setting  of  the 
problem.    Some  of  the  classifications  which  may  be  useful  to  the 
teacher  include.,  concrete  versus  abstract^  familiar  versus  unfamiliar, 
conventional  versus  imaginative,  and  factual  versus  hypothetical 
problems  (see  Chapters  III  and  VI).    The  familiar/unfamiliar  dichotomy 
is,  of  course,  dependent  upon  the  problem-solvers  themselves — their 
backgrounds  and  experiences.    The  classification  of  mathematical  word 
problems  as  familiar  or  unfamiliar,  and  the  issue  of  cross-cultural 
differences  in  standardized  testing,  are  very  closely  allied.  The 
following  problem  describes  a  situation  familiar  to  most  elementary 
school  students: 
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9.22    Tony  has  47  marbles.    He  loses  12  marbles.  How 

many  marbles  does  he  have  left? 

The  next  problem  describes  a  situation  which  may  be  unfamiliar  to  many 
of  the  same  students^  but  requires  zhe  same  operation  as  9.12^ 

9.  IS^fa)  .  Mr.  Jones  took  55  pounds  of  raw  cotton  to  the 
gin.    He  got  baak  22  pounds  of  cotton  fiber. 
How  many  pounds  of  seed  did  he  get  back? 

-  An  Important  task  of  the  mathematics  teacher  is  to  encourage  the 
detection  of  the  correct  mathematical  operations,  even  in  unfamiliar 
verbal  contexts.    A  student  skilled  In  problem  solving  will  be  able 
to  solve  9.13(a)  even  without  knowing  what  a  cotton  gin  is,  because 
the  student  has  a  concept  of  problem  structure  which  the  problem 
statement  fits*    By  explicitly  cori{.aring  problems  in  familiar  and 
unfamiliar  contexts,  the  teacher  may  be  able  to  develop  this  skills 
Nonsense  words  may  help^    For  example, 

9.13(b)    Mr.  Jones  took  55  pounds  of  oozlop  to  the 

geezenstack.    He  got  back  32  pounds  of  oozlop 
meat.    How  many  pounds  of  oozlop  skin  did  he 
get  back? 

For  the  problem  to  make  sense^  it  must  be  assumed  that  oozlop  consists 
only  of  meat  and  skin,  just  as  in  Problem  9.13(a)  it  is  assumed  that 
cotton  consists  only  of  fiber  and  seed.     Students  can  profit  from 
specific  instruction  in  stating  such  implicit  assumptions. 

» 

The  conventional /imaginative  dichotomy  provides  similar  opportuni- 
ties to  the  teacher.    A  conventional  problem  is  one  similar  to  most 
textbook  problems,  devoid  of  irrelevant  information.    It  uses  the 
shortest,  simplest,  and  most  direct  language  possible.     Thus,  for 
example,  the  following: 

9.14(a)    Tickets  to  a  school  play  cost  2S<^.    The  fifth  grade 
sold  120  tiaketSy  and  the  sixth  grade  sold  132 
tickets.    How  much  more  money  did  the  sixth  grade 
make  than  the  fifth? 

An  imaginative  problem  describes  elements  of  the  total  situation  which 
are  interesting  and  have  imaginative  appeal,  but  whose  presence  is  not 
necessary  to  understand  the  mathematical  elements  of  the  situation, 

9.14(b)    The  boys  and  girls  in  the  fifth  and  sixth  grades  at 
the  Grant  School  were  trying  to  raise  some  money. 
They  wanted  to  buy  2x?oks  for  their  library,  and 
they  wanted  to  give  something  to  the  Children's 
Hospital.    They  talked  over  many  plans  for  raising 
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money  and  decided  they  would  have  a  School  Fair, 
The  two  grades  had  a  contest  selling  tickets.  The 
tickets  were  25  cents  each.    The  contest  was  close. 
The  fifth  grade  sold  220  tickets^  and  the  sixth 
grade  sold  132  tickets.    How  much  more  money  did 
the  sixth  grade  make  than  the  fifth? 

(Wheat,  1929,  p.  36) 

Variations  in  the  content  and  context  task  variables  can  thus 
provide  the  teacher  with  a  diversity  of  problems  of  varying  degrees 
of  difficulty.    We  stress  the  value  of  making  such  variations  explicit 
to  the  student  in  order  to  develop  the  general  ability  to  solve  word 
problems. 

2.    Using  Task  Variables  in  Instruction 

The  classroom  teacher  pays  attention,  consciously  or  unconsciously, 
to  task  variables  each  day  in  choosing  problems  as  examples  or  counter- 
examples.   Conscious  consideration  of  specific  variables  may  improve 
instruction  by  illuminating  the  sources  of  student  difficulty.     In  the 
next  section  two  sample  unit  plans  are  presented  which  illustrate  this 
concept.    Here  we  shall  mention  some  additional  dimensions  of  the  use 
of  task  variables. 

Developing  Equivalent  Test  Forms 

One  problem  which  arises  frequently  in  the  classroom  is  that  of 
developing  equivalent  test  forms.    These  may  be  needed  for  review, 
for  make-up  tests,  to  eliminate  cheating,  or  for  re-testing  after 
remedial  instruction.    The  careful  consideration  of  syntax,  content, 
and  context  task  variables  allows  the  teacher  to  create  test  forms 
which  are  truly  equivalent.    Each  problem  in  a  test  must  be  con- 
sidered both  Individually  and  a?  an  element  in  the  test  sequence. 

Consider  the  following  problem,  which  is  similar  to  one  discussed 
in  considerable  detail  in  Chapter  VI. 

9.15(a)    Alan  bought  an  equal  nmher  of  books  and  flowerpots. 
Each  book  cost  three  dollars  and  each  flowerpot  cost 
five  dollars,  so  that  he  spent  48  dollars  in  all. 
How  many  hooks  did  Alan  buy? 

First,  the  teacher  might  identify  the  task  variables  and  the  value  of 
each  variable.    The  problem  is  a  problem  in  arithmetic,  or  possibly 
algebra  (depending  upon  the  student  population).    It  describes  the 
cost  of  two  objects  with  different  prices.     It  is  a  concrete,  applied, 
factual,  verbal,  and  familiar  problem.    It  has  33  words  in  it  and 
three  sentences.    All  of  the  vocabulary  is  appropriate  for  fourth 
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graders.    The  syntax  is  not  excessively  complex.    There  are  some  • 
standard  "key  words,"  the  words  "each"  and  "in  all."    The  numbers 
used  are  whole- numbers,  3,  5,  and  48,  and  the  solution  is  a  whole 
number.    The  operations  required  to  solve  the  problem  are  addition 
(5  +  3)  and  division  (48  t  8)  or  (algebraically)  the  solution  of  the 
equation  5x  +  3x  «  48. 

One  way  to  create  an  equ4>ralent  problem  is  to  alter  the  numbers 
used.    An  equivalent  problem  might  be: 

9.15(b)    Alan  bought  an  equal  number  of  books  and  flower- 
pots.   Eaah  book  cost  four  dollars  arid  each 
flowerpot  cost  tnree  dollars^  so  that  he  spent 
49  dollars  in  all.    How  many  books  did  Alan  buy? 

Care  must  be  taken  in  changing  a  problen  in  this  way  so  that  the  com-- 
putational  solutions  of  both  problems  follow  the  same  path  through 
the  algorithm  used.     If  the  problem  referred  to  nine-dollar  books 
and  eight--dollar  flowerpots,  for  example,  the  problem  structure  would 
be  different  because  the  division  operation  would  be  more  difficult 
than  in  the  given  problem. 

Another  way  of  altering  the  problem  is  to  change  both  the  numbers 
used  and  the  objects  purchased. 

9.1S(o)    Alan  bought  an  equal  number  of  plants  and  records. 

Each  plant  aost  five  dollars  and  eaah  record  cast 
four  dollars^  that  he  spent  45  dollars  in  all. 
How  many  plants  did  Alan  buy? 

In  doing  this,  we  must  be  careful  that  the  vocabulary  remains  at  the 
same  grade  level  and  that  the  computational  algorithm  remains  the 
same.    We  must  also  take  care  that  the  objects  menti^eed  bear  the 
same  relationship  to  each  other  as  in  the  original  probljem.    A  prob- 
lem about  buying  an  equal  number  of  plants  and  flowerpots,  as  we  saw 
in  Chapter  VI,  is  probably  easier  than  one  about  buying  an  equal 
number  of  books  and  flowerpots  or  plants  and  records,  because  it  is 
more  natural  to  think  of  paying  one  price  for  the  pair. 

A  more  radical  alteration  of  the  problem  chang3s  the  whole  situa- 
tion (content),  but  does  not  alter  the  vocabulary  level,  the  syntactic 
complexity,  problem  structure,  or  other  task  variables. 

9.1S(d)    A  family  has  an  equal  number  of  brothers  and 

sisters.    Each  brother  has  five  books  and  each 
sister  has  two  books^  so  that  they  have  42  books 
in  all.    How  many  brothers  does  the  family  have? 


Notice,  however,  that  the  "key  worUs"  have  been  preserved,  in  order 
not  to  affect  the  problem  difficulty.    Task  variables  can  thus  be 
manipulated  to  produce  equivalexyt  test  forms  in  the  classroom  with 
a  high  degree  of  confidence  (shiJrt  of  extensive  statistical  data  on 
the  equivalence  of  the  forms)* 

Varying  Mathematical  Struatux*e 

A  second  teaching  application  is  to  use  task  variables  in  create 
ing  problems  with  varying  structures  but  with  the  syntax,  content, 
and  context  task  variables  held  constant.    This  is  in  contrast  to 
the  approach  described  in  Section  1.    Such  sets  of  problems  enable 
the  students  to  concentrate  on  differences  in  the  mathematical  struc- 
ture of  the  problem  solution  rather  than  on  the  process  of  decoding 
and  translating  the  problem  statement.    Let  us  consider  the  follow^- 
ing  problem. 

9,16  The  Student  Council  sold  two  kinds  of  mits.  Peanuts 
cost  25  cents'  a  bag  and  almonds  cost  45  cents  a  bag. 
They  sold  SO  bags  of  peanuts  and  40  bags  of  almonds. 
How  much  money  did  they  make  all  together? 

The  next  problem  retains  the  same  syntaxf  content,  and  context, 
structure,  however,  has  changed.  j 

9.1?    The  Student  Council  sold  two  kinds  of  nuts.  Peanuts 
cost  25  cents  a  bag  and  almonds  cost  4^^'cents  a  bag. 
They  sold  100  bags  of  nuts  for  $3S.OO  all  together. 
How  many  bags  of  each  kind  of  nut  did  they  sell? 

The  solution  of  this  problem  requires  either  the  solution  of  an  algebraic 
equation  or  a  trial-and-error  process.    Here  are  two  more  variants. 

The  Student  Council  sold  two  kinds  of  nuts.  Peanuts 
cost  25  cents  a  bag  and  almonds  cost  45  cents  a  bag. 
They  sold  50  bags  of  peanuts  and  made  $48.50  all 
together.    How  many  bags  of  almonds  did  they  sell? 

The  Student  Council  sold  two  kinds  of  nuts.  Peanuts 
cost  25  cents  a  bag  and  almonds  cost  45  cents  a  bag. 
They  used  160  bags  of  peanuts  and  sold  mixed  nuts 
for  40  cents  a  bag.    How  many  bags  of  almonds  did 
they  use? 

In  each  of  these  problems  the  solution  algorithm  is  different.  The 
similarity  of  syntax,  content,  and  context  makes  it  easier  for  stu- 
dents to  detect  and  understand  the  reasons  for  the  differences. 
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3.    Unit  Planning  Using  Task  Variables 

In  this  section  tw>  unit  plans  are  described.    The  first  involves 
single-operation  word  problems,  and  is  directed  towards  a  sixth-grade 
class;  the  second  involves  ratio  and  proportion,  and  is  directed 
towards  a  first-year  algebra  class.    These  unit  plans  are  intended 
to  illustrate  the  systematic  variation  of  selected  syntax,  content, 
and  context  task  variables,  while  other  variables  are  held  constant* 
In  addition,  activities  are  provided  which  hold  syntax,  content,  and 
context  variables  constant,  while  structure  variables  are  taanipulated. 
It  is  suggested  that  such  intentional  manipulation  of  selected  task 
variables  can  be  a  powerful  pedagogical  device  in  the  teaching  of 
problem  solving. 

Solving  Single-Operation  IrJord  Prabl^s 
(A  6th-Grade  Sample  Unit  Plan) 

The  following  unit  is  designed  for  a  group  of  below-average  sixth 
graders.    It  deals  with  single-step,  routine  word  problems  employing 
whole  numbers •    The  broad  subject  area  classification  is  arithmetic, 
and  the  problem  embodiments  used  in  the  unit  are  primarily  verbal. 
The  problem  statements  are  written  with  syntax  and  vocabulary  appro- 
priate for  a  fourth-grade  level  of  reading  ability. 

Objectives 

The  objectives  of  this  unit  include: 

1.  Syntax  var-^nbles 

a.  Rearranging  the  information  given  and  the  question  sentence 
without  changing  the  nature  of  a  problem. 

b.  Recognizing  two  problems  having  different  grammar  and 
syntax  as  mathematically  the  same. 

2.  Content  variables 

Recognizing  ''key  words"  and  stating  the  arithmetic  opera- 
tion with  which  they  are  most  often  associated. 

d.  Writing  number  facts  to  accompany  given  word  problems. 

e.  Writing  word  problems  to  accompany  given  number  facts. 

3.  Context  variables 

f .  Recognizing  Word  problems  that  vary  context  while  keeping 
syntax,  content,  and  structure  constant  by  Identifying 
contextual  information  irrelevant  to  the  problem's  solution. 
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g.  Recognizing  two  problems  having  different  contextual 
embodiments  (settings)  as  mathematically  the  same. 

4.    Structure  variables 

h.  Recognizing  the  absence  of  information  necessary  to  solve 
a  problem^  and  stating  what  is  missing, 

i^    Recognizing  the  presence  of  extraneous  mathematical 

information  in  a  routine  word  problem,  and  eliminating 
it  from  the  problem* 

j  ^    Solving  word  problems  using  the  correct  whole  number 
operations. 

Activities 

These  activities  are  organized  according  to  their  association  with 
one  or  more  of  the  above  objectives.    The  rationale  for  the  sequencing 
of  the  activities  is  based  on  the  hierarchy  of  task  variables  in  Chapter 
I.    That  is,  the  students  are  in  effect  being  led  through  Polya's  stages 
of  understanding  the  problem,  devising  a  plan,  and  carrying  out  the  plan. 

Syntax  Variables 

Objective  (a):    Rearranging  the  information  given  and  the  question 

sentence  without  changing  the  nature  of  a  problem. 

The  teacher  first  demonstrates  how  the  information  given  in  a 
problem  can  be  rearranged  without  changing  the  nature  of  the  problem 
itself*    Examples  which  might  be  used  include  the  following  problems: 

9.20(a)    Ann  has  four  cookies^    James  has  six  cookies* 
How  many  cookies  do  they  have-in  all? 

9.20(b)    James  has  six  cookies.    Ann  has  four  cookies. 
How  many  cookies  do  they  have  in  all? 

9.20(c)    How  many  cookies  do  Ann  and  James  have  in  all? 
Ann  has  four.    James  has  six. 

The  students  then  rearrange  the  information  given  in  a  series  of 
increasingly  complex  word  problems,  writing  each  problem  in  an  alter- 
native form. 
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Oh^eative  (b):    Recognising  two  problems  having  different  grwrrmr 

and  syntax  as  mathematically  the  same. 

The  teacher  demonstrates  that  two  problems  which  are  worded  differ- 
ently may  represent  the  same  mathematical  situation*    For  example, 

9.21(a)    Howard  has  225  baseball  cards.    He  buys  52  more 
aards.    How  many  cards  does  he  have  now? 

9.21(b)    Howard  already  had  125  baseball  cards^  and  today 
he  bought  52  more.    How  many  cards  does  he  have 
now? 

The  students  are  then  given  two  sets  of  problems.    The  second  set  of 
problems  consists  of  syntax  variations  orf  the  first  set;  the  grammar 
and/or  syntax  of  each  problem  on  the  first  list  is  changed  without 
altering  its  solution.    The  problems  in  the  second  set  are  listed  in 
random  order.    The  students  are  asked  to  match  each  problem  on  the 
first  list  with  the  problem  on  the  second  list  which  is  mathematically 
the  same. 

Finally,  students  are  asked  to  rewrite  a  given  w^rd  problem  by 
using  as  many  words  as  possible,  or  by  using  as  few  words  as  possible. 

Content  Variables 


Objective  (c):    Recognizing  ^^key  words"  and  stating  the  arithmetic 

operation  with  which  they  are  most  often  associated. 

Students  list  w>rds  that  are  associated  with  each  of  the  four 
arithmetic  operations.    For  example,  "VJhat  words  or  phrases  make  you 
think  about  adding?"    A  class  list  is  compiled  and  posted  as  a  bulletin 
board  display.    Possible  answers  can  be  found  in  the  list  of  key  words 
(Table  9.2). 

The  students  then  identify  key  words  in  word  problems,  and  choose- 
the  correct " operation  for  each  problem*     Sample  problems  are  as 
follows,  with  key  words  underlined. 

9.22  Ray  bought  225  baseball  cards.    He  already  had  518 
baseball  ca2*ds.    How  many  baseball  cards  does  he  have 
in  all? 

9.23  Susan  has  38  books.    Harry  has  five  less  than  Susan. 
How  many  books  does  Harry  have? 
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9.24  George  bought  IS  oranges.    Ann  bought  three  times 
as  many  oranges.    How  many  oranges  did  Ann  buy? 

9.25  I  am  thinking  of  a  nimber.    My  number  is  82  less 
than  425.    What  is  my  number? 

9.26  Find  a  number  that  is  the  product  of  16  and  23. 

9.2?    Joe  has  IS  cookies.    He  wants  to  divide  them  ecfually 
among  three  friends.    How  many  cookies  does  each 
friend  get? 

9.  28    Find  the  number  that  is  equal  to  the  quotient  when 
28  is  divided  by  four. 

'   The  next  day  the  students  discuss  problems  with  the  key  words 
omitted.    The  missing  words  are  varied,  and  the  problems  are  inter- 
preted.   For  example, 

9.29    Oscar    IS  cookies.    He   three  cookies. 

How  many  cookies  does  he  have   ? 

9.  30    Find  a  number  that  is  the   of  8  and  4. 


Next  the  students  write  problems  using  the  key  words  on  the  class 
list.    The  problems  should  use  complete  sentences.     For  example,  a 
suitable  problem  might  be: 

9.31    I  have  thirteen  cookies.    I  eat  five.    How  mny 
cookies  do  I  have  left? 

The  underlined  word  is  the  key  word  from  the  list  used  in  the  problem. 
Students  may  be  asked  to  write  on  a  specific  topic,  such  as  buying 
groceries  or  going  to  the  circus. 

The  class  discusses  how  changing  a  few  words  can  alter  an  entire 
problem's  meaning  and  solution.    For  example,  the  following  sequence 
of  problems  might  be  considered. 

9.32(a)    John  has  five  dollars.    He  earns  three  dollars. 
How  much  does  he  have  now? 

9.32(b)    John  )ns^  five  dollars.    He  saves  three  dollars. 
How  much  does  he  have  now? 

9.32(c)    John  has_  five  dollars.    He  spends  three  dollars. 
How  much  does  he  'mve  now? 
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9.22(d)    John  needs  five  dollars.    He  has  three  dollars. 
How  much  does  he  need  now? 

Another  day  the  students  may  discuss  the  ambiguity  of  some  verbal 
clues.    Those  clues  which  may  be  misleading  because  they  have  alter- 
nate interpretations  are  so  marked  on  the  class  list  of  key  words 
(DANGER :    WATCH  OUT I ) . 

The  students  choose  the  correct  operation  for  problems  which 
include  possibly  misleading  key  wordst    Sample  problems  follow. 

9.35  Ann  hit  16  homeruns  this  year.    This  is  five  more 
than  she  hit  last  year.    How  many  homeruns  did  she 
hit  last  year? 

9.24    The  sixth  grade  went  on  a  field  trip.    They  went  a 
^    total  of  27  miles.    They  went  six  miles  on  a  country 
^-^26><32"^ar5r^   rest  of  the  way  on  the  highway.  How 
rmny  miles  ^id  they  go  on  the  highway? 

9.36  What  is  my  mqnber?    The  sim  of  sixteen  and  my  number 
is  25. 

9.26    Our  town  has  a  large\airport.    There  are  22  buildings. 
There  are  eight  plane^\at  each  building.    How  many 
planes  are  there  in  alt?^ — 

9.37  The  cafeteria  serves  180  people.    Thehe  are  two  rolls 
per  person.    How  many  rolls  are  needed^ 

9,28    Fifteen  times  a  number  is  75.    l^/hat  is  th4  number? 

9.39    The  difference  between  a  number  and  seven  is  33. 
What  is  the  number? 

This  set  of  problems,  designed  to  aid  students  in  recogniEing  poten- 
tially misleading  key  words  and  reconciling  conflicting  verbal  clues, 
also  varies  the  context  task  variables  of  problem  setting  and  the 
syntax  task  variables  of  problem  length,  readability,  and  sequencing. 

Students  may  be  asked  to  rewrite  problems  keeping  certain  key 
word(s)  and  trying  to  change  the  operation  used.  For  example,  the 
following  problem  might  be  considered  initially: 

9.40(a)    Joseph  and  Tom  have  40  marbles  in  all.  Tom 

has  12  marbles.    How  many  marbles  does  Joseph 
have? 
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This  problem  could  be  rewritten  in  several  ways,  and  the  meaning  of 
"in  all"  discussed, 

9.40(b)    Joseph  has  40  marhles  in  all.    Tom  has  22 
marbles.    Haw  many  marbles  do  they  have? 

9.40(c)    Joseph  has  40  marbles.    Tom  has  12  marbles. 
How  many  marbles  do  they  have  in  all? 

Objective  (d) :    Writing  number  facts  to  acaompany  given  word  problems. 

The  students  practice  writing  number  facts  to  accompany  given 
situations  depicted  by  tha  teacher  using  manipulatives,  and  to 
accompany  pictures  of  mathematical  situations. 

The  students  write  number  facts  to  accompany  given  word  problems, 
where  the  word  problems  have  been  designed  to  describe  situations  simi- 
lar to  the  manipulative  and  pictorial  situations.    The  students  match 
the  different  situations  which  are  described  by  the  same  number  facts. 

Objective  (e)l    Writing  word  problems  to  accompany  given  number  facts. 

The  students  write  word  problems  Co  accompany  given  number  facts. 
For  this  activity,  the  teacher  should  provide  a  variety  of  possible 
contents  (money,  age,  etc)  by  introducing  a  set  of  characters  and  a 
situation  (e.g.,  friends  in  a  supermarket,  a 'family  having  different 
ages) • 

Context  Variables 


Objective  (f):    Peoognizi^    ward  problems  that  vary  context  while 

keeping  syntax,  content,  and  structure  constant  by 
identifying  contextual  information  irrelevant  to  the 
problem's  solution. 

The  teacher  demonstrates  how  a  problem  setting  may  be  changed 
without  affecting  the  solution  process  for  the  prqblem.    For  example, 
the  following  problems  may  be  discussed.     (These  problems  were  con^ 
structed  so  as  to  be  as  nearly  identical  as  possible  with  respect  to 
problem  length,  readability,  and  mathematical  structure,  as  described 
in  Chapter  VI.) 

9,42  (a)    There  is  a  menhep.    If  this  number  were  two  times 
as  large  as  it  really  is,  then  it  would  be  equal 
to  28.    What  is  the  number? 
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9.41(b)    Jenny  is  a  girl.    Jenny ^8  father  is  three  times 
as  old  as  Jenny  is^  and  he  is  39  years  eld.  Haw 
old  is  Jenny? 

9.41(c)    Eddie  is  a  boy.    If  Eddie  were  four  times  as  old 
as  he  really  is^  then  he  would  be  48  years  old. 
How  old  is  Eddie? 

♦   9.41(d)    There  is  a  number.    A  second  number  is  five  times 

as  large  as  the  first  number^  and  the  second  number 
is  55.    What  is  the  value  of  the  first  number? 

For  a  second  activity,  the  students  may  be  asked  to  fill  in 
missing  words  in  problems  so  as  to  change  the  context.    For  example, 
the  following  problem  may  be  concerned  with  "apples"  or  "gleeps." 

9.42    I  have  22   .    I  buy  71   Haw  many   

do  I  have  in  all? 

Students  may  also  be  asked  to  fill  in  missing  numbers  in  problems  and 
then  describe  how  to  solve  the  problem. 

Objective  (g):    Recognizing  two  problems  having  different  contextual 

embodiments  (settings)  as  mathematically  the  same. 

The  students  state  a  word  problem  in  pictures."    Students  use 
actual  objects  to  act  out  similar  word  problems.    The  concrete,  pic-- 
torial,  and  symbolic  versions  are  compared  and  discussed.  Examples 
of  mathematical  situations  in  everyday  occurrences,  and  in  newspapers 
and  magazines,  may  provide  the  opportunity  to  make  up  word  problems 
about  the  situations.    These  word  problems  can  then  be  compared  to 
other  word  problems  which  are  mathematically  the  same.    Word  prob- 
lems with  varied  contexts  may  be  the  focus  of  matching  activities. 


Structure  Variables 


Objective  (h) :    Recognizing  the  absence  of  information  necessary  to 

solve  a  problem,  and  stating  what  is  missing. 

The  students  are  given  problems  with  missing  information.  They 
are  asked  to  state  what  else  is  needed  in  order  to  solve  the  problem. 
Sample  problems  follow. 

9.4S    Mr.  Hardy ^s  bus  ticket  costs  $4.    How  much  will  it 

cost  in  all  for  htr.  Hardy  and  his  son  to  ride  the  bus? 
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9.44  Vhen  the  min  started,  208  people  left  the  football 
gamcn    How  many  people  regained? 

9.45  Ron  Ikily  puts  in  telephones.    He  put  in  60  phones. 
How  many  phones  did  he  put  in  each  day? 

9.46  Joe  bought  a  loaf  of  bread  and  a  dozen  eggs.  The 
eggs  were  78  cents.    How  much  was  the  bread? 

9.4?    Find  my  number.    It  is  five  less  than  John^s  age. 

The  problems  are  varied  with  regard  to  context  task  variables  (abstract 
or  concrete),  syntax  task  variables  (placement  of  the  question,  length), 
and  content  task  variables  (key  words). 

The  students  are  then  given  problems  In  which  every  fifth  word 
has  been  replaced  by  a  blank.    They  will  fill  in  the  blanks  and  dis- 
cuss their  choices,  to  see  if  they  make  sense » 

Objective  (i):    Recognising  the  presence  of  extraneous  mathematical 

information  in  a  routine  word  problem^  and  eliminat- 
ing it  from  the  problem. 

The  students  are  given  problems  Including  Irrelevant  numerical 
information  and  asked  to  state  what  is  unnecessary  in  the  problem. 
They  will  then  solve  the  problems •    Some  sample  problems  follow* 

9.48  Joe  and  Tom  played  marbles  every  day  for  three  weeks. 
They  have  50  marbles  in  all.    Tom  has  12  marbles. 
How  many  marbles  does  Joe  have? 

9.49  Our  town  has  a  large  airport.    It  is  15  miles  from 
my  house.    It  has  11  buildings.    There  are  seven 
planes  at  each  building.    How  many  planes  are  there 
in  all? 

9.50  What  is  my  nicnber?    The  sum  of  eight  and  my  nmber  is 
32.    The  difference  between  12  and  my  nmber  is  12. 

9.51  The  cafeteria  serves  210  people.    Each  person  gets 
two  pieces  of  chicken,  milk,  sdlad,  vegetables,  and 
five  cookies.    There  are  two  rolls  per  person.  How 
many  rolls  are  needed? 

9.52  Susan  has  14  books.    Harry  has  five  less  than  Susan 
and  Al  has  ten  times  as  many  as  Susan.    How  many 
books  does  Harry  have? 
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The  similarities  between  these  problems  and  previous  ones  should  be 
pointed  out  to  the  students;  9,48  is  a  revision  of  9.40(a) ^  9.49  is 
a  revision  of  9.36^  9.  SO  is  a  revision  of  ^.35,  and  9. 52  is  a  revi-- 
sion  of  9.37.    The  problems  were  created  by  aciding  extra  information 
to  some  of  the  problems  from  earlier  sets. 

Objective  (j):    Solving  word  problems  using  the  correct  whole  number 

operations. 

The  students  make  up  word  problems  and  write  them  on  index  cards 
to  be  used  as  contest  problems.    Each  contest  problem  is  checked  by 
the  teacher  for  validity.    They  will  then  have  a  class  competition, 
solving  each  others'  problems.    The  rules  must  forbid  problems  with 
excessively  large  numbers  or  too  many  conditions. 

The  students  may  make  up  word  problems  to  be  put  in  a  workbook 
for  students  in  the  fourth  or  fifth  grades.    Each  student  will  be 
responsible  for  solving  his,  or  her  own  problems. 

The  students  may  then  be  given  a  word  problem  set  as  a  culminat- 
ing activity,  providiijg  practice  in  solv^ing  a  variety  of  problems. 
Context,  content,  and  syntax  task  variables  describing  problem  length, 
vocabulary,  key  words  (both  helpful  and  misleading),  problem  setting, 
and  sequencing  of  information  should  all  be  utilized  in  designing 
the  problems. 

Finally,  the  students  may  make  a  list  o^  those  characteristics 
of  word  problems  which  can  change  without  changing  the  mathematics 
of  the  problem.    For  example,  some  things  which  can  change  include 
the  order  of  the  information,  the  actual  words  used,  the  number  of 
words  used  I  and  the  problem  setting. 

Solving  Problems  in  Ratio  and  Proportion 
(An  Algebra  I  Sample  Unit  Plan) 

Our  second  unit  plan  is  designed  for  an  average  ninth-grade 
algebra  class.    The  specific  subject  areas  include  ratio  and  pro- 
portion.    The  problem  embodiments  are  symbolic;    both  equations 
and  word  problems  are  studied.     It  is  assumed  that  the  students 
have  previously  studied  the  simplification  of  rational  expressions 
and  routine  computations  with  rational  expressions « 

Objectives 


The  objectives  of  this  unit  include: 

1.    Syntax  variables 

a.    Recognizing  the  various  means  of  writing  ratios  (e.g., 
^  to  5.  4/5,  4:5). 
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b.  Recognizing  the  various  means  of  vnriting  proportions 
(e.g..  4/5  -  x/10  and  4:5  -  x:10). 

c.  Rearranging  the  information  given  and  the  question 
sentence  without  changing  the  nature  of  the  problem. 

d.  Recognising  two  problems  having  different  grammar 
and  syntax  as  mathematically  the  same. 

Content  variables 

e.  Recognizing  that  problems  from  specific  fields  of 
application  may  require  the  use  of  specific  mathe- 
matical relationships  understood  to  hold  within  the  . 
field  of  application  (e.g.,  the  definition  of  batting 
averages). 

f •    Recognizing  and  using  key  words  for  ratio  and  proportion. 

g.  Recognizing  and  interpreting  specific  mathematical 
vocabulary;    ratio,  proportion,  means,  extremes. 

h.  Identifying  given  infors^tion  in  a  word  problem 
involving  proportions. 

1,     Identifying  goals  in  word  problems  using  proportions. 

Writing  equations  to  accompany  given  word  problems. 

k.    Writing  word  problems  to  accompany  given  equations. 

Context  variables 

1.    Recognizing  word  problems  that  vary  context  while  keeping 
syntax,  content,  and  structure  constant  by  identifying 
contextual  Information  irrelevant  to  the  problem's  solu- 
tion. 

m.    Recognizing  two  problems  having  different  contextual 
embodiments  (settings)  as  mathematically  the  same. 

Structure  variables 

n.    Stating  a  ratio  as  a  fraction  In  lowest  terms  when  given 

a  situation  described  in  a  verbal  problem. 

.i 

o.    Recognizing  the  absence  of  information  necessary  to  solve 
a  problem,  and  stating  what  is  missing. 

p.    Recognizing  the  presence  of  extraneous  mathematical  infor- 
mation in  a  routine  word  problem,  and  eliminating  it  from 
the  problem. 
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Solving  word  problems  based  on  proportion. 

Although  the  content  areas  of  this  unit  plan  and  the  preceding 
one  are  quite  different,  every  objective  in  the  sixth-grade  unit  also 
appears  in  this  unit.    The  basic  unit  structure  thus  is  relatively 
independent  of  content  and  can  therefore  be  used  for  slim>st  any  con- 
tent area* 

Activities 

The  activities  are  again  organized  acconiing  to  their  association 
with  one  or  more  of  the  above  objectives.    Most  activities  are  only 
sketched,  however,  requiring  further  elaboration  by  the  teacher. 

Syntax  VariablBS 

Objective  (a):    Reaogniziny  the  various  mecms  of  writing  ratios^ 

The  class  conducts  an  experiment,  drawing  several  marbles,  one 
at  a  time,  from  two  bagsT  containing  red  and  blue  siarbles.    Each  marble 
is  replaced  after  it  has  been  selected  and  its  color  recorded.  The 
class  discusses  estimating  how  many  red  marbles  are  in  each  bag,  how 
many  marbles  in  all  are  in  each  bag,  and  so  forth.    This  leads  to  a  dis-- 
cussion  of  the  fraction  of  marbles  in  each  bag  that  are  red  and  thus 
to  a  definition  of  the  term  "ratio. ^*    Various  ways  of  writing  ratios 
are  presented.    Several  examples  are  worked,  and  the  students  do  some 
problems  orally.    Some  of  these  use  whole  numbers: 

9.SS(a)^  26  to  20 

Some  use  fractions: 

e 

9.52(h)  ^  f  *  ^ 

And  some  use  algebraic  enpressions: 

9.bd(c)  (a  -  d)^  to  (a  -  d) 

Objective  (h) :    Eeaognizing  various  means  of  writing  proportions. 

The  following  problem  is  presented  to  the  students: 

9.64(a)  %   -  Jo 
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Using  their  knowledge  of  various  ways  of  writing  ratios*  the  students 
generate  as  many  different  ways  of  writing  this  same  problem  as  they 
can*    Some  alternative  possibilities  include: 

9.64(b)  24/50  -  ^ 

9.S4(a)  24:50  =  x:20 

9.64(d)  24  to  SO  =  X  to  20 

The  advantages  and  disadvantages  of  each  version  should  be  discussed* 

Objective  (a):    Rearvanging  the  information  given  and  the  question 

sentence  without  changing  the  nature  of  the  problem^ 

The  teacher  demonstrates  how  the  given  information  can  be 
rearranged  without  actually  changing  the  problem  itself.    The  follow- 
ing examples  might  be  used: 

9.53(a)    Five  apples  cost  $1.00.    I  want  to  buy  22  apples. 
How  much  money  do  I  need? 

9.65(b)    I  want  to  buy  12  apples.    Five  apples  cost  $1.00. 
How  much  money  do  I  need? 

9.55(a)    How  much  money  do  I  need?    I  want  to  buy  12  apples. 
Five  apples  cost  $1.00. 

The  students  rearrange  the  information  given  in  a  series  of  increasingly 
complex  word  problems,  writing  each  problem  in  an  alternative  form. 

Objective  (d):    Recognizing  two  problems  having  different  grarmar  and 

syntax  as  mathematically  the  same. 

The  teacher  demonstrates  that  two  problems  which  are  worded  differ-- 
ently  may  represent  the  same  mathematical  situation*    The  following 
examples  may  be  used: 

9.56(a)    The  Record  Shop  sells  three  records  for  $15. 
Sally  ixints  to  buy  four  records.    How  much 
money  will  the  records  cost? 


9.56(b)  Sally  bought  four  records  from  the  Record  Shop 
where  they  were  selling  t^-^r^ee  records  for  $15. 
How  much  did  the  records  cost? 


•^08- 


The  students  match  problems  (to  equivalent  problems)  having  different 
grammar  and  syntax.    They  then  rewrite  given  problems  by  using  as  inany 
or  as  few  words  as  possible. 


Content  Variables 


Objective  (e) :    Recognizing  that  problems  fran  specific  fields  of  apptica^ 

tion  may  require  the  use  of  sped fic  mathematical  relation^ 
skips  understood  to  hold  within  the  field  of  application. 

Batting  averages  as  examples  of  ratios  are  studied.    Students  learn 
that  batting  averages  are  always  expressed  as  the  ratio  of  number  of^ 
hits  to  number  of  times  at  bat  rounded  to  the  nearest  thousandth. 

Profit-to-cost  and  profit-to-selling  price  ratios  are  discussed. 
Students  leatn  the  basic  assumed  relationships  between  profit,  cost, 
and  selling  price.    Problems  are  of  different  embodiments;  concrete 
personal  examples  {9*  57(a))  are  considered  first,  with  more  complex 
symbolic  problems  {9.57(h))  considered  later, 

9.57(a)    You  own  a  book  store.    You  puy  the  newest  best 

seller  for  $S.    You  sell  it  for  $?.    l/hat  is  your 
profit-tO'-cost  ratio? 

9.67(b)    You  own  a  book  stare.    You  buy  the  newest  best 

seller  for  x  dollars.    You  sell  it  for  x     2  dollars. 
What  is  your  profit'-tO'-coBt  ratio? 

Problem  givens  and  goals  should  be  varied  so  that  students  are 
given  profit  and  cost,  profit  and  selling  price,  or  cost  and  selling 
price  and  are  asked  to  find  profit-to-cost  or  profit-to-selling  price 
ratios. 

Ratios  derived  from  the  composition  of  chemical  compounds  are  also 
discussed,  along  with  the  necessary  assumptions  of  mathematical  rela- 
tionships.   For  example,  the  ratio  of  hydrogen  atoms  to  oxygen  atoms 
in  water  (H2O)  is  2:1. 

Ratios  comparing  different  units  of  measure  also  require  the  use 
of  implicit  assumptions.    For  example,  writing  the  ratio  of  seven 
minutes  to  two  hours  first  requires  changing  all  units  to  minutes 
(or  hours).    Students  set  up  ratios  comparing  different  units. 

In  addition  to  setting  up  ratios  by  using  the  implicit  assump- 
tions of  a  field  of  application,  students  may  be  asked  to  state 
explicitly  the  assumptions  made  in  a  ratio  or  proportion  word  problem. 
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Objective  (f):    Recognizing  and  using  key  wards  for  ratio  and  proportion. 

Key  words  for  ratios  are  identified  by  the  students.    Some  examples 
are  givan  in  Table  9,3.    Students  writ^^problems  using  the  key  words  and 
set  up  the  ratios  involved.    They  may  be  asked  to  write  several  problems 
for  a  specific  ratio,  using  the  same  key  word(s)  and  different  non- 
mathematical  contexts. 

Key  words  for  proportions  are  identified  and  listed  (Table  9,3). 
Students  identify  key  words  in  textbook  problems  and  then  write  their 
own  problems  using  the  key  words. 

Objective  (g) :    Recognizing  and  interpreting  specific  matfhermtical 

vocabulary:    ratio ^  proportion^  means^  extr^es. 

Students  give  examples  of  ratios  and  proportions  in  both  symbolic 
and  verbal  forms.    The  teacher  defines  the  terms  "means"  and  "extremes," 
explaining  the  solution  of  a  proportion  by  developing  symbolically  the 
rule  that  the  product  of  the  means  equals  the  product  of  the  extremes. 
Students  identify  the  means  and  extremes  in  problems  from  the  text. 

Objective  (h) :    Identifying  given  information  in  a  word  problem 

involving  proportions. 

Students  identify  the  given  information  in  word  problems  involving 
proportions.    For  example,  the  following  problem  is  given: 

9. 58 (a)    Mr,  Smith  bought  his  house  for  $42,000  five  years 
ago.    He  i$  moving  to  another  city  and  uants  to 
sell  it  for  a  profit  that  is  1/20  of  his  cost. 
How  much  should  he  sell  the  house  for? 

The  information  given  in  the  problem  is  identified:    price  of  house 
originally  and  the  profit-to-cost  ratio. 

Objective  (i):    Identifying  goals  in  word  problems  using  proportions. 

Students  identify  goals  of  word  problems  involving  proportions. 
For  example,  in  Problem  9.58(a)  ,  the  goal  of  the  problem  is  identified 
as  being  the  selling  price  of  the  house.    Suggestions  for  the  prob- 
lem's solution  are  offered  by  the  students;  most  set  up  the  problem 
as  a  proportion, 

9/s8(b)  ^    ^  427000 

and  solve  for  x  «  4,200.    The  students  identify  this  as  the  profit 
rather  than  the  selling  price.    Recalling  the  relationship  cost  4- 
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Table  9.3    Key  Words:    Ratio  and  Proportion 


Ratio  Proportion 

out  of  as 
is  to  .  at  the  same  rate 

per  ratio 
each  rate 
to  out  of 

is  to 

per 

each 

to 
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profit  «  selling  price,  they  compute  a  selling  price  of  $46,200. 

Objective  (j):    Writing  equations  to  aQOompany  given  word  problms. 

The  studeacs  write  equations  to  accompany  given  word  problems 
involving  proportion. 

Objective  (k) :    Writing  word  problems  to  accompany  given  equations. 

The  students  write  word  problems  to  accompany  given  pro- 
portions.   For  this  activity,  the  teacher  may  wish  to  provide  a 
variety  of  possible  conients , (e.g. ,  batting  averages,  chemical 
compounds) .  ^  ^ 

Context  Variables 


Objective  (I):    Recognizing  word  problems  that  lyary  context  while 

keeping  syntax^  content^  and  structure  constant  by 
identifying  contextual  information  irrelevant  to 
the  probl^'s  solution. 

The  teacher  demonstrates  how  a  problem  setting  may  be  changed 
without  affecting  the  solution  process  for  the  problem.    The  follow- 
ing problems  may  be  used  as  illustrations: 

9^S9(a)    I  want  to  buy  some  books^    I  have  fifteen  dollars^ 
and  seven  books  cost  35  dollars.    How  many  books 
can  I  buy?. 

9.59(b}  I  am  thinking  of  a  number.  This  number  is  related 
to  fifteen,  and  seven  is  related  to  25  in  the  same 
way.    What  is  this  number? 

The  students  may  also  be  asked  to  fill  in  missing  words  in  prob- 
lems so  as  to  change  the  context.  For  example,  the  following  probl^ 
may  deal  with  "records"  or  "gobbledygooks." 

9.60    Six  cost  $25.    How  many   can  I  buy  for  $27.60? 

Students  may  also  be  asked  to  fill  in  missing  numbers  in  problems  and 
then  describe  how  to  solve  the  problem. 
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Objective  (m):    Recognizing  tiio  ppobtms  having  different  contextual 

embodiments  (settings)  as  rmthematically  the  same^ 

Other  problems  using  proportions  and  varying  situations  such  as 
batting  averages,  chemical  compounds,  and  angles  of  a  triangle,  are 
considered •    Students  identify  similarities  such  as  the  presence  of  a 
ratio  in  the  given  information-    Assumptions  peculiar  to  each  applica- 
tion are  identified,  such  as  the  definition  of  a  batting  average  or 
the  theorem  stating  that  the  sum  of  the  measures  of  the  angles  of  a 
triangle  is  180°.    Problems  which  have  different  embodiments  but  which 
are  mathematically  equivalent  are  compared.    An  example  follows: 

9.61(a)    An  alloy  is  aomposed  of  three  parts  nickel,  tuo 
parts  aluminum^  and  one  part  zinc.    How  many 
grams  of  zino  are  there  in  180  grams  of  the  alloy? 

9.61(h)    One  angle  of  a  triangle  is  tuiae  as  large  as  the 

smallest  angle ^  and  the  third  angle  is  three  times 
as  large  as  the  smallest  angle.    ^Ihat  is  the 
measure  of  the  smallest  angle? 

Objective  (n):    Stating  a  ratio  as  a  fraction  in  lowest  terms  when 

given  a  situation  descin^bed  in  a  verbal  problem. 

Structure  Variables^  . 


Students  examine  various  applications  of  ratios,  stating  similari- 
ties between  them  and  setting  up  ratios  for  each.    They  study  newspaper 
advertisements  for  canned  goods  and  determine  the  more  economical  buys 
(e.g.,  four  cans  of  soup  for  89  cents  or  one  can  for  23  cents).  Pi?ob- 
lems  involving  profit-to-cost  ratios,  profit-to-selling  price  ratios, 
and  ratios  derived  from  chemical  compounds  are  solved.     Students  may 
also  make  up  and  solve  their  own  word  problems  using  ratios*  These 
student  problems  may  be  combined  for  a  homework  assignment,  contest, 
or  class  booklet. 

Objective  (o):    Recognizing  the  abser^'^e  of  information  necessary  to 

solve  a  problems  cind  stating  what  is  missing. 

The  students  are  given  problems  with  missing  information.  They 
are  asked  to  state  what  else  is  needed  in  order  to  solve  the  problem. 
The  problems  are  varied  in  regard  to  context,  syntax,  and  content. 

The  students  are  given  problems  in  which  every  fifth  word  has 
been  omitted.    They  are  asked  to  fill  in  the  omitted  words  and  dis- 
cuss their  choices. 


Objeative  (p):    Recognizing  the  presenae  of  extraneous  matkematiaal 

information  in  a  routine  hX)rd  problem^  and  eliminat- 
ing it  from  the  problem. 

The  students  are  given  problems  including  irrelevant  numerical 
information  and  asked  to  state  what  is  unnecessary  in  the  problem* 

They  then  write  equations  to  accompany  the  problems  and  solve  them. 

t 
\ 

Objective  (q):    Solving  word  problems  based  on  proportion. 

Students  solve  word  problaas  using  proportions.    Students  may 
also  write  their  own  problems. 


4.  Ccnclusion 


We  have  considered  syntax,  content,  and  context  task  variables  as 
indicators  of  problem  difficulty,  as  tools  enabling  the  teacher  to 
create  equivalent  problems,  and  as  a  means  of  organizing  instruction 
in  problem  solving.    These  variables,  examined  and  analyzed  in  earlier 
chapters,  have  here  been  applied  to  instructional  situations.  Know- 
ledge of  the  nature  and  effects  of  task  variables  has  real  utility. 
The  teacher  familiar  with  the  vocabulary  and  the  research  is  more 
effectively  prepared  to  select  and  design  appropriate  problems,  to 
foresee  and  overcome  possible  difficulties,  to  teach  students  the  art 
of  problem  solving,  to  communicate  his  or  her  own  experiences  to  other 
teachers,  and  to  comprehend  the  experiences  of  oth^r  mathematics  educa- 
tors. 
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structure  and  Heuristic  Behavior  Variables  in  Teaching 

^    Applications  of  Problem  Structure 

by 

George  F»  Luger* 
University  of  Edinburgh 
Edinburgh »  Scotland 


In  this  section  two  kinds  of  problems  are  discussed.    First  we  look 
at  "routine"  problems,  which  can  often  be  classified  into  standard  "prob- 
lem tyT>es,"  having  content  and/or  structure  characteristics  in  common. 
Secondly,  we  look  at  "non-routine"  problems,  and  suggest  the  explicit 
analysis  of  problem  structure  as  an  effective  means  for  teaching  probilem- 
solving  skills.     In  both  cases,  teaching  approaches  are  exemplified 
through  short  sample  lesson  plans. 


1.    Schema  Driven  Inferencing  and  Routine  Problem  Types 

The  word  "schema"  is  used  by  Bartlett  (1936)  to  refer  to  a  struc- 
turing of  information,  a  loose  confederation  of  relationships,  that 
represents  the  capacity  to  perform  some  task  or  function.     In  the 
terminology  of  Hinsley,  Hayes,  and  Simon  (1976)  the  "problem  type" 
schema  includes  the  semantic  information  contained  in  the  general  prob^ 
lem  situation,  and  clues  for  using  this  information  in  solving  the 
particular  problem.     In  this  section  the  word  "schema"  will  refer  to 
the  structuring  and  storage  of  the  semantic  information  necessary  for 
problem  solving. 

Hinsley,  Hayes,  and  Simon  (1976)  discuss  schemata  in  relation  to 
solving  algebra  word  problems  similar  to  those  found  in  secondary  school 
textbooks.    They  conclude  the  following: 

a.  Students  categorize  problems  into  "types."    While  problems 
are  not  uniquely  categorizable,  they  fall  broadly  into  groups 
such  as  "age,"  or  "river  travel,"  or  "work"  problems. 

b.  Students  classify  such  problems  even  before  they  have  assimi- 
lated all  the  important  information,  and  before  the  problems 
have  been  formulated  for  solution. 
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c.  Students  possess  a  body  of  information  about  each  problem  type 
which  is  potentially  useful  for  formulating  problems  of  that 
type  for  solution*    This  information  helps  focus  attention  on 
important  facets  of  the  problem. 

d.  Students  use  this  "category"  or  "problem  type"  information  in 
formula  ring  prohlgmg  for  solotioiUJiPjt  merely  for  classification. 

The  use  of  "problem  type"  information  to  focus  on  relevant  facets  of  the 
problem^  or  to  recall  and  apply  appropriate  equations,  are  characteris- 
tics of  schema  driven  inferenaing. 

To  demonstrate  what  is  meant  by  the  semantic  information  associated 
with  a  particular  problem  type,  consider  the  following  examples. 

"River  Problems": 

lOA.l    If  a  boat  takes  3  hours  to  go  four  miles  up  a  river  and 
2  hours  to  return  to  the  starting  pointy  what  is  the 
speed  of  the  current? 

Some  of  the  unstated  assumptions  in  this  type  of  problem  are:  (a)  there 
is  no  wind  to  affect  the  speed  of  the  boat,  (b)  there  are  no  obstructions 
in  the  water,  (c)  the  bo^at  is  not  slowly  taking  on  water,  (d)  the  boat's 
speed  (in  still  water)  as  well  as  the  speed  of  the  river  current  is  con- 
stant; and  so  forth.  Equations  associated  with  this  problem  type  are: 
Distance  =  Rate  x  Time^  and  Speed  (Net)  ^  Speed  (1)  t  Speed  (2)^  where 
Speed  (2)  and  Speed  (2)  may  refer  to  boat,  wind,  or  current  speed, 

"Pulley  Problems": 

10A.2    A  man  of  140  lbs.  and  a  weight  of  112  tbs.  hang  from  a 

rope  over  a  pulley^    Find  the  acceleration  of  the  system. 

Here  it  is  assumed  that:     (a)  the  man  and  the  weight  hang  vertically 
downward,  (b)  the  rope  does  not  stretch,  (c)  the  pulley  is  fixed  and 
f rictionless,  etc.     These  facts,  though  not  directly  stated  in  the  prob- 
lem itself,  must  be  understood  to  produce  a  correct  solution.     In  addi- 
tion, the  problem  solver  must  call  on  Force  =  Mass  x  Acceleration,  the 
value  of  the  earth's  gravitational  force,  and  rules  for  obtaining  a 
resultant  force, 

"Money  Problems": 

10 A, 3    If  the  value  of  25  nickels  and  dines  in  John^s  pocket 
is  $1.79,  how  many  coins  of  each  type  does  he  have? 

An  understanding  of  this  problem  statement  must  include  the  unstated 
semantic  information  that  the  value  of  each  nickel  is  5  cents  and  the 
value  of  each  dime  is  10  cents.     In  addition,  "coins"  must  be  inter- 
preted as  having  both  a  number  (the  number  of  dimes)  and  a  value  (each 
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dlioe  is  worth  10  cents) .    This  information  ntust  be  need  by  students 
to  see  that  the  problem  statement  is  contradictory* 

Thus 9  each  problem  type  has  its  ovn  semantic  contents    This  content 
should  be  considered  carefully  by  the  teacher  before  distussion  of  prob-- 
lems  with  the  students.    Lack  of  explicit  discussion  of  problem^type 
Information  is  a  major  shortcoming  of  many  secondary  school  textbooks t 
which  often  assume  that  semantic  content  will  be  somehow  '^picked  up** 
during  the  process  of  problem  solvingi»    This  assumption  can  be  false, 
especially  for  slower  students.    In  fact*  inadequate  understanding  of 
the  semantic  content  of  a  problem  can  be  the  major  source  of  problem 
difficulty  not  only  for  slow  students  but  for  students  from  different  cultures* 

It  should  be  noted  that  semantic  information,  as  we  use  the  term, 
refers  both  to  problem  content  and  problem  structure  (see  Chapter  I), 
To  the  extent  that  it  merely  augments  the  problem  statement  with  addl*- 
tlonal,  unstated  "givens,'*  the  semantic  information  may  be  considered 
part  of  the  problem  "content,"    However,  the  underlying  algebraic  rela- 
tionships (e.g.,  the  equations  associated  xrith  "river  travel"  or  "pulley" 
problems)  are  par t^,  of  the  problem  "structure"  and  these  too  are  included 
in  the  "problem  type"  schema.    The  processes  of  equation  instantiation 
and  the  algorithmic  solution  of  equations  are  structure-related. 

These  ideas  will  now  be  developed  in  a  series  of  sample  lesson  plans 
aimed  toward    assisting  students  in  formulating  problems  for  solutiont 

Lesson  Plan  1:    River  Travel  Problerris 

i 

Objective:  To  enable  the  students  to  ^^set  up^^'and  solve  river 
travel  problems  utilizing  the  semantic  information 
associated  with  this  ^^problem  type.'^ 

Select  a  set  of  six  to  eight  "river  travel"  problems  from  algebra 
textbooks.    Once  the  problem  type  has  been  introduced  with  several  prob- 
lems, have  students  create  "river  travel"  problems  of  their  own. 

Consider  a  simple  example. 

2 OA.  4    A  boat  that  travels  four  miles  per  hour  in  still  uater 
goes  downstream  from  pier  A  to  pier  B  in  two  hours. 
If  the  returm  trip  takes  six  hours,  what  is  the  speed 
of  the  current? 

Elicit,  in  discussion  with  the  students,  the  semantic  Information  indi- 
cated below: 

(a)    The  forces  that  are  acting  on  a  boat  traveling  in  the  stream. 
(Wind,  current,  bouyancy  of  the  boat — is  it  slowly  sinking; 
does  the  engine  or  person  rowing  wear  out?) 
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(b)    An  Intuitive  representation  for  defer ibing  boat  speed  up 
and  down  the  river;  for  exsntple: 

BSP  +  W  +  C  +  ,  .  ,  •  BSD 
BSP  -  W  -  C  +  .  .  .  •  HSU 


(where  BSF  is  the  boat  speed,  W  is  wind«  C  is  current, 
BSD  is  boat  speed  downstrean,  and  BSU  is  boat  speed 
upstream) • 

(c)    The  quantities  relevsmt  to  the  situation,  arriving  at 
answers  to  questions  such  as: 


1.  How  is  boat  speed  measured  (in  still  water)?    Is  boat 
speed  constant  in  the  "real  world?"    (No.)    What  is 
done  with  boat  speed  in  the  problem?    (It  is  idealized 
and  fixed,) 

2.  How  is  wind  speed  calculated?    May  it  be  ignored?  May 
this  variable  be  ignored  in  ocean  travel  or  air  travel? 

3.  How  is  current  measured?    I^hat  is  the  difference 
between  "upstream  and  downstream"?    Is  the  current  in 
a  river  constant?    Are  there  places  in  the  water  where 
the  current  changes?  happens  where  the  river 
bends? 

Next,  discuss  appropriate  equations  for  this  problem  type. 

(a)  1.    BSP  +  C  -  BSD 
2.     BSP  ^  C  -  BSU 

(b)  Distance  equals  rate  times  time: 


1.  Di  -  BSD  X  Ti 

2.  D2  -  BSU  X  T2 

3.  Are  Dx  and  D2  different?  Why? 

(c)  Proper  equation  instantiation. 

D  •  (BSP  +  C)Tx  or  D  *  (4+C)'2 
2.    D  •  (BSP  -  C)T2  or  D  -  (4-C)-6 

(d)  Proper  operations  to  solve  these  equations. 
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Then  present  additional  problems  of  the  river  travel  category, 
with  a  repeat  of  the  discussion  above.    Vary  the  problems  aystemati-* 
cally  by; 

(a)    giving  problems  similar  in  structure  to  the  problem  above; 


(b)  making  the  problem  statement  more  complex,  but  maintaining 
students'  focus  on  the  relevant  equations; 

(c)  adding  new  relevant  material  such  as  a  constant  wind  speedy 
or  by  introducing  irrelevant  information « 

' Finally,  have  the  students  make  up  and  solve  at  least  one  river 
travel  problem  of  their  own. 

Lesson  Plan  2:    Money  Problems 

Objective:    To  enable  students  to  ^^aet  up''  and  solve  qoin 
problems  utilising  the  semantic  infomaticn 
associated  with  this  problem  type. 

The  teacher  should  select  six  to  eight  "money'*  problems.  Problems 
should  be  ordered  by  difficulty  for  presentation,  and  the  creation  of 
additional  problems  by  students  should  be  encouraged.    Consider  the 
following  example. 

10A.6    Jon  has  $1.25  in  nickels  and  dimes  in  his  pocket.  If 
the  total  member  of  nickels  and  dimes  is  twenty^  how 
many  nickels  does  Jon  have? 

Elicit,  in  discussion  with  the  students,  the  following  semantic  infor- 
mation: 

(a)  What  coins  could  be  used  to  make  up  $1.25  if  pennies,  nickels 
dimes,  quarters,  and  half-dollars  are  to  be  used?    Make  up 
several  examples  (5  quarters,  125  pennies,  A  quarters  and  5 
nickels,  *  . 

(b)  Formulate  some  intuitive  representations,  such  as: 

p+n+d+q+h"  nc, 

where  p,  n,  d,  q,  and  h  refer,  respectively,  to  pennies, 
nickels,  dimes,  quarters,  and  half-dollars,  and  nc  is  the 
number  of  coins* 

(c)  Which  coins  are  actually  used  in  this  problem? 
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(d)    Co  aider  the  value  of  the  coins.    Use  examples  such  ass 
How  many  nickels  taake  thirty  cents?  (•OSn  *  .30)  How 
many  <iimes  make  up  $1.30?    (.lOd  ■  1.30) 

In  general,  formulate  possible  value  (v)  combinations 
such  as  .Olp  +  .05n  +  .lOd  +  .25q  +  .50d  -  v.  . 

Next,  discuss  appropriate  equations  for  this  problem  type. 

(a)  n  +  d  ■  X,  where  x  is  the  number  of  cpins.  . 

(b)  .05n  +  •lOd  »  v,  where  v  is  the  value  of  the  coins. 

(c)  Determine  the  proper  equation  in8tantiation''-*.05n  + 
.lOd  •  1.25  and  n  +  d  -  20. 

(d)  Be  sure  students  can  perform  the  correct  operations  to 
solve  the  equations. 

Have  the  students  solve  several  similar  coin  problems.    Ask  them 
to  invent  some  problems;  suggest  making  up  an  impossible  coin  problem. 

/ 

Lesson  plans  similar  to  the  two  above  cmy  be  constructed  fof^  teach*- 
ing  other  problem  types  such  as  ^^mixture"  problems »  'Vork'*  problems,  and 
so  on. 

Consider  a  final  example,  the  teaching  of  '*age"  problems. 

Lesson  Plan  3:    Age  PTohlems 


Objective:    To  enable  students  to  ^^set  up'*  and  solve  age 

pT^obteks  through  the  use  of  semantic  infcmation 
assoaiated  with  this  problem  type. 


Review  the  idea  of  "variables'*  and  how  they  may  be  used  to  repre- 
sent changing  values  of  numbers — such  as  the  ages  of  people ♦  Then 
represent  specific  "aging'*  conditions  as  algeb.  aic  expressions,  using 
charts  to  represent  the  changes  in  ages.    For  example,  if  Jane  is  now 
6,  John  16,  and  their  father  36,  then  their  current  and  future  ages 
and  the  relationships  among  them  ares 


Jane 

John 

Father 

5  years  ago 

6-5 

16-5 

36-5 

X-  5 

current  age 

6 

16 

36 

X 

4  years  from  now 

6  +  4 

16  +  4 

36  +  4 

x  +  4 

10  years  from  now 

6  +  10 

16  +  10 

36  +  10 

x+  10 

er|c  4jy 
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From  a  chart  of  this  nature/  it  is  easy  to  discern  relationships  bet^en 
present  and  future  ages#    For  exasnple^  '^Jane^s  father  is  nov  six  tisms 
Jane's  age";  6»(Jane*s  age)  -  -(father's  age)  or  "In  four.years^  John 
will  be  half  as  old  as  his  father":    (John's  age  +  A)  «  1/2- (father's 
age  +  4). 

Write  "age  problems"  for  given  expressions  such  as  x  +  7  and  5  + 
Give  assignments  to*  groups  or  individui^ls  that  require: 

(a)  The  representation  of  simple  given  age  situations  by 
algebraic  expressions. 

(b)  The  verbal  description  of  simple  age  situations  for  which 
algebraic  expressions  are  given, 

(c)  The  verbal  description  of  simple  age  situations  and  repre*- 
sentation  of  the  situations  with  appropriate  expressions • 

A  point  deserving  particular  attention  is  that  of  aging  uniformity, 
which  should  be  represented  by  a  chart  similar  to  that  above.  Discuss 
uniformity  of  aging  by  solving  problems  such  as: 

^  <■ 
10A.6    Martha  is  12  years  old  and  Bob  is  25  years  old.  How 
muah  older  than  hkirtha  will  Bob  be  in  5  years? 

IOA.7    Traay  was  10  years  old  when  Tony  was  8  years  old. 

Now,  5  years  later ^  how  much  older  is  Trcay  than    ^  ' 
Tony? 

lOA.d    Faith  is  21  years  old  and  Fred  is  19  years  old.    Ten  - 
years  from  now,  haw  muah  older  than  Fred  will  Faith 
be? 

Represent  uniformity  of  aging  with  arithmetic  or  algebraic  equations, 
and  ask  students  individually  or  in  small  groups  to  Illustrate  uniform 
aging  by  writing  and  solving  other  similar  problems.    Require  that  the 
students  produce  a  representation  by  means  of  arithmetic  or  algebraic 
equations. 

Within  the    problem  type  referred  to  as  "age  problems,"  uniform 
^  aging  is  an  example  of  unstated  semantic  Information  which  must  become 
part  of  the  student's  schema,  and  which  may  typically  yield  an  equa^ 
tlon.    But  it  should  also  be  noted  that  the  algebraic  relationships 
and  algorithmic  processes  associated  with  age  problems  are  not  fixed: 
The  problem  structure  may  vary  from  arithmetic  expressions  to  be  com-- 
puted,  to  single  aXgebraic  equations,  to  simultaneous  algebraic 
equations*    Thus,  problem  structure  may  vary  considerably  wichin  the 
broad  classification  "problem  type," 
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A  notion  often  overlooked  in  tradl^onsl  mathematics  textbooks  is 
that  of  planning  the  eolution.    Due  to^imilarlties  in  content  and 
structure  among  problems  of  a  given  "type,"  plans  may  often  be  asso- 
ciated with  problem  types;  and  possible  plans  may  be  included  in  the 
schemata  which  we  try  to  develop  in  students. 

A  plan  for  the  "river  travel"  problem  type  above  should  includes 

1.    A  drawing  of  the  situation,  presenting  Pier  A,  Pier  B,  the 

river,  tlie  distance  from  A  to  B,  the  direction  of  the  current, 
and  so  on. 


A 

Jl 

(Note  that  assumptions  md/or  idealizations  are  already  being  made; 
e.g.,  that  the  river  is  straight  and  the  current  is  constant), 

2.    A  statement  of  relevant  quantities  such  as  boat  speed,  current 
speed,  distance,  and  time* 

3»    A  statement  of  general  equations  relating  relevant  quantities 
and  directions. 

4.  An  instantiation  of  the  equations  with  the  relevant  quanti- 
ties, again  with  idealizations  (ignoring  wind  or  changeable 
current,  etc.)* 

5.  A  solution  plan  for  the  equations  (e»g.,  substitution). 

6.  A  means  of  checking  the  answers. 

Note  that  with  the  solution  plan,  particular  aommitments  are  made. 
These  are  essential  to  the  success  of  this  approach.    Plans  include 
commitments  to  the  use  of  speeds,  directions,  or  other  material  most 
important  for  each  problem  type.    Plans  must  also  include  a  commitment 
to  the  use  of  certain  equations.    Most  important  is  correct  equation 
instantiation,  which  relates  the  relevant  quantities  and  ignores 
unnecessary  values. 

A  lesson  plan  to  develop  classification  and  planning  skills  in 
problem  solving  follows.     This  plan,  suggested  by  the  Kinsley,  Hayes, 
and  Simon  research,  may  be  done  in  one  clars  session,  or  preferably 
its  methods  may  be  regularly  incorporated  into  class  activities. 


current  -    —  ■  . 

river 

D  * 
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Lesaon  Plan  4:    Developing  Plans 

« 

Select  a  heterogeneous  group  of  20-30  word  problems.  Several  prob- 
lems that  students  have  seen  before  and  some  entirely  new  ones  should  be 
included.    Put  each  problem  on  an  individual  card. 

Ask  the  students*  individually  or  in  small  groups »  to  put  the  prob- 
lems into  classes  by  problem  type»  such  as  river  travel,  money,  and  so  on. 
Check  the  problem  classifications.    Are  there  some  problems  that  defy 
grouping?    Put  these  In  a  separate  category.    Then  ask  the  students,  on 
new  cards,  to  make  general  planQ  for  solving  each  group  of  problems. 
These  plans  should  include: 

(a)  Appropriate  cartoons  or  drawings, 

(b)  Assumptions  made  in  each  group. 

(c)  Equations  associated  with  each  problem  type. 

(d)  Any  clues  that  might  be  helpful  in  equation  instantiation. 

(e)  Any  equation-solving  Information  that  might  be  helpful,  and 

(f)  All  appropriate  checks  for  each  problem  type. 

The  students  may  then  attempt  to  use  their  plans  to  solve  the  given 
problems . 


2,     Teaching  Non-Routine  Problem  Solving 
through  Analysis  of  Structure 

The  concept  of  problem  structure  discussed  in  Chapter  IV  is  applied 
here  to  the  teaching  of  problem-solving  skills  apart  from  the  problem 
types  of  the  previous  section •    The  lesson  plans  in  this  section  consist 
of  games  presented  to  students  for  play  and  analysis.     The  objectives 
are  for  the  students  (a)  to  discover  the  structure  of  the  problems, 
(b)  to  relate  sets  of  problems  to  each  other  when  they  have  similar 
structure,  and  (c)  to  associate  with  each  problem  one  or  two  heuristic 
processes  that  may  be  used  in  solving  that  problem.     The  selection  of 
problems  will  generally  be  confined  to  games  already  presented  in  this 
book.     The  approach  presented  here  is  readily  applicable  to  other  games 
and  puzzles* 

Table  lOA-l  summarizes  the  problem  structures  and  associated 
heuristic  processes  fier  several  selected  tasks  as  they  were  developed 
in  Chapter  IV.    From  the  table  and  the  discussion  that  follows,  clues 
for  general Izable  methods  of  associating  problem-solving  processes 
with  problem  structure  are  given.    These  clues  suggest  the  necessity 
of  carefully  selecting  and  analyzing  problem  tasks  prior  to  classroom 
presentation  and  the  necessity  of  actual  demonstration  of  the  analysis 
process  to  the  students.    The  view  that  experiencing  the  entire  task 
environment  (including  false  starts >  loops,  blind  alleys,  symmetries. 
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Table  lOA.l    Gam  Struaticre  and  Teaohing  EenH&tia  Processes 


Problem 

Pails  of  Water  fef.  Problem  4,2} 

You  are  at  the  bank  of  a  river  with  two  pails. 
The  first  holds  exactly  three  gallon?  of  water, 
the  second  five  gallons,  and  the  pails  are  not 
marked  for  measurement  in  any  other  way.  By 
filling  and  emptying  pails,  or  by  transferring 
water  from  pail  to  pail,  find  a  way  to  carry 
exactly  four  gallons  of  water  away  from  the 
river. 

Missionaries  &  Cannibals  (of.  Problem  4.2) 

Three  missionaries  and  three  cannibals  are  on 
one  bank  of  a  river,  with  a  rowboat  that  will 
hold  at  most  two  people.    How  can  they  cross  to 
the  other  side  of  the  river,  in  such  a  manner 
that  missionaries  are  never  outnumbered  by 
cannibals  on  either  riverbank? 

Missionaries  &  Cannibals^  One  Power  Caf^ 
Problem  4,2) 

(Same  as  above,  with  the  additional  condition 
that  only  one  cannibal  knows  how  to  row.) 


Jealous  Husbands  (of.  Problem  4*9) 

Three  husbands  an4  their  wives  are  on  one 
bank  of  a  river,  with  a  rowboat  that  will 
hold  at  most  two  people.    How  can  they  cross 
in  such  a  manner  that  no  wife  is  ever  in  the 
presence  of  a  man  other  than  her  husband  on 
either  riverbank,  unless  her  husband  is  also 
present? 

Hck^taak-'toe 

The  opposing  players  alternately  mark 
their  choices  of  vacant  positions  in  the 
3x3  game  diagram  with  X*s  and  O's  respect- 
ively.   The  goal  is  to  obtain  possession  of 
three  squares  in  a  row,  horizontally,  vert- 
ically or  diagonally. 


State-Space 
Representation 


Figure  4.1 


Figure  4.2 


Figure  4.3 


Figure  4.8 


Figure  4.9 


Heuristic 
Process (es) 


Subproblem  Decom|k)- 

sit ion 
Working  Backwards 
Trial  §  Error 


Trial  §  Error 
Working  Backwards 
(Utilization  of 
Forward - Backward 
Symmetry) 
Subproblem  Decompo- 
sition 


Trial  5  Error 
Working  Backwards 
Related  Problem 


Trial  §  Error 
Working  Backwards 
Related  Problem 


Symmetry 


continued 
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Table  10A,1  (aonHm4ed) 


Problem 

Number  Scrabble  (of.  Problem  4*S) 

The  integers  1,2, .,.,9  are  written  on  slips 
of  paper.    The  opposing  players  take  turns, 
each  selecting  one  number  at  a  time.  Neither 
player  may  select  a  number  already  taken.  The 
goal  is  to  obtain  exactly  three  numbers  add-  , 
ing  to  fifteen. 

Jam  Te//  Problem  4.  7) 

The  two  players  have  different  colored  pen- 
cils.   Each  in  turn  colors  a  straight  line  in 
the  given  diagram  along  its  entire  length.  The 
goal  is  to  obtain  three  lines  in  ones  own 
color  intersecting  at  a  single  point. 


State-Space 
Representation 


Figure  4.6 (a) 
[isomorphism] 


Figure  4.6 Cb) 
[isomorphism] 


Heuristic 
Process (es) 


Symmetry 
Related  Problem 


Symmetry 
Related  Problem 


Taaer  of  Hanoi  (af.  Problem  4.12) 

Four  concentric  rings  are  placed  in  order  of 
size,  the  smallest  at  the  top,  on  the  first  of 
three  pegs.    The  goal  is  to  transfer  all  of 
the  rings  from  the  first  peg  to  the  third  in  a 
minimum  number  of  moves.  Only  one  ring  may  be 
moved  at  a  time,  and  no  larger  ring  may  be 
placed  above  a  smaller  one  on  any  peg.  (The 
problem  generalizes  to  n  rings.) 


Figures  4,12  and    Subproblem  Decompo 
4. IS.  sition 

Symmetry 
Generalization 
Recursion 


Tower  of  Hanoi  board 


Tea  Ceremony  (of.  Problem  7C.1) 

A  host,  an  elder,  and  a  youth  participate  in 
'the  ceremony.  They  perform  four  tasks,  listed 
in  ascending  order  of  importance:  feeding  the 
fire,  serving  cakes,  serving  tea,  and  reading 
poetry.  The  host  performs  all  the  tasks  at  the 
outset;  the  tasks  are  transferred  back  and 
forth  among  the  participants  until  they  are 
all  performed  by  the  youth.  Only  one  task--the 
least  important  a  person  is  performing--may  be 
moved  at  a  time,  and  no  one  may  receive  a  new 
ta*k  unless  it  is  less  important  than  any  he  is 
then  performing.  The  goal  is  to  transfer  the 
tasks  from  host  to  youth  in  the  fewest  moves 
possible. 

^  Elder 


Same  as  Tower  of 
Hanoi 

[isomorphism] 


Host 


Subproblem  Decompo 

sition 
Symmetry 
General! zation 
Related  Problem 


Youth 
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and  so  on)  is  an  essential  part  of  learning  problem- solving  processes 
is  implicit  in  the  les^son  plans.    Explicit  discussion  of  which  heuris- 
tic processes  are  appropriate  for  a  given  problem,  and  vhy ^  is  essen- 
tial to  this  methodi 

Lesson  Plan  S:    ^iak^taak^toe  (I) 

Divide  the  class  into  groups  of  four  students.    Give  each  group 
the  task  of  analyzing  tick-tack-toe  (naughts  and  crosses)  •   This  will 
perhaps  best  be  done  by  having  each  group  play  the  game,  tvo  students 
against  the  other  two.    The  object  of  the  task  is  to  4iscover  winning 
and  drawing  strategies.    This  can  be  done  by  keeping  fixed  for  one 
group  the  use  of  the  symbol  "X"  and  first  move;  the  other  group  should 
throughout  play  use  "0"  and  take  the  second  move.    Paper  and  pencil 
should  be  used  to  record  and  test  different  strategies.    It  can  take 
mora  than  half  an  hour  for  groups  of  students  to  analyze  even  a  well- 
known  game  such  as  tick-tack-toe  (Gardner,  1959a). 

Ask  each  group  of  students  to  prepare  a  short  analysis  of  the 
problem.    They  might  break  their  analysis  into  (1)  strategies  for 
player  with  first  move,  and  (2)  strategies  for  player  with  second 
move . 

Then  ask  several  groups  of  students  to  present  their  strategies 
and  analyses  of  tick-tack-toe.    If  help  is  needed,  hint  ^t  the  symmetry 
in  the  problem.    Ask  such  questions  as  (1)  How  many  different  first 
moves  are  there?  and  (2)  How  many  are  essentially  different?  Strate- 
gies may  take  the  form  of  rules  such  as:     (1)  ,"If  I  am  second  and  first 
move  takes  the  center,  I  must  take  a  comer  (any  comer)  to  avoid  losing," 
or  (2)  "If  I  am  first,  my  best  move  is  the  centc^r  or  the  comer,  because 
•         Make  a  compilation  of  these  rules  from  the  .students. 

Answers  to  the  following  should  be  obtained  by  the  end  of  the 
activity: 

1,  How  many  possible  first  moves  are  there  in  tick-tack-toe? 
(9)    How  many  different  (i-e,,  unique)  first  moves  are 
there?  C3;  a  comer,  a  side,  and  the  center,) 

2.  How  many  unique  second  moves  are  there  for  each  first  move? 
For  example,  if  first  move  is  the  center,  there  are  only 
two  different  responses,  a  comer  or  a  side. 

The  point  should  be  made  that  strategies  for  winning  (or  not  losing) 
are  built  on  the  previous  two  points.    It  is  nearly  impossible  (for 
humans)  to  understand  and  successfully  play  tick-tack-toe  without  strate- 
gies built  upon  these.    Discuss  (1)  and  (2)  above  and  the  nation  of 
syrmetries  in  the  problem.    Describe  how  ^'different"  states  of  the 
problem  environment  may  be  "equivalent"  by  symmetry. 
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LesBOn  Plan  6:    Tick- taak- toe  (II) 

Divide  the  class  into  groups  of  four  students  each*  Introduce 
^'Nusiber  Scrabble"  as  presented  in  Table  lOA.lt  Let  students  oppose 
each  other  in  the  play  of  Number  Scrabble;  have  them  (as  with  tick- 
tack'-toe)  analyze  this  game  and  prepare  sets  of  winning  strategies. 

Ask  each  group  of  students  to  write  oyt  a  set  of  strategies  for 
playing  Number  Scrabble.    What  should  the  first  player  do  to  win?  Is 
a  win  guaranteed  for  either  player?    Are  there  s^trategies  for  drawing? 
If  students  have  trouble  analyzing  Number  Scrabble,  have  them  proceed 
as  follows: 

1,  Fix  the  first  selected  nuniber  (say  5)  . 

2.  What  responses  are  there  to  this  first  selected  number? 

3.  Wh^t  responses  are  there  to  the  combination  of  moves 
described  above? 

4,  Can  strategies  be  based  on  even  numbers  or  odd  numbers? 

If  students  are  having  trouble  analyzing  Number  Scrabble,  ask  them 
to  figure  out  all  of  the  different  combinations  of  three  numbers  that 
add  to  15.    These  are,  after  all,  the  goat  combinations.    They  might 
get  an  array  like  this: 

2  +  9  +  4  2  +  5  +  8  2+7  +  6  3  +  5  +  7 

1  +  8  +  6  4  +  5  +  6  8+3  +  4  1  +  5  +  9 

Have  student  try  to  arrange  this  array  to  show  how  many  times  or  ways 
each  number  may  be  used  to  arrive  at  a  goal.    For  example,  if  5  is 
picked  by  the  first  player,  only  four  possible  sum  combinations  remain 
for  the  second  player. 

If  the  students  cannot  discover  an  arrangement  of  the  array, 
suggest  the  '*magic  square'*  arrangement  as  presented  in  Figure  4, 6(a), 
What  patterns  now  emerge? 

The  following  points  should  be  made; 

1,  How  many  unique  first  moves  are  there?     (three;    an  even 
number,  5,  or  an  odd  number  excluding  5.) 

2.  How  many  unique  responses  to  each  different  first  move  are 


there? 


3. 


Discover  the  tick-tack-toe  and  Number  Scrabble  isomorphism. 
Use  this  relationship  to  help  describe  winning  strategies. 


4. 


Discuss  hidden  problem  symmetry,  and  states  equivalent  by 
symmetry. 
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Lessen  Plan  7:    Tiak^taak'-tae  CUT) 

Divide  students  into  groups  of  four.    Introduce  "Jam"  as  presented 
in  Table  lOA.l,  and  let  students  oppose  each  other  in  the  play  of  Jam. 
Again  ask  the  students  to  discover  winning  strategies •    "What  is  the 
best  first  move?    Which  line(s)  go  through  the  most  points?    How  is  the 
game  related  to  tick-tack-toe?" 

If  students  have  trouble  discovering  winning  strategies  with  Jam, 
suggest  the  procedures  of  the  preceding  lesson  plans ,  and  finally  point 
out  the  isomorphism  to  tick-tack-toe  (see  Figure  4.6(b)  )♦     Ask  the 
students  to  s<eek  answers  to  questions  such  as;    (1)  How  are  the  ways  of 
winning  in  tick--tack-toe    and  the  eight  dots  in  Jam  related?  and  (2) 
How  do  the  nine  (distinct)  first  moves  in  tick-tack-toe  relate  to  the 
lines  in  Jam? 

Lesson  Plan  8:    The  Missionary ^Ccmnibal  Problem  (I) 

The  students  may  work  as  individuals  or  wichin  sriall  groups.  Give 
them  the  missionary-cannibal  problem  (Table  lOA.l)  to  solve,  and  have 
each  student  use  pencil  and  paper  to  record  all  moves. 

Discuss  problem  repi^sentation  and  the  missionary-cannibal  problem. 
Have  the  students  draw  their  own  "map"  of  the  situation.     Perhaps  it 
will  take  this  form; 


Eventually  the  students  should  describe  and  create  for  themselves  the 
complete  state-space  representation  of  this  problem  (Figure  4,2), 

Discuss  the  strategies  which  are  helpful  in  solving  the  missionary- 
cannibal  problem.    Ask  students  to  attempt  each  of  the  following  strate- 
gies, and  then  discuss  them:     (1)  divide  the  problem  into  subproblems; 
(2)  work  backwards  from  the  goal;  (3)  trial  and  error  (with  and  without 
backing  up).    Attempt  to  determine  how  appropriate  each  strategy  is  for 
the  problem. 

Lesson  Plan  9:    The  Missionary  ^Cannibal  Problem  (II) 

Give  the  students  the  missionary-cannibal  problem  for  analysis, 
with  the  constraint  that  only  one  cannibal  can  row  the  boat,    Have  the 
students  work  in  small  groups  or  as  individuals  as  they  "play"  and 
analyze  the  game. 

Discuss  the  problem  representation  of  this  version  of  the  problem. 
It  is  necessary  to  single  out,  by  means  of  a  special  symbol,  the  one 
cannibal  that  can  row. 


river 
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Again  have  students  construct,  by  trial^-and-error ,  the  complete 
state«*space  representation  of  the  problem  (Figure  4t3)»    Compare  the 
state-space  representation  of  this  lesson  with  that  developed  in  the 
immediately  preceding  lesson.    Discuss  again  the  three  strategies 
mentioned  above. 

An  additional  lesson  plan  related  to  these  problems  can  easily 
be  developed  using  the  "Jealous  Husbands"  problem  (Table  10A,1). 
Then  consider  the  missionary-cannibal  problem  again,  and  ask  what 
would  happen  if  the  constraint  that  "missionaires  are  never  out" 
numbered  by  cannibals  on  either  riverbank  (for  fear  of  the 
missionaries  being  eaten)"  is  replaced  by  the  constraint  that 
"cannibals  are  never  outnumbered  by  missionaries  on  either  riverbank 
(for  fear  of  the  cannibals  being  converted)."    How  would  this  change 
affect  the  state-space  representation?    The  solution  strategies? 

Ask  students  to  create  further  isomorphs  for  the  missionary- 
cannibal  and  the  Jealous  Husbands  problems.    Discuss  the  state-space 
representations  and  successful  solution  strategies  for  these  new 
problems. 

Lesson  Plan  10:    The  Water  Transfer  Problem 

Present  students  with  the  "Pails  of  Water"  problem  as  given  in 
Table  lOA.l,    Have  them  work  in  small  groups  or  individually  as  they 
solve  and  analyze  the  problem. 

Devise  a  representation  for  the  sequence  of  steps  in  solving  this 
problem.    After  the  students  have  constructed  their  own  state-space 
representation,  let  them  compare  it  with  that  given  in  Chapter  IV 
(Figure  4.1). 

Discuss  the  following  strategies  for  solving  this  problems  (1) 
the  trial'-and-error  approach;  (2)  working  backwards  from  the  goal; 
(3)  dividing  the  problem  into  subproblems. 

Now  change  the  problem  so  that  the  pails  hold  six  and  ten  gallons. 
Can  you  get  a  measure  of  eight  gallons?    How  does  this  problen^ relate 
to  the  first  one?    Will  the  same  strategy  work  on  each  problem?  How 
are  the  state-spaces  of  the  two  problems  related? 

Could  pails  of  six  and  ten  gallons  be  used  to  get  a  final  pa-^l 
of  three  gallons?    If  so,  how?    Is  this  problem  related  to  the  two 
problems  discussed  already  in  this  lesson? 

Lesson  Plan  11 !    The  Tauer  of  Hanoi  (I) 

The  objective  for  this  lesson  is  the  analysis  of  the  four-ring 
Tower  of  Hanoi  problem.  The  students  may  work  as  individuals  or  in 
small  groups.     If  possible,  give  the  students  the  Tower  of  Hanoi  game 
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boards  for  use  during  their  analysis «  Alternatively,  students  may 
easily  make  a  Tower  of  Hanoi  game  by  cutting  four  seriated  circles 
of  paper  and  placing  them  over  three  X's  marking  the  posts. 

Let  the  students  play  the  Tower  of  Hanoi  game  and  have  them 
devise  a  sequence  for  transferring  the  four  rings  from  peg  A  to  peg 
C  in  the  least  number  of  moves.    Then  present  the  students  with  a 
state-space  representation  of  the  Tower  pua^zle  (Figure  4,12),  Have 
them  verify  the  representation  to  their  own  satisfaction*    Have  them 
sketch  their  solution  attempts  as  paths  through  the  state-space  repre- 
sentation. 

Then  analyze  solution  strategies  for  the  four-ring  Tower  of  Hanoi 
puzzle.    How  does  trial-and-error  work  as  a  strategy?    Can  you  work 
the  problem  backwards  from  the  goal?    How  may  the  problem  be  divided 
usefully  into  subproblems?    Is  this  an  efficient  method  of  solution? 
Are  there  any  other  strategies? 

Lesson  Plan  12:    The  Tovev  of  Hanoi  Problem  (II) 

Introduce  the  "Tea  Ceremony"  problem  as  shown  in  Table  lOA.l, 
Have  the  students  work  individually  or  in  small  groups  as  they  solve 
and  analyze  this  problem.    Have  them  devise  a  state-space  representa- 
tion for  the  Tea  Ceremony  problem.     Suggestions  should  be  given  for 
labelling  states  and  moves. 

Compare  the  state-space  representations  of  the  Tower  of  Hanoi  and 
the  Tea  Ceremony  puzzles.    How  are  they  similar?    The  students  should 
be  able  to  establish  that  these  two  problems  are  themselves  isomorphic. 
The  solution  strategies  of  either  problem  should  be  translated  into 
equivalent  strategies  for  the  other. 

Finally t  the  class  should  try  to  construct  another  isomorph  of  the 
Tower  of  Hanoi  and  the  Tea  Ceremony  problems. 


3.  CQnclusions 

Two  very  different  applications  of  the  analysis  of  problem  struc- 
ture to  classroom  teaching  have  been  developed.     The  first  is  based  on 
the  content  and  structure  characteristics  associated  with  the  classifi- 
cation of  routine  problems  into  "types"  (see  also  Chapter  III).  The 
second  is  based  on  the  explicit  (state-space)  analysis  of  non-routine 
problems  and  games^  as  developed  in  Chapter  IV.     In  both  applications^ 
we  have  observed  how  explicit  attention  to  problem  structure  variables 
may  assist  in  teaching  insightful  problem  solving  in  the  classroom. 


Structure  and  Heuristic  Behavior  Variables  in  Teaching 

Heuristic  Behavior  Variables  in  Instruction 

by 

Alan  H.  Schoenfeld 
Mathematics  Department 
Hamilton  College 
Clinton,    New  York* 


1.  Introduction 


As  we  have  seen  in  Chapter  V,  there  are  quite  a  number  of  valuable 
heuristic  approaches  to  problem  solving  in  mathematics.    There  is  also 
mounting  evidence  that  careful  instruction  in  problem  solving  via  heur- 
istic strategies  cannot  only  provide  an  opportunity  for  stimulating 
classroom  discussion,  but  can  demonstrably  enhance  students*  problem- 
solving  performance  (Goldberg,  1975;  Landa,  1974;  Lucas,  1972;  Schoen- 
feld, 1978).    Unfortunately,  the  mastery  of  individual  problem-solving 
techniques  is  not  enough  to  make  for  good  problem-solving  performance; 
when  there  are  a  number  of  potentially  useful  heuristic  processes  to 
try  on  a  problem  and  only  one  or  two  of  them  will  help  to  solve  it,  the 
ability  to  select  the  right  process  will  be  a  factor  of  critical 
importance  in  problem-solving  performance. 

We  may  make  the  following  analogy.     If  we  think  of  a  problem  as 
a  **lock"  and  of  the  appropriate  heuristic  process  as  the  "key^*  to  that 
lock,  the  art  of  problem  solving  via  heuristic  processes  is  the  art  of 
finding  the  right  "key''  for  a  particular  lock  (and  then  using  it,  of 
course).     If  there  were  only  a  few  keys,  there  would  not  be  much  of  a 
problem;  one  could  try  all  of  them,  until  one  that  "fits^*  is  discovered* 
Imagine,  however,  that  there  are  a  large  number  of  keys.     If  Lhere  is 
no  means  for  selecting  the  **right"  key  from  among  them,  one  might  very 
easily  squander  an  enormous  amount  of  time  trying  the  *Wong"  keys. 
One  might  run  out  of  time  before  finding  the  "right*'  one,  or  might 
give  up  in  frustration  over  a  series  of  unsuccessful  attempts*  In 
practical  terms,  then,  the  problem  solver  must 

a)  know  how  to  use  the  right  "keys,**  and 

b)  be  able  to  select  the  "right  key"  efficiently* 


*This  work  was  supported  by  a  Sloan  Foundation  Grant  while  the  author 
was  at  The  Group  in  Science  and  Mathematics  Education,  U.  C*,  Berkeley. 
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This  chapter  is  devoted  to  a  discussion  of  these  tw  goals*  We 
shall  address  the  following  two  major  questions  about  problem  solving 
in  mathematics  via  heuristics  approaches: 

1)  What  instruction  must  the  teacher  provide,  so  that  the 
student  has  the  capacity  to  use  an  heuristic  process 
correctly,  when  the  student  knows  that  it  should  be  used? 

2)  How  can  the  teacher  help  provide  the  student  with  infor- 
mation which  will  help  the  student  select  the  appropriate 
heuristic  approaches  to  particular  problems  or  classes  of 
problems? 

As  we  saw  in  Chapters  I  and  V,  heuristic  processes  have  tw) 
aspects*    On  the  one  hand,  we  find  an  heuristic  process  defined  as 
"a  general  suggestion  or  strategy,  independent  of  any  particular 
topic  or  subject  matter,  which  helps  problem  solvers  approach,  under- 
stand, and/or  efficiently  marshall  their  resources  %n  solving 
problems"  (Schoenfeld,  in  press).    This  would  seem  to  make  the  appli-- 
cation  of  heuristic  processes  independent  of  the  nature  of  the 
problems  to  which  they  are  applied^    On  the  other  hand,  McClintock 
emphasizes  in  Chapter  V  that  there  often  inheres  in  particular  prob- 
lems or  classes  of  problems  an  amenability  to  approach  by  particular 
heuristic  processes. 

We  shall  see  that  these  two  perspectives  on  heuristic  behavior 
give  rise  to  two  classes  of  heuristic  processes,  both  of  which  can 
help  the  teacher  to  approach  question  (2)  above.    Those  problems,  or 
classes  of  problems,  which  give  signs  of  being  amenable  to  particular 
approaches  may  be  said  to  "cue"  the  reader  to  the  use  of  those  pro- 
cesses; the  approaches  taken  may  then  be  called  "cued  heuristic 
processes*"    If  the  teacher  can  recognize  these  "cues"  and  pass  them 
on  to  students,  the  students  can  then  have  a  direct  means  for  select^ 
ing  the  right  "k^ys"  for  particular  problems.    This  provides  a  direct 
and  practical  application  of  the  themes  discussed  in  Chapter  V;  we 
will  discuss  it  at  length,  with  examples,  here.    Now  the  question  is: 
What  about  those  tasks  which  do  not  cue  specific  heuristic  processes? 
Is  the  student  then  left  merely  with  a  collection  of  potentially 
applicable  heuristic  processes  from  which  to  choose  randomly? 
Fortunately,  the  answer  is  "no."    We  shall  see  that,  in  the  absence 
of  "cueing,"  heuristic  processes  often  cluster  consistently  into 
groups  which  are  usually  applied  at  particular  stages  of  problem 
solutions.    There  are  "understanding  the  problem"  heuristic  processes, 
"checking  the  solution"  processes,  and  many  others* 

Since  the  choice  of  these  processes  depends  on  the  stage  of  the 
problem  solution,  we  shall  call  these  stage  heuristic  proc^esses.  At 
any  stage  of  a  problem  solution,  only  a  subset  of  potentially  useful 
heuristic  behaviors  is  likely  to  be  appropriate;  thus  the  result  of 
focusing  on  stage  processes  is  to  allow  for  focusing  on  that  set  of 
processes  most  likely  to  be  of  assistance.     In  terms  of  our  analogy, 
it  allows  for  the  selection  of  a  reasonably-sized  subset  of  "keys" 
having  the  greatest  chance  of  "unlocking"  a  problem. 


449 


-433- 


We  shall  provide  a  discussion  of  ''stage"  processes,  and  a  frame- 
work for  teaching  them,  at  the  conclusion  of  this  chapter.    We  proceed 
with  a  discussion  of  question  (1):    What  instruction  must  the  teacher 
provide,  so  that  the  student  has  the  capacity  to  use  an  individual 
heuristic  process  correctly,  given  that  the  student  knows  that  it 
should  be  used? 


2.    Teaching  Particular  Heuristic  Processes 

It  is  easy  to  underestimate  the  complexity  of  individual  heuristic 
processes,  and  to  underestimate  as  well  the  amount  of  effort  which  must 
be  invested  in  teaching  any  particular  heuristic  process  before  one  can 
expect  students  to  use  it  competently  and  reliably.    In  Sections  3  and 
4  of  this  chapter,  we  discuss  a  variety  of  hmristic  processes.  In 
this  section,  we  shall  focus  on  one  particular  process  at  some  len.^th. 
Our  purpose  is  to  indicate  some  of  tim  complexities  which  may  be  Men 
in  apparently  simple  statements  of  processes,  and  to  point  to  a 
which  must  be  taken  in  teaching  them*    The  heuristic  process  se^^-^red 
for  this  discussion  is  perhaps  of  "average"  complexity*    There  are 
simpler  ones,  s^me  of  which  are  discussed  in  Section  3;  but  there  are 
also  many  substantially  more  difficult  heuristic  processes. 

The  following  heuristic  process  will  henceforth  be  referred  to  as 

the  special  oases  process: 

If  you  do  not  feel  that  you  have  a  solid  grasp  on  what  the 
problem  asks  of  you^  or  of  what  the  answer  might  be^  con- 
sider a  variety  of  special  cases,    you  can  often  ^^discover^^ 
the  answer^  or  see  a  pattern  that  suggests  haw  to  obtain 
it. 

Each  of  the  following  fi^e  problems  can  be  approached  by  use  of  the 
special  cases  process, 

,  JOB.  7    Find  the  sum  of  the  series  S  -  i  +  3-f5-f?+''*  + 
(2n'l)  and  prove  that  your  answer  is  correct. 

JOB.  2    Let  P(x}  =  ax^     bx  ^  c  and  Q(x)  ^  cx^  +  bx  ^  a^ 

where  a^  fc,  and  c  are  non-zero.     What  is  the  rela- 
tionship between  the  roots  of  Pfx)  ^  0  and  Q(x)  =  0? 
Prove  your  answer. 

10B.3    Two  squares,  each  of  length  s  on  a  side^  are  placed 
so  that  the  corner  of  one  square  lies  on  the  center 
of  the  other,  as  shown.    Describe  in  terms  of  s  the 
range  of  possible  areas  representing  the  intersection 
of  the  two  squares. 
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10B,4    Fx>ove  that  in  a  aircle,  the  aentral  angle  which 
subtends  a  given  arc  ie  twice  as  large  as^any 
inscribed  angle-  which  subtends  the  same  arc.  That 
is,  show  that  in  the  diagram,  B  ^  2A, 


lOB.S    Of  all  the  rectangles  which  have  perimeter  40,  which 
has  the  largest  area? 

Let  us  examine  the  way  in  which  the  special  cases  heuristic  pro- 
cess is  used  in  the  solution  of  each  of  these  five  problems.  In 
Problem  lOB.l,  to  consider  special  cases  means  to  compute  the  desiicd 
sum  for  values  of  n  «  1,  2,  3,  4,  and  so  on  until  a  pattern  is  dis- 
cernible.   The  calculations  appear  as  follows: 

1  «  1, 
1  +  3  «  4, 
1  +  3  +  5-9. 
1  +  3  +  5  +  7  =  16, 

and  at  this  point,  the  student  might  guess  the  next  entry, 

1  +  3  +  5  +  7  +  9-25, 

as  the  pattern  of  squares  on  the  right  becomes  clear.  Having  "dis- 
covered" that  the  sum  of  the  first  n  odd  numbers  is  n^,  the  problem 
solver  can  proceed  to  verify  it  by  induction. 

The  application  of  the  special  cases  process  is  quite  different 

in  Problem  I 2.    The  initial  temptation  in  this  problem,  prompted  by 

the  phrase  "the  roots  of  P(x)  »0  and  Q(x)  ^  3,"  is  to  look  for  a  rela- 
tionship between 

-b  ±  Jh^  -  4ac         ,       -b  ±  /b^  -  4ac 
-2^   and   ' 

a  temp^tation  to  which  the  vast  majority  of  problem  solvers  (both  expert 
and  novice)  examined  by  this  author  have  succumbed.    The  relationship, 
however,  is  obscure.     If,  on  the  other  hand,  one  uses  the  special  cases 
process  in  the  following  way,  the  answer  becomes  apparent.  Choosing 
as  special  cases  two  or  three  polynomials  which  are  easily  factored, 
one  finds  that: 
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the  roots  of  x  -5x+6»0  are  2  and  3;  those  of  6x  -5x+l»0 

are   -j   and    -j  ; 

the  roots  of  x^  +  7x  +  12«0  are  -4  and  -3;  those  of  12x  +7x+l-  0 

are    -  y    and  -  4 

4  3  •  - 

the  roots  of  x2-3x-10*0  are  5  and  -2;  those  of -lOx  -3x  +  l»  0 
are    *j    and    ^  • 

It  is  not  hard  to  see  that  the  roots  of  Q(x)  *  0  are  the  reciprocals  of  the 
roots  of  P(x)  -  0  in  each  case.    With  a  little  more  work,  the  argument 
can  be  completed.    We  shall  return  to  this  problem  at  the  end  of  this 
section. 

In  Problem  one  uses  the  special  aases  process  to  help  one 

"suspect"  the  correct  answer.    There  are  two  special  cases  which  are 
easy  to  calculate;     the  case  where  the  sides  of  the  two  squares  are 
parallel,  and  the  case  where  a  side  of  the  second  square  passes  through 
a  corner  of  the  first.    After  examining  these,  one  might  suspect-  that 
the  answer,  as  it  is  here,  is  always  s2/4«    If  one  notices  the  symmetry 
of  the  two  special  cases,  one  might  see  that  there  is  a  symmetry  argu- 
ment to  prove  the  general  case  (see  Figure  lOB.l). 

In  Problem  10B,4^  the  application  of  special  cases  once  again  takes 
on  a  different  form*    The  relationship  between  the  angles  A  and  B  in 
Figure  10B.4  is  elusive.     If,  however,  one  looks  at  a  particular  case, 
the  case  ^n  which  one  side  of  the  inscribed  angle  is  a  diameter  of  the 
circle,  the  relationship  is  clear  (Figure  10B.2).     Furthermore,  it  is 
easy  to  use  the  special  case  to  establish  the  truth  of  the  general  case. 
A  more  complete  discussion  of  this  problem  may  be  found  on  pages  104- 
106  of  Polya's  Mathematical  Discovery^  Vol.  I  (Polya,  1962). 

Finally,  in  Problem  lOB.S  a  variety  of  special  cases  which  range 
from  short  and  wide  rectangles  (say  19  x  1)  r''»rough  "squarish"  rectan- 
gles and  then  through  tall  and  narrow  ones  (say  1  x  19),  will  provide 
students  with  an  experiential  basis  for  believing  that  the  square  is 
the  answer.     In  later  problem  solving,  this  experiential  foundation 
can  provide  a  "real-=*world"  check  against  some  incorrect  answers  intro- 
duced by  computational  procedures. 

We  have  seen,  then,  that  the  applications  of  the  special  cases 
heuristic  process  are  many  and  varied.    There  is  not  nearly  enough 
information  in  the  given  statement  of  the  process  to  provide  for  all 
of  these  interpretations;  rather,  the  statement  is  a  convenient  label 
for  a  set  of  similar  procedures.     If  we  expect  students  to  be  able  to 
use  the  process,  it  will  have  to  be  illustrated  by  diverse  examples, 
in  much  the  way  it  has  been  here*     In  addition,  students  will  have  to 
be  taught  any  heuristic  process  with  the  same  degree  of  seriousness 
and  attention  that  would  be  used  with  any  other  topic:     the  quadratic 
formula,  for  example.    This  means  in  particular  that  the  heuristic 
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Figure  lOB.l    Diagram  for  Frobtem  JOB,  3 


< 

1 

special 
cases 


the  ''generar' 
case 


r 


Figure  10B.2    A  Special  Case  for  Problem  20B.4 
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process  should  be  explicitly  labeled  as  an  important  technique 
("Examining  special  cases  is  a  valuable  problem-solving  technique. 
You  should  consider  it  when...'');  i^s  description  should  be  written 
in  full  on  the  blackboard  and  stressed;  examples  of  its  use  in  various 
ways  should  be  provided  and  students  should  be  given  practice^  in  apply- 
ing it  to  problems;  students  should  be  reminded  to  use  it  whenever  it 
is  appropriate  on  their  homework  and  *'scolded"  when  they  do  not;  and 
when  the  process  is  used  to  advantage  in  the  classroom,  its  use  should 
be  pointed  out.    With  less  training  than  this,  ^e  would  not  expect 
students  to  become  proficient  in  their  use  of  the  quadratij:  formula; 
with  less  training,  we  cannot  expect  them  to  apply  any  heuristic  pro- 
cess well. 


Finally,  we  should  stress  the  difference  between  the  process  and 
the  product  of  problem  solving,  and  the  different  enphases  to  which 
these  lead  in  instruction.    The  product  of  mathematical  thinking  is 
the  solution  to  a  problem,  usually  explained  in  logical  and  coherent 
form.    As  such  it  can  be  elegant  and  mathematically  correct,  but  show 
little  trace  of  the  reasoning  which  produced  it.    For  example,  the 
following  might  be  a  textbook  proof  that  th2  roots  of  P(x)  -  ax2+bx  +  c«0 
and  Q(x)  »  cx2  +  bx  +  a«0  are  reciprocals  (see  the  discussion  of  Problem 
20B.2): 

"Suppose  that  Xo  is  a  root  of  P(x)  -0,  or  that  axo^  +  bxo  +  c  »  0 
Since  c      0,  Xq  ?^  0.  Now 

7 

1  1    o       1  c         bxo  axo^ 

Q(i  )  «  c(-  )2  +  b(i  )+a--^+— 7+— 7  - 

X0  Aq  Aq  A0  Aq 

axo^  +  bXo  +  c  Q 
 2   X  2  ^» 

since  we  know  that  x^^O,     Thus  if  x^  is  a  root  of  P(x)  «  0,       is  a  root 
of  Q(x)*0;  and  the  roots  o£  the  two  equations  are  reciprocals." 

This  algebraic  tour  de  force  is  impressive  and  incontrovertibly 
correct,  but  inaccessible  to  all  but  the  few  students  who  can  figure 
out  where  it  comes  from.     If  we  expect  students  to  be  able  to  construct 
an  argument  such  as  this,  we  will  have  to  teach  them  the  process  that 
leads  up  to  the  argument;  even  better,  we  should  guide  them  to  create 
the  argument  themselves.     For  this  problem,  a  classroom  discussion  might 
begin  with  students  factoring  the  special  cases  discussed  for  Problem 

and  conjecturing  that  the  roots  of  the  equations  are  reciprocals. 
At  that  point,  the  class  and  teacher  can  together  translate  the  conjee-:^ 
ture  into  an  algebraic  argument.    Perhaps  the  Idealized  discussion  would 
proceed  something  like  this: 

Teacher:     "We  can  have  guessed  that  the  roots  of  P(x)  ^  0  and  Q(x)  0 
are  reciprocals.     Can  someone  put  that  into  a  form 
that  we  can  prove,  such  as,  *if  something  is  true, 
then  something  else  is  true?*" 
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Student:    "How  about  'If  a  number  is  a  root  of  P(x)«0,  then  its 
.reciprocal  is  a  root  of  Q(x)«0*." 

Teacher:    "That's  good,  but  working  with  words  is  difficult. 

Can  you  translate  the  words  'number'  and  'recipro-- 
cal'  into  symbols  we  can  use?" 

Student:    "Yes.    We  can.  try  to  prove  that  if  Xo  is  a  root  of 
P(x)  -0,  then  1/xo  is  a  root  of  Q(:^)  «0." 

Teacher:    "Very  good.    Now,  what  does  it  mean  for  Xq  to  be  a 

root  of  P(' )  «  0?"  V 


Student:    "It  mean^.  that  P(xo)  -  0." 

Teacher:     "How  can  we  use  that  in  your  last  statement?" 

Student:     "We  can  try  to  prove  that  if  P(Xq)-0,  then  QCI/xq)  »  0." 

At  this  point  the  proof  given  above  fits  into  a  nice  context^  and 
"makes  sense";  the  student  can  understand  where  it  came  from  and  why 
one  might  think  of  it. 

3.     Cues  Associated  with  Heuristic  Processes 
in  Problem  Solving 

In  this  section  we  shall  discuss  some  "cued"  heuristic  processes. 
More  precisely,  we  shall  discuss  certain  classes  of  problems  which  are 
amenable  to  particular  heuristic  approaches,/  and  contain  indications 
of  that  amenability  in  their  problem  statements  or  problem  structures. 
A  recognition  of  such  cues  vd.ll  enable  the  knowledgeable  problem  solver 
to  select  an  appropriate  approach  to  a  problem  with  dispatch,  thus 
making  the  entire  problem-solving  process  more  efficient.    By  systema- 
tically identifying  such  cues  both  in  particular  mathematical  subject 
areas  and  problem  solving  in  general,  and  passing  the  cues  on  to 
students  with  the  kind  of  training  that  was  discussed  in  Section  2, 
the  teacher*  can  substantially  enhance  students'  problem-solving  per- 
formance.   Let  us  study  some  examples. 

JOB.  6    What  is  the  .•siwi  of  the  series 
Prove  your  answer. 


10B.7 


Let  S  be  a  set  which  aontains  n  elements.  How 
many  different  subsets  of  S  are  there ^  including 
the  empty  set? 


-A39- 


The  reader  experienced  ac  "exploiting  similar  problems"  may  innne- 
diately  note  the  parallels  between  Problems  20B.8  and  lOB.l,  and  pro- 
pose a  similar  heuristic  approach.    For  students  who  see  the  problem 
out  of  context,  however>  it  is  not  at  all  clear  that  mathematical  induc- 
tion is  the  appropriate  means  of  approaching  the  problem.    In  a  course 
recently  given  by  the  author,  six  of  eight  undergraduate  mathematics 
and  science  majors  failed  to  solve  10B.6  when  it  was  assigned,  and  five 
of  seven  students  with  similar  backgrounds  failed  to  solve  this  problem 
in  a  problem-solving  experiment  conducted  by  the  author  (Schoenfeld,  to 
appear).    In  that  experiment,  after  working  20  problems,  four  of  which 
were  similar  to  IOB.6^  the  seven  students  were  given  10B.7.    None  of 
the  three  "control"  students  solved  it.    All  of  the  "experimental" 
students,  who  had  had  similar  practice  but  in  addition  a  list  of  heur- 
istic processes  including  the  one  described  below,  solved  10B.7,  The 
problems  just  given  all  yield  to  the  following  cued  heuristic  process: 

If  theve  is  an  integer  parameter^  look  for  an  inductive 
argument  (Cued  induction)^ 

Is  there  an  "n"  or  other  parameter  in  the  formula  which 
takes  on  ittteger  values?    If  so,  this  is  the  cue  which 
should  suggest  the  use  of  mathematical  induction.  To 
find  a  formula  for  f(n),  one  might  try  one  of  these: 

A)  Calculate  f(l),  f(2),  f(3),  f(4),  f(5);  list  them  in 
order,  and  see  if  there  is  a.  pattern.    If  there  is, 
it. might  be  verified  by  induction.     (Note  the  use  of 

special  oases*)  ■ 

B)  See  what  happens  as  you  pass  from  n  objects  to  n  +  1. 
If  you  can  tell  how  to  pass  from  f(n)  to  f(n  +1),  you 
may  build  up  f(n)  inductively. 

Protptypic  examples  for  the  use  of  aued  uiduation  are  easy  to  find; 
we  have  seen  Problems  10B\1^  10B,6,  lOB.?^  and  can  add  these: 


10B,8    How  many  different  straight  lines  (at  most)  can 
be  drawn  through  n  points  in  the  plane? 

Prove  that  the  term  2^3^^  -  J  is  evenly  divisible 
by  17,  for  any  positive  integer  n. 


* 

This  collection  of  five  problems  could  serve  as  the  basis  for  a  class 
hour  devoted  to  oued  induction.    The  first  three  problems  illustrate 
the  use  of  technique  (A).    We  have  seen  the'pattern  in  20B.1  and  the 
inductive  proof  is  easy;  the  pattern  is  almost  as  clear  in  JOB. 6  (the 
answer  is  n/(n+l)  and  the  argument  by  induction  is  straightforward; 
the,  answer  to  208.7^         also  emerges  as  a  clear  pattern.     The  argument 
by  induction  in  Problem  JOB. 7  and  the  remaining  two  pi^blems,  can  be 
used  to  illustrate  the  use  of  technique  (B) . 
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In  Prq^jlem  lOB.?^  assume  that  a  set  with  n  elements  has  2"  subsets* 
Now  we  may  ask  what  happens  if  we  add  an<^(n  +  l)st  object,  called  X.  For 
each  subset  we  had  before,  we  now  have  t^:     the  subset  by  itself,  and 
the  subset  augmented  by  X.    Thus  the  number  of  subsets  has  doubled, 
giving  us  2*2^  ■  2^+1,  which  is  what  we  wanted  to  show. 

In  Problem  IOB.8^  we  can  ask  the  following:    suppose  there  are  f(n) 
lines  through  n  points.    How  many  lines  are  added  when  the  (n+l)st  is 
added?    The  answer  is  easy  to  see  (draw  a  (Jiagram);     there  is  one  new 
liijie  from  the  new  point  to  each  of  the  n  points  already  there.  Thus 
f  (n+1)  ^  f (n)  +  n.,    Since  f  (2)  -  1,  f  (3)  -1-^2,  f (4)  -  1  +  2  +  3,  and 
in  general  f(n+l)  =1+2+3+..,  +n.    Again  by  induction,  the  sum 
is    1.  n(n  +  1). 

The  application  of  induction  to  Problem  10B:9  is  slightly  differ- 
ent •    First,  the  problem  is  simplified  if  one  recognizes  that  2n32n  can 
be  written  as  2n  .  9^  =  18^^;  the  problem  can  then  be  restated  as  "Prove 
that  18^  -  1  is  always  divisible  by  17."    This  can  be  proven  without 
induction  if  one  recalls  that  xn  -  1  always  has  a  factor  of  (x-1) ,  but 
it  is  instructive  to  demonstrate  the  inductive  proofs    The  problem, 
using  (B),  is:     "If  18^^  -  1  is  divisible  by  17»  how  can  we  show  that 
ISn+i  -  1  is  divisible  by  17?"    The  latter  term  will  be  divisible  by 
17  if  and  only  if  the  difference  is;  and  since  the  difference  is 

dS^"*^^  -  1)  -  (18^- 1)  -  18^+1  -  18^  «  18«  (18-1)  «  18^(17), 

Ke  have  the  re45ult  that  we  v;ant.     Incidentally,  it  would  be  best  to  show 
students  both  of  the  arguments  which  solve  Problem  JOB. 9^  and,  in 
general,  as  many  ways  to  view  a  problem  as  possible.    One  can  never 
predict  which  method  of  solution  to  a  problem  will  prove  useful  when 
one  encounters  a  "similar  related  problem,"  and  it  is  valuable  to  have 
both  a  large  repertoire  of  techniques  and  the  flexibility  that  one  can 
derive  from  it.    At  the  same  time,  however,  we  should  be  careful  to 
note  that  "cued  induction"  does  not  always  "work";  in  spite  of  its 
similarity  to  Problem  there  is  no  known  simple  expression  for 

the  sum 

Our  discussion  of  cued  induction  has  been  protracted  in  order  to 
present  a  model  of  a  classroom  session  for  those  who  might  consider 
devoting  a  day  to  it.     The  discussion  of  other  cued  heuris.tic  processes 
will  be  more  condensed*    l^hether  or  not  one  would  actually  choose  to 
devote  a  class  session  to  a  discussion  of  cued  induction  would  depend 
on  a  number  of  factors  including  the  nature  of  the  curriculum,  time 
pressures,  and  so  on.     Even  if  one  cannot  take  a  day  to  discuss  the 
process,  it  should  be  clear  that,  when  problems  such  as  these  arise  in 
the  classroom,  it  is  worth  using  them  as  prototypes  and  stressing  the 
use  of  the  process  in  general.     The  process  is  easily  recognized  and 
enhances  student  performance  when  used.    With  that,  we  turn  to  the  next 
cued  heuristic  process. 
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Consider  a  similar  problem  with  fewer  variables. 

If  the  problem  has  a  large  number  of  variables  and  is  too 
confusing  to  deal  with  comfortably,  construct  and  solve  a 
similar  problem  with  fewer  variables.    You  may  then  be  able 
to: 

A)  Adapt  the  method  of  solution  to  the  more  complex 
problem,  or 

B)  Take  the  result  of  the  simpler  problem  and  build  up 
from  there. 

Prototype  examples  for  the  fewer  variables  heuristic  process  are  the 
following: 

lOB.  10    Prove  that  if  a^  i^b^  -ha^  +     -ab  +  ba^ad^^da^  then 
a  =  b  =  a  =  d,  and 

lOB.ll    Prove  that  for  positive  real  numbers  x^y^z^ 

xyz 

The  cue  for  these  processes  is  the  presence  of  several  variables,  all 
of  which  enter  symmet'ric^lly  iuto  the  problem.     In  Problem  lOB.lO^ 
the  profusion  of  symbols  makes  it  difficult  to  see  what  is  happening. 
The  analogous  two-variable  problem,  in  view  of  the  fact  that  the  right-- 
hand side  of  the  equation  is  cyclic,  is:     Prove  that  if  a2  +  b^^ab  +  ba, 
then  a  «  J.    This  is  easy,  of  course.    Moving  all  the  terms  to  the  left 
and  factoring,  we  obtain  (a  -  b)2  «  0,  which  gives  us  the  desired 
result.    Now  the  question  is:     how  can  this  be  exploited  in  the  original 
problem?    Since  we  will  need  that  a=b,  b*c,  c*d  (and  perhaps 
because  the  equation  is  cyclic,  d  =  a  in  good  measure),  and  will  need 
all  of  that  information  in  one  equation,  our  hope  is  that  the  method 
of  the  similar  problem  will  work  here  and  give  us  an  equation  like 

(a  -  b)2  +  (b  -  c)2  +  (c  -  d)2  +  (d  -  a)2  »  0. 

Fortunately,  it  does. 

In  Problem  103.12^  there  is  again  a  morass  of  symbols.  Since  x, 
y,  and  z  all  play  the  same  role  on  the  left  and  we  have  three  similar 
products,  it  is  reasonable  to  examine  the  one-variable  problem  "prove 
that  x^^-H  1  V  2."  This  is  easy  to  prove--by  algebra  [x2  +  l>2x  if 
and  only  if  (x  ~  1)^  >  0]  or  by  calculus.  Substituting  y  and  z  for  x 
and  taking  the  product  gives  the  desired  result. 
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One  can  build  understanding  in  other  ways  as  well.    For  exaapli^: 

JOB,  22    Prove  that  for  r^  and  s  between  0  and  1 

(1  -p)  (2  -  q}(2  -r}(l  -  s)  >2^p^q^r-s. 

Th^  appropriate  place  to  start  is  by  showing  that 

(1  ^  p)(l  ^  q)  >  1  -  p  -  q. 

Multiplying  both  sides  of  this  equation  by  (1  -  r)  and  comparing  terms 
will  yield  the  three^variable  version  of  the  inequality,  and  multiply- 
ing both  sides  of  that  by  (1  -  s)  and  comparing  terms  will  give  the 
desired  result* 

Again,  whether  or  not  one  has  the  time  or  desire  to  devote  a 
class  day  to  this  process  is  an  individual  matter.    But  when  problems 
such  as  these  occur  in  the  classroom,  it  is  easy  and  beneficial  for 
the  teacher  to  point  out  to  the  students  that  what  they  are  seeing  is 
not  an  isolated  "trick,"  but  rather  a  coherent  process  which  was 
"cued"  by  the  form  of  the  problem,  and  which  the  students  themselves 
can  learn  to  recognize  and  use* 

Develop  an  argument  by  contradiction  oi'  aontraposition  (nued 
contraposition) . 

Consider  argument  by  contradiction  or  contraposition,  if: 

(A)  There  is  either  an  explicit  or  implicit 
"negative"  conclusion  in  the  problem  statement,  or 

(B)  The  conclusion  is  not  at  all  apparent  from  what  is 
given,  and  one  obtains  more  to  "work  with"  by  negating 
the  conclusion,  or 

(C)  The  word  unique  appears  in  the  conclusion. 

Contradiction  and  contraposition  are  more  than  forms  of  argument. 
They  are  means  of  heuristic  thinking  which  allow  for  the  restructuring 
of  problems  in  equivalent  but  sometimes  more  accessible  formulations. 
Often  (though  certainly  not  always)  there  are  cues  in  the  problem 
statement  which  lead  one  to  suspect  that  this  type  of  argument  might 
be  appropriate* 

The  following  problems  are  prototypes  for  the  cued  aontraposition 
heuristic  process? 

JOB.  13    Prove  that  there  is  an  infinite  nimher  of  primes. 

10B.14    Shoi^  that  the  roots  of  P(x)  ^ +  6x^  ^  tlx  ^  2  =  0  are  all 
negative* 
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20B.IS    Let  Pj  and      be  aanseauHve  pri^e  numbers  greater 
than    2,  If 

Q  ^  1/2(P2  ^  P2)m 
prove  that  Q  mist  be  emposite, 

JOB,  26    Show  that  the  identity  element  in  a  group  ia  unique. 


In  Problems  ICS,  13^14  there  are,  resfvectively ,  implicit  and  das|flicit 
negatives  in  the  desired  conclusions.    In.  the  first,  ''infinite"  means 
"not  finite."    If  we  turn  the  question  around  and  ask,  '^^at  if  there 
were  only  a  finite^ number  of  primes,"  we  have  the  beginning  of  one  of 
the  most  famous  proofs  in  mathematics.    It  appears  in  Euclid's  Elements, 
and  is  more  than  two  thousand  years  old,*    Similarly,  we  can  turn  the 
question  in  103,14  around,  and  ask  "What  if  we  had  a  non-negative  number 
X  which  satisfied  the  equation?"    Since  any  power  of  x  is  positive  or 
zero, 

x^  +  6x^  +  llx  +  2  «  0 


means  (a  sum  of  non-negative  terms,  plus  2)  «  0 
or 

(a  number  greater  than  or  equal  to  2)  »  0, 
which  is  impossible. 

In  Problem  103,15^  there  is  very  little  Information  to  go  on.  We 
want  to  show  that  Q  is  composite,  meaning  r'.at  we  need  to  find  a  factor 
of  it.     But  where  would  a  factor  of  Q  posslDly  come  from?  Recognizing 
this,  we  might  ask:    what  if  Q  is  not  cc»mposite?    Q  is  then  a  prime 
number.     Being  the  average  of  ?!  and         Q  is  thus  a  prime  which  lies 
between  Pj  and  P2.     Thus  Pi  and  P2  cannot  be  consecutive  primes. 

We  can  almost  formulate  the  response  to  Problem  lOB,  16  as  part  of  a 
general  rule:    "If  one  is  asked  to  demonstrate  that  something  with  a 
given  property  is  unique,  one  should  assume  that  there  are  two  distinct 
objects  with  that  property  and  demonstrate  that  they  must  be  identical 
or  that  there  is  a  contradiction,"    In  this  case,  picking  two  distinct 
identities  e^  and  63  leads  to  the  argument  e^  *  ex(e2)  «  (ei)e2  ^  e2f 

The  last  problem  in  this  section  is  the  following; 


ERIC 


10B,17    For  what  values  of    t    does  the  system  of  simultaneous 
equations   ^  ^  -\ 

^       -  0 

\  have  either  0,  1,  2,  ^,  4,  or  5 
(x^tJ^-fy^  -  2  )  solutions? 


*If  there  were  only  finitely  many  primes  Pj,  P2i  Pn»  ^hen  the  number 

(pj^P2p3*  • -P^-fl) ,  beings  larger  than  P^,  is  composite,  but  none  of  the 
primes  P|,P2f.Pn         factors  of  it,  a  contradirt  ion. 
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Figure  10B.3    Graphs  for  Problem  10B,17 
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The  algebraic  solution  to  this  problem  is  quite  complex  and  often  causes 
computational  difficulties  even  for  experienced  mathematicians •  The 
analysis  is  straightforward,  however,  if  one  thinks  to  use  the  follow- 
ing cued  process • 

Draw  graphs  of  simple  algebraic  expressions  (Cued  Graphing) 

(This  is  a  special  case  of  the  general  heuristic  process  Draw 

a  diagram  if  at  all  possible.) 

The  graph  of  the  first  equation  is  a  pair  of  straight  lines  passing 
through  the  origin  at  AS''  angles  to  the  x-axis;  the  graph  of  the  second 
is  a  circle  of  radius  1  with  center  (t,0).    The  only  difficult  point  is 
in  determining  the  value  of  t  at  which  the  circle  is  tangent  to  the  two 
lines,  t  «  (see  Fig,  10B.3). 

The  cue  for  graphing  in  this  case  is  the  presence  of  the  equations, 
both  of  which  can  be  interpreted  graphically  with  ease.    As  is  the  case 
with  other  heuristic  processes,  the  presence  of  the  **cue**  does  not 
necessarily  mean  that  recourse  to  the  heuristic  approach  will  '*work," 
but  merely  that  the  approach  should  be  considered  •    There  are  many  prob- 
lems for  which  graphing  might  be  considered  superfluous,  but  many  like 
10B.17  in  which  it  is  helpful. 

Finally,  we  should  point  out  that  the  above  represent  a  sampling  of 
the  opportunities  for  classroom  discussions  about  heuristic  processes* 
There  are  a  large  number  of  '*cues"  to  which  we  respond,  sometimes  uncon- 
sciously, while  doing  mathematics.    If  the  teacher  can  keep  an  eye  on 
his  or  her  own  problem  solving,  and  try  to  recognize  why  he  or  she  is 
doing  what  is  being  done  and  what  stimulated  it,  this  self-examination 
can  yield  valuable  information  to  pass  on  to  students. 


4,     '^Stage^^  Heuristic  Variables  in  Instruction 

While  there  is  a  substantial  class  of  "cued"  heuristic  behaviors, 
as  ^  have  seen  in  Section  3,  there  are  a  great  many  problems  (the  vast 
majority)  for  which  there  either  are  no  such  standard  cues,  or  for 
which  we  have  not  discovered  standard  cues.     In  order  to  simplify  the 
process  of  selecting  appropriate  heuristic  approaches  to  problems,  we 
introduce  the  notion  of  ^^stage^^  heuristic  processes*     The  idea,  in  brief, 
is  this: 

All  other  factors  being  eaual^  certain  families  of  heuristic 
processes  are  most  likely  to  be  of  assistance  in  problem 
solving  at  particular  stages  in  problem  solution. 

To  develop  this  idea,  we  present  an  elaboration  and  clarification 
of  the  four-stage  scheme  (understanding  the  problem,  devising  a  plan, 
carrying  out  the  plan,  looking  back)  presented  by  Polya  and  described 
In  Figure  1,1.    We  examine  some  of  the  heuristic  behaviors  discussed 
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In  Chapters  V  and  VIII.      and  array  thea  in  such  a  way  as  to  be 
uaeful  In  Instruction*    The  arrangement  varies  somewhat  from 
that  given  in  earlier  chapters;  this  is  a  natural  consequence  of 
the  fact  that  we  are  looking  for  applications  for  heuristic  behavior 
variables  to  instruction,  rather  than  an  elucidation  of  them  for 
research  (compare  with  Figure  8B.1). 

Figure  10B.4  presents  a  schematic  overview  of  the  problem-solving 
process,  presented  as  a  flow  chart  to  indicate  the  dynamic  nature  of 
the  process.    The  boxes  in  the  left-hand  side  of  the  diagram  represent 
"stages"  of  problem-solving  activity,  and  the  circles  the  results  or 
outcomes  of  that  activity.    On  the  right-hand  side  of  the  diagram  we 
have  entered  the  four  stagen  of  Polya's  description,  and  the  relation- 
ship between  that  description  and  the  flow  chart. 

Before  we  proceed  to  elaborate  on  the  flow  chart,  however »  we 
should  stress  that  this  organization  is  meant  to  be  practical,  and  to 
be  used  by  the  teacher  in  the  classroom  (Schoenfeld,  1978),  These 
points  are  meant  to  be  discussed  openly  with  students  (although  not 
necessarily  in  one  sitting,  and  in  language  appropriate  for  their 
assimilation).     For  example,  the  student  should  be  told  about  the  pro- 
cesses in  ANALYSIS,  which  we  shall  examine  shortly.     It  should  be  made 
clear  to  students  that  "these  are  things  you  should  be  aware  of  when 
you  start  to  work  on  a  problem,^*  and  this  theme  should  be  repeated 
throughout  the  course.    When  a  student  is  "stuck"  after  reading  a 
problem,  the  heuristic  processes  in  the  ANALYSIS  stage  should  be 
suggested  as  often  being  of  assistance.    On  the  other  hand,  if  the 
student  "jumps  into"  a  method  of  solution  without  reflection,  that 
student  should  be  (gently)  cautioned  that  such  behavior  often  leads 
to  misspent  energy,  and  that  it  might  be  wise  at  least  to  consider 
some  of  the  perspectives  or  heuristic  approaches  listed  under  ANALYSIS 
(see  Table  lOB.l). 

The  ANALYSIS  stage  begins,  of  course,  with  the  reading  of  the  prob- 
lem, and  may  be  said  to  be  successfully  completed  when  the  problem  solver 
has  a  useful  formulation  of  the  problem  In  a  convenient  representation, 
a  sense  of  orientation  and  a  mathematical  context  for  the  problem,  and 
access  to  some  mechanisms  for  a  close  examination  of  the  workings  of  the 
problem.     In  a  colloquial  sense,  the  student  has  a  "feel"  for  the  prob- 
lem and  the  beginnings  of  an  understanding  of  what  "makes  it  tick*" 

With  the  reading  of  the  problem,  there  is  an  often  underplayed 
(sometimes  instantaneous  and  unnoticed)  aategay^ization^  or  establish- 
ment of  a  mathematical  context  for  the  problem  (recognition  of  the 
"problem  type")*    If  a  problem  can  be  categorized  broadly,  there  may 
be  access  to  a  general  framework  within  which  it  can  be  placed,  and  (a 
bonus!)  access  to  a  standard  set  of  procedures,  or  a  ready-made  plan 
for  solving  the  problem.    Thus  "this  is  a  mixture  problem"  entails  more 
than  just  recognition,  for  it  may  mean  that  one  has  a  "mixture  problem 
procedure"  ready  to  apply.    Similarly,  recognizing  that  a  problem  is  one 
of  maximization  in  calculus  tells  the  problem  solver  to  look  for  an 
analytic  representation  of  a  variable  quantity,  and  to  use  the  first 


ERiC  4^3 


,-3 

-447 


Figure  10B.4    A  Sahematia  Overview  of  the  Pvohlem  Solving  ^oaess 
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Table  lOB.l    Heuristia  Processes  Associated  uith  ANALYSIS 

P 

!•    Classifying  and  establishing  a  context  for  the  problem 

2.  Selecting  a  representation  for  the  problem 

3.  Drawing  a  diagram  if  at  all  possible* 

4.  Exploring  the  conditions:    "givens"  and  "goals". 

5.  Examining  Special  Cases: 

a)  choosing  special  values  to  exemplify  the  problem  and 
get  a  "feel"  for  it. 

b)  examining  limiting  cases  to  see  the  range  of  possi- 
bilities 

c)  setting  integer  parameters  equal  to  1,2,3.*.,,  in 
sequence,  and  looking  for  patterns. 

6.  Looking  for  preliminary  simplifications,  through 

a)  exploiting  symmetry, 

b)  "without  loss  of  generality"  arguments,  including  scaling • 
Table  10B.2    Heuristic  Praeesses  Assoaiated  with  DESIGN 

1.  Organizing  the  Information  from  ANALYSIS  (and  EXPLORATION) 

2.  Structuring  the  argument 

3.  Serving  as  a  "master  control": 

a)  keeping  track  of  alternatives 

b)  monitoring  the  success  of  particular  approaches. 

4.  Enforcing  an  hierarchical  (global  to  local)  approach. 


derivative  to  find    its  maximum,    Such^  categorizations  can  also  lead 
one  astray:    witness  the  large  number  of  problem  solvers  who  try 
analytic  geometry  or  Heron's  formula  A  -N/sCs-a) (s^b)s-c) ,  (where  a, 
b,  c,  are  sides  of  the  triangle  and  s  -  (l^)(a  +  b  +  c))  ,  to  solve  the 
^following  problem: 

JOB. 18    Find  the  area  of  a  triangle  whose  sinxea  are  25,  50^ 
and  75, 

Yet  such  categorizations  of  problems  into  "types"  are  of  great  value 
for  the  most  part,  and  should  be  consciously  exploited  whenever 
possible. 

Concomitantly,  we  have  within  ANALYSIS  the  use  of  heuristic  processes 
to  r^hoose  a  convenient  representation  for  the  problem.    This  point  can 
be  made  briefly  and  powerfully  to  students,  by  asking  them  to  multiply 
the  two  numbers  written  in  Roman  numerals  MCDLXVI  and  MMMDCCCLXXXVIII . 
Students  should  be  on  the  alert  during  this  stage  for  what  the  givens 
and  the  goals  in  a  problem  are,  what  one  "usually"  can  obtain  from  the 
givens  and  what  their  role  in  the  problem  seems  to  be,  how  they 
relate  to  the  goals,  and  whether  the  goals  seem  plausible  in  the  light 
of  wHat  is  given.    If  possible,  we  should  provide  students  with  com- 
pelling examples  of  the  utility  of  diagrams.    We  have  already  seen  two: 
Figure  10B.3  provided  for  a  sirnle  analysis  of  the  otherwise  very  com*- 
plex  Problem*  2 2  7,  and  trying  to  draw  a  diagram  of  the  "25,50,75" 
triangle  in  Problem  10B.18  might  well  lead  the  student  to  the  realiza- 
tion that  the  triangle  "collapses."    That  problem  servps  as  well  as  an 
example  for  the  utility  of  "scaling."    If  one  thinks  of  the  given 
triangle  as  essentially  a  "1,2,3"  triangle,  the  odds  of  seeing  that 
it  "collapses"  increase. 

"Examining  special  cases**  has  already  been  described  at  length.  We 
have  thus  discussed  the  major  heuristic  processes  associated  with  the 
ANALYSIS  stage*     We  should  point  out  that  these  heuristic  behaviors 
may  not  occur  in  sequence?  nor  are  all  of  them  necessarily  considered 
for  every  problem  or  even  most  problems.     Rather,  they  consist  of  a 
set  of  behaviors  mast  likely  to  prove  of  use  and  therefore  worthy  of 
consideration  at  this  stage  of  problem  solving.    A  final  example  will 
indicate  the  application  of  ANALYSIS  to  a  problem. 

10B.19    Find  the  largest  area  of  any  triangle  which  can  be 
inscribed  in  a  circle  of  radius  /?. 

After  reading  the  problem,  one  may  make  a  tentative  classification 
("This  will  probably  involve  calculus."),  draw  a  diagram,  and  look  for 
a  convenient  analytic  representation.    For  the  sake  of  simplicity,  one 
might  decide  to  look  at  the  unit  circle  (scaling),  and  note  (without 
loss  ^f  generality)  that  the  base  of  the  triangle  can  be  assumed  hori-^ 
Mntal.    By  examining  a  few  special  cases  (and  drawing  more ^diagrams) 
the  problem  solver  may  realize  that,  for  any  given  horizontal  base,  the 
Isocele 5' triangle  has  the  greatest  height  and  thus  the  largest  area. 
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The  problem  then  reduces  to  that  of  finding  the  "right"  horizontal 
base.    At  this  point,  a  final  choice  of  representation  may  be  made^ 
The  "plan"  is  now  knovm  from  context:    one  will  express  the  area  as 
a  function  of  one  variable  and  maxixaize  using  calculus. 

The  stage  following  ANALYSIS  is  called  DESIGN,  and  its  components 
are  listed  in  Table  10B*2.    DESIGN  is  of  a  scraewhat  different  nature 
than  the  other  stages  of  problem  solving.     It  is  not  really  an  indi^ 
vidual  entity  6r  phase,  but  rather  pervades  the  entire  problem-solving 
process.     It  is  during  the  design  phase  that  one  plans  a  solution,  but 
there  is  much,  much  more.    DESIQN  is/  in  a  sense,  the  Vmaster  control" 
which  monitors  the  entire  problem-solving  process  and  allocates  problems- 
solving  resources  in  as  efficient  a  way  as  possible,    ikyelgMping  good 
DESIGN  skills  is  critical  for  students.    These  behaviors,  overall,  are 
the  consistent  distinguishing  piarks  of  good  problem  solvers.    By  moni- 
toring the  way  students,  work  on  problems  and  pointing  out  to  them  when 
they' are  or  are  , not  proceeding  well,  the  teacher  can  have  a  tremendous 
impact  on  the  studentt '  problem  solving. 

In  a  sense,  DESIGN  is  the  most  subtle  and  difficult  of  the  aspects 
of  problem  solving  to  teach.     It  calls  for  a  sensitivity  on  the  part  of 
the  teacher  to  the  way  that  students  are  proceeding  through  their  work 
on  problems,  and  a  willingness  to  oversee  the  entire  process.    We  shall 
limit  ourselves  here  to  a  brief  elaboration  of  the  points  listed  above. 

In  its  simplest  form,  DESIGN  consists  of  "making  a  plan."    At  the 
very  least,  the  student  should  be  able  to  tell  the  teacher  what  he  or 
she  is  thinking  of  doing,  and  why,  at  both  local  and  global  levels. 
That  is,  what  will  this  particular  operation  result  in  (local  level  of 
design),  and  how  does  that  result  fit  into  the  solution  process  as  a 
whole  (global  level  of  design)?    If  one  has  a  good  idea  of  what  should 
be  done  (for  example,  in  a  routine  mixture  problem),  little  more  need 
be  said.     If  the  problem  is  complex  or  novel,  however,  DESIGN  includes 
knowing  how  much  ""ANALYSIS  is  necessary,  and  Tcnowing  when  it  is  possible 
to  begin  outlining  a  plan.     It  means  knowing  when  a  plan  is  insuffi- 
cient, and  when  to  go  to  the  next  stage,  EXPLORATION,  for  help.  It 
keeps  track  of  various  options,  so  that  there  are  "fail-safes"  if  one 
particular  approach  proves  more  troublesome  than  might  have  been 
expected.     Equally  important,  it  involves  keeping  track globally,  of 
the  actions  in  which  the  problem  solver  is  engaged,  so  that  they  are 
not  wasted.    This  usually  me^ns  maintaining  some  sort  of  hierarchical 
approach;    for  example,  not  getting  involved  In  very  complex  computa- 
tions on  one  part  of  a  problem,  if  another  part  is  hazy  and  unresolved • 
All  too  often  we  have  seen  a  student  solve  a  difficult  equation  only  to 
discover  that  he  or  she  did  not  know  vrhat  to  do  with  the  answer  once  it 
was  found.    DESIGN  should  preclude  this.    The  teacher  should  ask,  and 
the  student  should  be  trained  to  ask,  to  what  use  any  particular  action 
in  which  the  student  is  engaged  will  be  put,  and  whether  it  is  appro- 
priate to  be  engaged  in  that  action  at  that  time. 

Continuing  our  discussion  of  Figure  lOB.^,  we  see  that  EXPLORATION 
is  a  very  complex  stage*     It  contains  some  of  the  most  nebulous  and 
difficult  to  apply  of  all  the  heuristic  behaviors.    An  elaboration  and 
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exemplification  of  these  would  require  a  full  volxime.    We  shall  limit 
ourselves  to  a  few  brief  comments. 

First,  the  reader  should  notice  the  similarity  in  organization 
between  the  phases  of  EXPLORATION  which  are  listed  in  Table  10B*3,  and 
*the  types  of  heuristic  behavior  variables  described  in  Chapter  V, 

Second,  with  all  other  factors  being  equal,  the  three'  phases  of 
EXPLORATION  are  such  that  (in  general)  success  with  a  Phase  1  heuris- 
tic process  is  more  likely  to  provide  direct  assistance  in  solving 
the  original  problem  than  a  Phase  2  processi  likewise,  a  Phase  2  pro-- 
cess  is  likely  to  be  of  more  immediate  assistance  than  one  from  Phase 
3,    Of  course,  if  an  heuristic  process  from  Phase  3  is  "cued,"  one 
tries  it  ds  soon  as  it  is  appropriate  (and  does  not  wait  until  the 
"right"  phase  of  the  exploration  stage).    In  general,  these  phases 
correspond  to  Polya*s  "rules  of  preference"  (Polya,  1965). 

Third  and  perhaps  most  important,  all  the  work  done  ir*  EXPLORATION 
must  be  subject  to  the  intelligent  management  directions  coming  from 
DESIGN-    If  substantial  progress  is  made  with  a  particular  exploration, 
the  problem  solver  may  return  to  DESIGN,  decide  that  the  plan  for  solv- 
ing the  problem  is  well-enough  formulated,  and  proceed  to  implement  it. 
If  new  insights  are  gained  as  to  the  mechanisms  which  "make  the  problem 
tick,"  the  problem  solver  may  decide  to  re-enter  ANALYSIS  with  this  new 
information  and  formulate  another  approach  to  the  problem  almost  "from 
scratch."    One  should  not  be  tempted  by  the  separate  boxes  in  Figure 
lOB-4  to  think  of  the  different  stages  of  problem  solving  as  disjoint 
entities,  for  they  are  interrelated  in  a  variety  of  complex  way«. 

The  next  stage  is  IMPLEMENTATION.    This  stage  needs  little  comment, 
save  for  an  elaboration  of  the  point  that  was  just  made.     The  alert 
problem  solver  monitors  all  phases  of  the  problem-solving  process.  If 
a  particular  ^mode  of  IMPLEMENTATION  is  tedious,  or  tremendously  involved, 
one  may  wish  to  retreat  into  DESIGtJ  to  select  an  alternative  (even  if 
the  one  being  used  is  known  to  guarantee  a  solution);  if  there  are 
I "lessons  to  be  learned"  or  generalizations  that  may  be  made,  such  deci- 
sions might  profitably  b^  made  ( ^master  control"  will  decide)  before 
IMPLEJ^TATION  is  finished. 

Finally,  we  comei^to  "looking  back,"  or  the  stage  of  VERIFICATION 
(see  Table  10B,4). 

The  VERIFICATION  processes  are  straightforward,  but  they  do  need 
to  be  stressed  with  students.     Checking  over  one's  solution  to  a  prob- 
lem can  return  high  profits  for  a  small  investment  in  time  and  energy. 
Yet  students  show  consistently  few  signs  of  reliably  checking  over 
their  work — and  they  pay  the  price.    Of  all  the  heuristic  behaviors  we 
have  discussed  in  this  chapter,  "looking  back"  may  be  the  easiest  to 
teach  and  fhe  most  profitable. 


ERIC 


46g 


-452- 


Table  10B.3    Hewfistia  Processes  Associated  with.  EXPLORATION 

Phase  1;  Considering  Essentially  Equivalent  Problems 

a)  Replacing  conditions  by  equivalent  ones 

b)  Recorabining  the  elements  pf  the  problem  in  different  ways 

c)  Introducing  auxiliary  elements 

d)  Rer-formulating  the  problem,  by       *  ^ 

i)    a  change  of  perspective  or  notation 

ii)    considering  argument  by  contradiction  or  contrapositive 

ill)    assuming  a  solution  and  determining  the  properties  it 
must  have. 

Phase  2:    Considering  Slightly  Modified  Problems 

a)  Choosing  subgoals  (obtaining  partial  fulfillment  of  the 
goals  in  a  directly  useful  way) 

b)  Relaxing  a  condition  and  then  trying  to  reimpose  it 

c)  Decomposing  the  domain  of  the  problem  and  then  working 
on  it  case  by  case. 

Phase  3:    Considering  Broadly  Modified  Probletfis 

a)  Constructing  analogous  problems  with  simplified  structures, 
in  the  hope  of  exploiting 

p    the  result  of 'the  analogous  problem 
ii)     the  method  used  to  solve  the  analogous  problem 

b)  Holding  all  but  one  variable  fixed,  in  the  hope  of  better 
understanding  the  role  of  that  variable  (or  given) 

c)  Examining  any  related  problem,  in  the  hope  that  the 

i)  form, 
ii)    givens,  or 
ill)  goals 

will  provide  information  useful  to  the  solution  of  this' 
problem. 
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*  Table  10B,4    Heuristic  Proaesses  Associated  with  VERIFICATION 


1,  Checking  to  see  that  the  solution  passes  these  specific  tests: 

a)  Does  it  use  all  the  pertinent  data? 

b)  noes  it  conform  to  reasonable  estimates  or  predictions? 

c)  Does  it  withstand  tests  of  symmetry,  dimension  analysis, 
or  scaling? 

2,  Checking  to  see  that  the  solution  passes  these  general  tests: 

a)  Can  the  solution  be  obtained  differently? 

b)  Can  it  be  substantiated  by  special  cases? 

c)  Can  it  be  reduced  to  known  results?^ 

d)  Can  it  be  used  to  generate  something  which  is  known? 

3,  Checking  to  see  if  the  whole  process  of  solution  can  serve 
as  a  learning  experience.    Is  there  a  lesson  to  be  learned, 
and  can  one  learn  to  be  a  better  problem  solver  from  this 
experience? 
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i  5.  Conclusion 

Perhaps  it  is  appropriate  at  this  point  to  return  to  Polya's  words: 

the  study  of  heuristic  has  practical  aims;  a  better  under-- 
standing  of  the  mental  operations  typically  useful  In 
solving  problems  could  exert  some  good  influence  on 
teaching,  especially  on  the  teaching  of  mathCTiatlcs* 
(Polya,  1957) 

It  can  indeed.    With  proper  attention  to  heuristic  variables  in  instruc- 
tion, the  classroom  can  be  more  exciting  and  entertaining,  and  students 
can  learn  to  be  better  problem  solvers.    It  Is  hoped  that  the  discussion 

of  aued  heuristics  and  stage  heuristics  in  this  chapter  will  asnlst  in 
achieving  this  goal. 
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REACTION  PAPER  1 
Task  Variables  in  Mathematical  Problem  Solving 

by 

Max  E.  Jerman 
Seattle  Pacific  University 
Seattle,  Washington 


I  am  happy  to  see  this  v^ork  produced,  for  it  brings  together  much 
of  the  recent  work  on  problem-solving  task  variables  in  mathematics. 
Problem  solving  is  a  difficult  area  in  which  to  do  good  research.  I 
commend  the  editors  and  contributors  for  the  quality  of  their  work  and 
for  the  effort  expended  in  producing  this  volume.     I  trust  there  will 
be  additional  volumes  in  future  years  as  knowledge  in  this  area 
increases . 

Clearly,  this  book  is  written  for  researchers.    The  objective  is  to 
facilitate  agreement  on  definitions  of  categories  and  tasks  and  to  stan- 
dardize vocabulary.     This  kind  of  thing  should  have  been  done  years  ago. 
It  will  be  a  continuing  effort  for  some  time,  I  am  sure,  but  unless 
steps  are  taken  toward  standardization,  no  consensus  will  ever  be 
reached . 

The  opening  chapter  clearly  indicates  both  the  objectives  and  scope 
of  the  work.    Chapters  I  through  V  include  reviews  of  the  research  liter 
ature  on  task  variables,  emphasizing  the  various  cat-egories  of  task 
variables  and  their  definitions.     In  Chapters  VI  through  VIII  experi- 
mental studies,  in  which  the  description  or  control  of  task  variables 
was  the  objective,  are  summarized.     In  Chapters  IX  and  X,  teaching  appli- 
cations with  specific  examples  of  unit  plans  are  included. 

The  broad  categories  of  variables  identified  and  described  by  Kulm 
in  the  opening  chapter  may  be  grouped  as  follows:     (1)  structural  varia- 
bles in  the  sense  of  the  linear  regression  studies;  namely  those  having 
to  do  with  syntax,  content,  and  context;  (2)  heuristic  variables;  and, 
(3)  problem  representation  variables.    In  Figure  1.1  a  pictorial  repre- 
sentation of  a  hierarchy  of  task  variables  is  presented. 

The  chapter  by  Barnett  provides  a  good  review  of  syntax  variables. 
It  traces  the  development  of  the  quantification  of  syntactic  variables 
quite  accurately. 

The  summary  of  studies  on  content  and  context  variables  is  also 
well  done.    I  agree  with  Webb  that  a  better  definition  is  required  of 
how  problems  are  alike  or  different  (problem  "types").  Classifying 
problems  according  to  their  solution  strategies  is  one  way  of  proceed- 
ing.   Perhaps  teaching  students  the  strategy  required  to  solve  a  given 
class  or  type  of  problems  is  the  best  procedure  if  such  a  single 
strategy  exists.    However,  it  is  often  difficult  if  not  impossible 
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to  prepare  problems  in  such  a  way  that  there  Is  only  one  way  inVwhiVh  to 
solve  them.    The  variety  of  ways  in  which  problems  can  and  have  been 
classified  according  to  type  is  siamnarized  in  this  chapter  in  consider- 
able detail. 

Chapter  IV  contains  a  fine  review  by  dlpldin  of  the  literature  ok 
complexity  variables,  those  variables  whichXdirectly  affect  problem 
difficulty.    Thinking  ahead  a  bit,  I       not  "kure  that  the  artificial 
intelligence  models  discussed  in  this  chap ter\  have  much  to  offer 
teachers  in  the  way  of  specific  suggestions  for  instruction  (nor  were 
they  intended  to  do  so).    Researchers  have  foun^,  however,  that  in 
trying  to  teach  a  computer  to  "learn,"  the  essential  ingredient  is  to 
provide  relevant  background  relationships.    Perhaps  that  finding  has 
as  much  import  for  teacher$  as  any  that  haS  come  from  the  research  to 
date. 

The  discussion  of  space-state  symmetry  groups  in  Chapter  IV  con- 
cerns me  from  the  standpoint  of  being  realistic  enough  to  retain 
relevance.     I  believe  that  we,  myself  included,  sometimes  tend  to  be 
more  detailed  in  our  analyses  of  situations  than/may  be  warranted,. 
Being  mathematically  oriented,  it  is  easy  to  want  to  see  some  underlying 
structure,  like  a  group,  in  what  we  are  examining.     I  am  not  opposed  to 
this,  but  I  am  concerned  that  our  focus  remain  on  problem-solving 
variables  and  instruction  and  that  we  do  not,  like  Piaget,  spend  a 
great  deal  of  effort  in  att-empting  to  identify  mathematical  groups  or 
other  structures  that  do  not  exist.     I  am  not  saying  that  I  believe  the 
author  of  this  chapter  has  fallen  into  such  a  trap;  I  am  just  express- 
ing a  concern  that  none  of  us  dcj  so, 

Goldin  poses  several  hypotheses  in  Chapter  IV  to  be  tested  empiri-  ^ 
cally.    To  be  worthwhile  educationally,  the  examination  or  testing  of 
hypotheses  such  as  those  proposed  should  take  place  during  initial  . 
instruction,  not  at  some  later  time.    This  concern  is  similar  to  that 
which  Brownell  expressed  in  his  review  of  studies  on  subtraction 
earlier  than  his  own.    We  can  tefioh  students'  anything  we  choose.  If 
as  teachers  we  were  more  systematic  and '-thorough  in  our  approach  to 
problem-solving  instruction  in  the  elementarf^  grades,  such  research 
would  be  facilitated — students  woiild  then  come  to  a  problem-solving 
situation  having  had  similar  experiences,  which  would  facilitate  the 
study  of  transfer.    The  hypotheses  are  interesting  and  should  be  testedv- 
The  appropriate  point  fc-  this  is  during  initial  learning,  rather  than 
later  when  a  variety  of  heuristics .may  have  been  either  rightly  or 
wrongly  learned. 

In  Chapter  V  the  literature  on  heuristic  processes  as  task  varia- 
bles is  reviewed  quite  thoroughly  by  McClintock.    The  work  of  artificial 
intelligence  researchers,  and  Wtckelgten's.  methods,  -ar.e  also  reviewed. 
Wickelgren's  work  is  excellent  in  th'e  sense  that  It  presents  a  hier^ 
archy  of  general  problem-solving  methods  or  strategies*.    I  would  like 
to  see  someone  attempt  to  integrate  tha  methods  described  by  Wickejgren 
with  the  work  of  Piaget.    Which  strategies  can  ha  taughts.to  and  effec- 
tively used  by  children  at  the  various  developmental  levels?  Covington, 
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Crutchfield,  and  Davies  (1974)  demonstrate  very  clearly  that  fifth-grade 
students  can  be  taught  to  use  the  decision-tree  strategy  very  effi- 
ciently— the  researchers  were  able  to  demonstrate  significant  transfer 
effects  of  thfe  skills  learned  to  areas  such  as  English  and  mathematics. 
Students  at  earlier  grades  were  not  able  to  become  as  proficient  with 
the  decision-tree  strategy  as  were  fifth  graders  (Crutchf ield,  1966). 

The  need  to  teach  specific  strategies  or  heuristics  has  been* pointed 
out  by  iaany  researchers.    One  such  recommendation  was  made  by  Buswell 
(1956).    He  found  a  great  variety  of  thinking  patterns  among  'the  499 
college  and  high  school  students  in  his  study.    In  fact,  one- of  his 
conclusions  was  that  variety  rather  than  similarity  was  a  striking  char- 
acteristic of  the  problem-solving  strategies  used  by  students  in  the 
study  (p.  136).    Recommendations  from  thi^  study  includ^d«a  call  for 
increased  emphasis  on  teaching  critical  reading  skills  and  the  teaching 
of  specific  strategies  for  problem  solving  (pp.  138-139).  "»  '  . 

The  findings  reported  in  Buswell 's  study  seem  to  be  consistent  with 
the  work  recently  reported  by  Bloom  (1976).  >As  students-  grow  older, 
there  will  be  a  greater  variety,  spread,  or  range  of  achievement  unless 
students  are  taught  to  a  mastery  level  at  each  step  along  the  Vay. 

The  task  then,  it  seems  to  tne,  is  to  develop  a  well-defined  task 
\  analysis  for  each  problem-solvin^  strategy,  to  arrange  strategies  in  a  , 

hierarchical  sequence,  to  '     . :      teaching  strategies  for  each  step  of 
\    the  task  analysis,  and  th''  ast  hypotheses  such  as  those  recommended 

/    as  leari|f!ng  occurs  rather  a  later  point. 

\        Wt^fefT^Wickelgren's  strategies  ar^  sequenced  according  to  the  develop- 
mentar  stages  Piaget  has  identified,  the  result  might  be  as  follows: 

Number-^conserving  students  whose  ages  range  from  5  to-7  years: 

1.  Solve  simple  story  problems 

a.  Use  manipulative  aids  to  demonstrate  solutions 

b.  Draw  pictures  tq  show^solutions 

c.  Verbally  give  solutions 

2.  Discriminate  between  problem  types 

a.  ^tate  goals 

b.  ^tate' context  indicators  of  goals 

c.  State  context  Indicators  of  operations 
da  State  context  indicators  uf  givens 
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1)  Explicit  givens 

2)  lopliait  givens 

e.    Discriminate  between  relevant  mathematical  terms 

3.  Solve  word  problems 

a.  Solve  one-step  problems  involving  addition  and 
subtraction 

b.  Identify  extra  or  unneeded  information 
Students  whose  ages  range  from  8  to  12  years  can: 

4.  Do  all  of  the  above 

5.  Solve  one-step  problems  using  multiplication  and  division 

6.  Use  the  following  problem-solving  strategies: 

a.  Systematic  trial  and  error 

b.  Classificatory  trial  and  error 

c.  Decision  trees 

7.  Solve  two-step  problems 

8.  Write  mathematical  sentences  for  each  problem 

9.  Find  alternate  ways  to  solve  many  problems 
Students  whose  ages  range  from  13  years  up  can: 

10.  Do  all  of  the  above 

11.  Use  the  following  specific  strategies: 

a,  Subgoals 

b.  State  evaluation  or  hill  climbing 
c»  Contradiction 

12.  Generalize  or  solve  the  general  case  for  a  given  problem 

The  developmental  sequence  of  strategies  and  steps  proposed  above 
is  certainly  tentative ♦  but  it  seems  to  be  consistent  with  the  current 
literature*    Much  work  remains  to  be  done,  to  be  sure.    Perhaps  jointly 
We  can  determine  the  optimal  sequence. 
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Another  aspect  of  development  that  may  be  important  to  problem 
solving  is  the  development  of  linguistic  structures  in  human  speech • 
Linguistic  complexity  may  be  a  relative  thing  rather  than  an  absolute. 
The  use  of  scales  such -as  the  Schmidt-Kettel  Scale  of  Linguistic  Com- 
plexity (Schmidt,  1977)  or  the  Miscue  Analysis  by  Goodman  (1967)  may 
shed  some  additional  light,  on,  the  nature  of -linguistic  depth  and 
complexity •    The  interrelationship  between  the  development  of  cognitive 
skills  and  language  may  provide  important  information. 

Memory  is  also  an  important  variable  to  be  considered  in  problem 
solving.    Scandura  (1977)  provides  an  extensive  review  of  the  litera- 
ture on  memory  and  its  relationship  to  the  problem-solving  process. 
Perhaps  more  work  might  be  expended  profitably  on  determining /the 
extent  of  the  memory  load  required  by  various  types  of  probleias,  or 
by  the  various  types  of  heuristics.    Why  are  some  heuristic  processes 
apparently  easier  to  recall, and  use  than  others?    In  what  ways  can 
problem  types  or  ^heuristics  be  chunked  to  facilitate  their  accurate 
recall  and  use  in  particular  situations?    In  what  ways  can  manipulative^ 
materials  be  used  to  improve  the  teaching  and  learning  of  heuristics? 

The  coding  systems  suggested  in  Chapter  V  are  quite  detailed.  Per- 
haps if  enough  work  is  done  with  such  systems,  a  clearer  picture  of 
the  problera-^solving  process  will  emerge.    The  effort  in  doing  research 
of  this  type  will  be  well  spent  if  it  succeeds  in  providing  clues  to 
cognitive  processes. 

The  study  reported  by  Goldin  and  Caldwell  in  Chapter  VI  is  quite 
interesting.     The  problem  set  seems  well  designed  and  representative 
of  the  desired  categories.     The  translation  modeled  after  Bobrow's 
STUDENT  is  clear,  and  a  very  interesting  method  of  determining  syntactic 
complexity  is  presented.    Ttie  difficulties  with  the  system  of  experimen- 
tal problems  are  fairly  acknowledged.    Overall  the  results  of  the  study 
are  most  interesting.     I  hope  that  this  study  will  be  replicated  in  the 
near  future.    It  would  be  interesting  to  see  if  the  problem  categories 
are  significant  predictors  in  a  regression  analysis. 

The  study  on  concept  acquisition  by  Waters  (Chapter  VILA)  is  also 
interesting.     The  task  involved  the  use  of  attribute  cards,  and  it  was 
found  that  slight  variations  in  problem  embodiment  tended  to  induce 
subjects  to  vary  their  solution  strategies.     I  certainly  agree  with 
this  conclusion.    The  report  by  Goldin  and  Caldwell  also  contained  a 
similar  statement.     From  all  the  research  that  I  have  read,  it  seems 
clear  that  problem  format  as  well  as  problem  structure  is  a  most  power- 
ful influence  on  the  choice  of  solution  strategy.     It  may  be  some  time 
before  all  the  subtleties  are  clearly  understood;  however,  the  work 
needs  to  be  done. 

The  study  by  Days  (Chapter  VII. B)  was  intended  to  examin^2  the 
relationship  between  problem  complexity  and  the  cognitive  level  of 
the  subjects.    Eighth  graders  were  asked  to  think  aloud  while  solving 
problems.    The  protocols  were  scored,  and  task  variables  defined  and 
quantified.    Again  it  was  found  that  strategies  varied  as  structure 
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varied    with  a  wider  variety  of  strategies  or  processes  being  used  on 
problems  with  more  complex  structures.    The  finding  that  "systematic 
trial  and  error"  was  most  frequently  used  on  complex  problems  is  most 
interesting.    This  finding  would  seem  to  lend  support  to  the  findings 
of  studies  in  which  linguistic  variables  were  better  predictors  of 
problem  difficulty  for  older  subjects  than  were  computational  varia- 
bles.   Complexity  of  sentence  structure  is  probably  not  affected  as 
much  in  a  trial-and-error  situation  as  are  mathematical  variable 
counts.    The  classification  procedure  used  in  the  study  seems  to  be 
well  thought  out,  and  useful  for  further  research. 

Chapter  VII. C  contains  a  review  of  studies  on  state-space  analysis 
and  transfer.    The  chapter  is  well  done.    I  agree  with  Luger  that  trans- 
fer must  be  specifically  taught.    If  we  expect  transfer  to  take  place, 
we  must  teach  in  a  way  that  will  bring  it  about.     Similarities  and 
differences  between  problems  must  be  pointed  out.    Students  ought  to 
spend  some  time  categorizing  problems  according  to  type  in  some  sense, 
in  order  to  facilitate  transfer.    These  points  are  further -developed  by 
Luger  in  Chapter  X.A. 

In  Chapter  VIII .A,  Harik  presents  an  analysis  of  the  heuristic 
process  of  trial  and  error.    As  was  expected,  the  largest  percentage 
of  the  students  used  a  trial-and-error  strategy  to  solve  the  problems. 
One  cannot  help  but  wonder  if  the  result  cojild  h'ave  been  anticipated 
due  to  the  age  of  the  subjects  and  their  p/evloi^  trailing. 

In  Chapter  VIII. B  a  process-sequenc6  coding  system  is  presented. 
The  process  is  quite  detailed  and  com#^.    A.  considerable  ^ount  of 
training  will  be  required  of  anyon^-^o  wishes^to  use  the  system 
reliably. 

The  last  chapters  contain  examples  by  Caldwell,  Luger,  and-Schoen- 
feld,  of  teaching  methods  in  which  task  variables  play  an  important  role. 
Outlines  of  several  sample  instructional  units  are  presented.  The 
objectives  for  the  lessons  are  explicitly  given  and  the  sample  lessons 
are  designed  to  teach  to  the  objectives.    In  all  they  are  well  done, 
and  several  are  appropriate  for  improving  learning  transfer. 

In  summary,  the  book  will  be  a  valuable  source  of  ideas  and  methods 
for  future  research.    Allowing  for  the  few  omissions  mentioned  above, 
I  believe  that  significant  steps  have  been  taken  toward  a  better  ,under- 
standing  of  human  problem  solving,  particularly  in  mathematics.  I 
believe  the  objectives  for  the  work  hav^  largely  been  met.  Neverthe- 
less, we  have  just  begun  what  may  prove-  to  be  a  long  journey.  Perhaps 
work  such  as  that  by  Paul  Torrance,  on  cultural  influences  on  problem- 
solving  slumps  at  various  age  levels,  and  by  Madeline  Hunter,  on 
teaching  skills-,  can  be  synthesized  with  the  above-mentioned  st^idies 
to  provide  guidance  on  our  journey.  a/' 

'     In  addition,  some  of  the  techniques  used  by  earlier  researchers, 
such  as  Buswell,  may  be  helpful  to  us  today  in  studying  problem  solving. 
Buswell  had  students  solve  problems,  and  then  arrange  cards  on  which 
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numerals  and  operation  signs  were  written  to  sh^the  order  in 
which  they  had  been  used.    This  approach,  in  addition  to  verbali- 
zation, gave  the  researcher  a  very  clear  picture  of  the  sequential 
process  used.    It  also  provided  students  with  more  concrete  referents 
for  their  solution  strategies.    Perhaps  a  companion  volume  to  this 
cxirrent  book  could  be  one  in  which  the  experimental  techniques  used 
by  many  researchers  were  reviewed  and  compared.    Such  a  volume  might 
prove  useful  to  all  of  us,  since  we  tend  to  forget  rather  quickly 
what  has  been  done  in  previous  years. 
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Task  Variables  ir  Mathematical  Problem  Solving 

by 

Jeremy  Kilpatrick 
University  of  Georgia 

Athens,  Georgia  j 

While  reading  the  Eaf»?rs  contained -in  this  volume,  I  wrote  dovm  three 
questions  that  seemed  aspecially  pertinent  to  the  topic  of  tas^  variables 
in  research  on  problem Isolving  in  mathematics: 

1.    To  what  does  thKword  "problem"  refer? 

.2.    What  do  we  mean  when  we  talk  about  "problem  structure"? 
3.    What  is  meant  by  "problem  space"? 

My  answers  to  these  questions  agree  with  some  statements  in  the  volume  and 
conflict  with  others. 

Regarding  the  fir^t  question,  I  am  not  so  much  concerned  with  a 
definition  of  the  term  "problem"  as  with  understanding  what  we  mean  when 
we  say  two  problems  ate  "the  same"  or  "different."    The  distinction, 
introduced  in  the  first  chapter  and  maintained  throughout  the  volume, 
between  a  statement  of  a  problem  and  a  representation  of  a  problem  is 
useful  in  this  connection.    We  think  of  the  same  problem  as  capable  of 
expression  by  means  of  various  statements  and  as  capable  of  representa- 
tion in  Uif ferent  ways.    "The  problem"  somehow  exists  in  our  thought  in 
a  fashion  separate  from  its  expression  and  its  representation.  Th^ 
distinction,  shown  in  the  hierarchy  of  task  variables  in  Figure  1.1, 
between  syntax,  context,  and  content  variables  can  be  used  to  explore 
the  notion  of  problem  identity.     Syntax  variables  are  those  whose  manip- 
ulation presepres  problem  identity:     it  i&  the  same  problem  whether 
expressed  in  EJcgM^H  or  in  French  and  whether  expressed  in  the  first 
person,  active^oice  or  the  third  person,  passive  voice.  Context 
variables  are  those  whose  manipulation  preservea  problem  structure: 
the  missionary  and  cannibal  problem  discussed  in  Chapter  IV  and  its 
variant  expressed  in  terms  of  "hobbits  and  ores"  are  not  the  same 
problem,  but  they  are  isomorphic;  they  differ  only  in  their  context. 
Content  variables  are  those  whose  manipulation  preserves  problem  simi- 
larity but  not  isomorphism:    addition  of  the  condition  "only  one 
cannibal  knows  how  to  row"  to  the  missionary  and  cannibal  problem  yields 
a  similar,  but  not  identical  or  isomorphic,  problem;  changing  the  number 
of  rings  in  the  Tower  of  Hanoi  problem  produces  similar  problems,  and  so 
does  changing  the  number  of  towers.    One  of  the  relatively  unexplored 
issues  in  task  variable  research,  as  noted  in  several  chapters,  is  the 
characterization  of  dimensions  of  similarity  between  problems.  The 
syntax,  context,,  and  content  variable  distinction  seems  to  be  a  valuable 
first  step  in  beginning  this  exploration. 
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It  may  be  useful  to  think  of  a  problem  as  a  kind  of  equivalence 
class  of  problem  statements  in  which  syntax  and  context  are  allowed  to 
vary,  but  content  is  not.    Under  this  interpretation,  the  answer  to  the 
second  question  above  is  that  "problem  structure"  refers  to  the  common 
property  of  problem  statements  in  the  same  equivalence  class.  Problems 
that  are  in  different  equivalencia  classes  have  different  structures. 
Similarity  of  problems  is  really  similarity  of  structure.    As  noted  in 
several  chapters,  we  teachers  of  mathematics  need  to  help  our  students 
learn  to  distinguish  similarity  of  problem  statements  from  similarity 
of  problem  structures. 

Now  we  .come  to  the  third  question,  which  deals  with  representation. 
According  to  Newell  and  Simon  (1972),  the  "problem  space"  ^.s  the  space 
in  which  a  person's  problem-solving  activities  take  place.  Consequently, 
it  should  be  understood  as  dependent  upon  the  particular  representation 
of  the  problem  that  the  solver  has  constructed.    In  order  to  understand 
how  people  solve  problems,  researchers  need  to  study  the  problem  spaces 
they  construct  and  the  activities  they  perform  in  these  spaces.  State- 
space  analysis,  as  portrayed  in  Chapter  IV,  seems  to  offer  a  way  of 
approaching  the  question  of  problem  spaces,  at  least  for  certain  kinds 
of  problems.    Goldin  makes  the  important  point  that  the  same  problem  can 
have  dif f i^ren^/^tate-spaces,  depending  on  its  representation.  This 
observation  sugiests  that,  just  as  it  is  helpful  to  distinguish  problem 
statement  from  problem  representation  and  state-space  from  problem  space, 
so  it  might  be  Selpful  to  distinguish  the  structure  o*"  a  problem  from 
the  structure  of*^  its  representation.    The  structure  oi  a  problem  is,  as 
Newell  and  Simon| suggest  in  discussing  explicit  representation  of  the 
task  environment J\  not  open  to  veridical  description.     The  structure  of 
various  "official*^  or  "canonical"  representations  of  a  problem  is  dealt 
with  by  state-space  analysis,  among  other  techniques.    The  structure  of 
a  person's  idiosyncratic  representation  of  a  problem  is  dealt  with  by 
analyzing  the  individual's  problem  space,  which  includes  more  than  a 
state-space.    Problem  spaces  encompass  not  only  the  person's  knowledge 
of  the  problem  but  also  errors  made  when  the  problem's  conditions  are 
violated.    One  of  the  dangers  of  a  heavy  reliance  on  state-space  analy- 
ses of  puzzle  problems  to  investigate  problem  solving  in  mathematics  is 
that  puzzle  problems  are  distinctive  precisely  because  their  conditions 
are  easily  understood  and  used.     In  much  problem  solving  in  mathe- 
matics, understanding  the  conditions  is  a  major  source  of  difficulty 
aud  violations  of  the  conditions  are  common. 

From  the  point  cf  view  of  the  problem  as  a  task  environment,  content 
variables  deterrHne  the  structure  of  the  problem.    Change  them  and  you 
have  changed  the  problem's  structure.    Consequently,  I  would  argue  that 
the  "key  words"  discussed  in  Chapter  III  should  not  be  considered  to 
refer  to  content,  but  to  syntax.     In  my  view,  for  example.  Problems 
3.25  and  3.28  are  the  same  problem  stated  differently: 

3.25    The  milkman  brought  on  Sunday  4  bottles  of  milk  more 
than  on  Monday.     On  .'-Monday  he  brought  7  bottle^.  How 
many  bottles  did  he  bring  on  Sunday? 
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S.26    The  milkman  brought  on  Monday  ?  bottles  of  milk.  That 
was  4  bottles  less  than  he  brought  on  Sunday,  How 
many  bottles  did  he  bring  on  Sunday? 

The  problem  is  obviously  capable  of  different  representations,  but  the 
two  statements  refer  to  the  same  problem  because  they  have  the  same 
data,  the  same  unknown,  and  the  same  relation  between  data  and  unknown. 
On  the  other  hand,  Problems  2.38  and  3.39  differ  not  only  in  context 
but  also  in  content: 

3.38  Find  the  smallest  set  of  whole  numbers  suah  that  every 
integer  from  1  to  7  is  either  an  element  of  the  set  or 
a  sum  of  the  elements  in  a  subset. 

3.39  A  woman  has  a  chain  with  seven  gold  links.    She  would 
like  to  take  a  seven-day  trip  by  carriage.    The  driver 
has  agreed  to  take  her  for  one  link  of  the  golden  chain 
for  each  day,  payable  at  the  end  of  the  day.    If  it 
costs  the  woman  five  dollars  to  have  a  jeweler  open  one 
links  ^^<^^  "^^         least  amount  of  money  she  would  have 
to  spend  to  open  links  so  the  driver  can  have  one  link 
the  first  day,  two  links  the  second  day,  and  so  on? 

Problem  3.38  does  not  require  determination  of  the  number  of  cuts 
necessary  to  yield  subsets  of  the  appropriate  nximbers  of  elements, 
nor  does  it  require  calculation  of  the  cost  of  the  cuts. 

The  argument  is  made  in  this  volume  that  content  and  structure 
variables  are  to  be  distinguished  on  the  basis  that  structure 
variables  require  a  mathematical  analysis  of  the  problem  and  content 
variables  do  not.    I  find  this  argument  unconvincing.    The  situation 
becomes  especially  cloudy  when  one  considers  what  is  meant  by  problem 
"type."    Webb  asserts  in  Chapter  III  that  problem  type  is  a  content 
variable  if  it  can  be  identified  from  the  problem  statement  "without 
mathematical  processing;"  otherwise,  it  is  a  structure  variable.  How 
can  one  decide  when  mathematical  processing  begins  in  problem  solving? 
The  remarks  above  suggest  that  problem  type  is  best  thought  of  as  a 
context  variable.    "Related  rates"  problems  share  common  features  of 
embodiment;  they  need  not  be  stated  in  the  same  syntax,  and  they  need 
not  have  the  same  structure— although  problem  types  are  usually  iden- 
tified in  the  expectation  that  problems  of  the  same  type  will  be 
similar  in  structure  and  representation. 

In  line  with  the  position  I  have  expressed  above,  content  and 
structure  variables  can  be  distinguished  as  follows:  "content 
variables"  refer  to  the  structure  of  the  problem,  and  "structure 
variables"  refer  to  the  str^uature  of  a  representation  of  the  problem. 

Goldin  makes  the  nice  observations  that  the  valid  representations 
of  a  problem  fall  into  isomorphism  classes  and  also  that  distinct  prob- 
lems may  have  isomorphic  representations.    The  latter  observation,  by 
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the  way,  supports  the  contention  that  problems  are  better  characterized 
in  terms  of  their  statements  than  in  terms  of  their  representations. 
I  part  company  with  Goldin,  howeveif,  when  he  asserts  that  "fay  any 
reasonable  definitions*'  Problems  4.4a^  4.4b ^  and  4.4a  do  not  differ  in 
syntax,  context,  or  content*     (Problem  4.4a  involves  two  nickels  and 
two  dimes  in  a  row  with  a  space  between,  the  object  being  to  exchange 
the  positions  by  a  series  of  legal  moves;  Problem  4.4b  involves  three 
nickels  and  three  dimes,  with  the  same  rules  and  the  same  object;  and 
Problem  4.4a  involves  four  nickels  and  four  dimes, vwith  the  same  rules 
and  the  same  object,)    By  what  I  consider  a  reasonable  meaning  of 
'^content  variable,"  the  three  problems  do  differ  in  content.    The  state- 
ments of  the  problems  are  clearly  different,  and  the  use  of  different 
number  words  has  a  nontrivial  effect*    Most  people  would  agree,  I  think, 
that  the  three  problems  are  different.    Of  course,  the  problems  also 
have  non-isomorphic  representations,  and  consequently  so-called 
"structure"  variables  are  needed  to  characterize  this  difference. 

I  suggest  that  the  hierarchy  of  task  variables  ought  to  be  amended 
so  that  Newell  and  Simon* s  distinction  between  the  structure  of  the  task 
environment  and  the  structure  of  the  problem  space  is  maintained;  that 
is,  so  that  both  "content"  and  "structure"  variables  are  viewed  as 
describing  structure,     I  also  suggest  that  both  algorithmic  and  heuris-- 
tic  processes  be  viewed  as  operating  within  the  person's  problem  space 
and  that  strategies  be  viewed  as  combinations  of  such  processes.  And 
finally,  I  suggest  that  one  not, attempt  to  link  Polya's  four  phases  of 
problem  solving  to  the  categories  of  task  variables.     I  find  the  pro- 
posed linkage  arbitrary,  strained,  and — to  coin  a  term— unheuristic . 

The  volume  as  a  whole  is  eloquent  testimony  to  the  value  of  an 
explicit  treatment  of  task  variables  in  research  on  problem  solving. 
Many  of  the  research  studies  cited  have  been  reviewed  elsewhere,  but 
different  facets  emerge  when  the  studies  are  considered  in  terms  of 
the  task  variables  involved.    The  hierarchy  of  task  variables  and  the 
accompanying  types  of  task  analysis  that  are  presented  in  Chapter  I, 
despite  the  areas  of  disagreement  described  above,  represent  real 
progress  in  the  conceptualization  of  problem-solving  research. 

Barnett's  discussion  of  syntax  variables  in  Chapter  II  is  an 
impressive  contribution,  and  the  information-processing  model  he  uses 
to  organize  the  discussion  is  especially  helpful.    Consideration  of 
the  information-processing  activities  of  a  problem  solver  in  reading 
the  statement  of  a  problem  leads  one  to  consider  the  role  of  irrelevant 
information  in  the  statement.    According  to  the  analysis  provided  above, 
th^  presence  or  absence  of  irrelevant  information  ought  to  be  con- 
sidered a  syntax  variable,  since  such  information  by  definition  does 
not  change  the  problem.    But  of  course  it  may  have  a  profound  effect 
on  the  solver's  representation  of  the  problem.    Robinson  and  Hayes 
(1978)  have  shown  how  one  can  study  the  processes  by  which  problem 
solvers  judge  the  relevance  of  information  in  the  problem  statement^ 
In  their  technique  students  read  a  problem  twice,  a  section  at  a  time, 
each  time  judging  whether  or  not  the  information  in  the  section  is 
relevant  to  the  solution.    Differences  in  reaction  time  depending  on 
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whether  the  problem's  question  Is  at  the  beginning  or  end  of  the  state- 
ment are  used  to  test  a  model  of  attention  to  various  types  of  informa- 
tion. 

Reaction  time  data,  although  popular  in  psychological  research, 
have  rarely  been  used  in  research  on  problem  solving  in  mathematics. 
Such  data  seem  especially  promisinn  fcr  testing  models  of  problem- 
solving  processes.    For  example,  Malin  (1979)  demonstrated  that  the 
efficiency  of  strategies  such  as  working  backward  depends  on  both  the 
structure  of  the  problem  and  the  informations-processing  demands  made 
on  the  problem  solver  by  the  strategy.    Perhaps  the  heavy  dependence 
on  correctness  of  solution  as  a  dependent  variable,  and  the  correspond- 
ing avoidance  of  reaction  time  data,  accounts  ,.for  some  of  the  failure 
of  researchers  in  mathematics  education  to  observe  much  effect  when 
syntax,  context,  and  content  variables  are  manipulated. 

Most  of  the  attempts  to  study  the  effects  of  variations  in  syntax 
by  means  of  regression  analysis  have  used  correctness  of  the  solution 
as  the  dependent  variable.    The  emphasis  has  been  on  problem  difficulty. 
Barnett  recommends  attention  to  pfocess  variables  such  as  the  form  of 
the  equations  used  in  a  solution.    Since  there  are  so  many  ways  for 
final  solutions  to  go  wrong  that  do  not  depend  on  problem  syntax,  inter- 
mediate product  variables,  such  as  the  correctness  of  the  operations 
selected  or  the  equations  written,  might  also  be  taken  as  dependent 
variables.    For  example,  an  early  and  little  known  regression  analysis 
study  (Kilpatrick,  I960)  attempted  to  predict  both  correct  equations 
and  correct  solutions  from  syntax  variables. 

Barijett  cites  some  weaknesses  of  the  linear  regression  model,  but 
he  does  not  sufficiently  stress  the  most  serious  faults  of  the  research 
studies  he  cites  that  have  used  the  model:     the  lack  of  a  theory  to 
guide  the  selection  of  variables,  the  crude  measures  used  for  many  of 
the  variables,  and  the  high  ratio  of  variables  to  problems  (which  all 
but  guarantees  good  prediction) . 

Webb  presents  a  discussion  of  content  apd  context  variables  in 
Chapter  III  that,  despite  his  use  of  terms  in  a  different  sense* than 
I  would,  nicely  sets  out  some  important  dimdnsions  of  task  difference. 
"Mathematical  topic"  and  "field  of  application"  are  useful  categories 
for  classifying  problems,  although  neither  category  fits  the  charac- 
terizations I  have  given  of  content  apd  context  variables.  These 
categories  seem  to  refer  not  to  variables  that  can  be  manipulated  to 
yield  different  problems,  but  to  classes  of  problems  characterized  by 
various  values  of  content  and  context  variables,  as  well  as  by  the 
mathematics  used  to  solve  the  problems  and  the  uses  to  which  the  . 
problems  are  put.     I  would  take  small  exception  to  the  generalization 
Webb  makes  at  the  end  of  the  chapter,  to  the  effect  that  most  context 
variables  do  not  greatly  affect  problem  difficulty,  by  noting  that 
problems  in  logical  reasoning,  and  syllogistic  reasoning  problems  in 
particular,  seem  to  be  highly  susceptible  to  context  variation.  Mayer 
(1978)  has  shown. how  manipulating  the  meaningf ulness  of  a  problem*s 
context  can  have  profound  effects  on  inference  processes • 
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My  earlier  remarks  have  suggested  some  of  my  admiration,  for  Goldin's 
analysis,  in  Chapter  IV,  of  problem  structure  and  complexity.  Despite 
our  disagreement  on  some  details,  his  explication  of  stat6-space  homor-. 
phisms  and  isomorphisms  provides  a  solid  and  original  framework  for  ,  ^ 
viewing  the  structure  of  problem  representations.'    I  am  less  happy  with 
his  implication  that  nonroutine  problems  are  especially  open  to  state- 
space  analysis— what  makes  them  good  candidates  is  not  that  they  are 
nonroutine,  but  that  they  are  essentially  puzzle  problems  in  which  the 
number  of  choices  of  moves  is  restricted.    These»  however,  are  minor 
quibbles  in  view  of  the  outstanding  contribution  the  chapter  makes. 

McClintock  argues  at  the  beginning  of  Chapter  V  that  heuristic  pro- 
cesses are  inherent  in  certain  problems.    His  use  of  the  subproblem 
decomposition  of  th6  Tower  of  Hanoi  problem  to  illustrate  this  point 
highlights  an  impor;tant  distinction.    Solution  of  the  four-disc  problem 
entails  solution  of  the  three-disc  problem,,  but  the  solver  of  the  four- 
disc  problem  need  not  have  used  the  heuristic  process  of  subproblem 
decomposition.    Thus  the  distinction  between  solving  a  problem  in  which 
a  heuristiic  process  would  be  helpful,  and  actually  using  the  heuristic 
process  to  solve  the  problem,  is  important.    In  the  case  of  a  computer 
programmed  to  solve  the  problem,  one  would  want  to  know  whether  the 
machine  was  identifying  and  solving  subpro'blems  as  part  of  the  solution. 
In  the  case  of  a  human  solver,  one  would  like  some  evidence  that  the 
solver* is  aware  of  the  heuristic  process — whether  or  not  he  or  she  was 
aware  of  applying  it  in  solving  the  problem.    Use  of  heuristic  processer 
seems  to  require  some  degree  of  consciousness  in  their  use,  but  the 
implied  possibility  of  subconscious  or  accidental  use  suggests  that 
further  exploration  of  this  issue  would  be  worthwhile.     In  this  connec- 
tion, McClintock' s  characterization  (in  his  discussion  of  Krutetskii)  of 
heuristic  processes  as  volitionally  controllable  or  initiatable,  as 
opposed  to  the  more  involuntary  and  synthetic  mathematical  abilities, 
is  provocative.     I  have  trouble  seeing  abilities  as  processes  or  as 
combinations  of  processes,  but  I  am  challenged  by  McClintock' s  formula- 
tion. 

In  the  first  part  of  Chapter  VIII,  Harik  gives  a  slightly  different 
twist  to  the  notion  of  inherency  of  heuristic  reasoning  processes,  defin- 
ing it  with  respect  to  both  the  problem  itself  and  a  population  of 
solvers.    Whether  or  not  ''inherent''  is  the  Best  word  to  use  to  refer 
to  a  process  used  by  most  people  in  solving  a  particular  problem,  it 
does  seem  useful  to  characterize  problems  in  terms  of  both  the  poten- 
tial utility  of  various  heuristic  processes  in  yielding  a  solution  and 
the  actual  use  of  these  processes  by  a  given  set  of  problem  solvers. 
Harik*s  work  provides  an  interesting  example  of  the  use  of  the  state- 
space  concept  to  analyze  algebraic  tasks,  but  one  should  note  that  the 
analysis  assumes  that  the  problem  solvers  have  incorporated  the  unstated 
assumption  in  the  problems  she  uses  that  the  solution  values  will  be 
positive  integers.    Harik  does  not  give  sufficient  attention  to  the 
knowledge  that  the  solver  brings  to  the  task  and  that,  is  used  both  in 
constructing  the  problem  space  and  in  deciding  how  to  move  through  it. 
For  example,  she  characterizes  guesses  as  totally  or  partially  random, 
ignoring  the  fact  that  even  the  wildest  guesses  are  constrained  by 
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various  problem  conditions  and,  in  the  case  of  numerical  answers,  are 
almost  always  round  numbers  to  simplify  calculations,    Harik's  discus- 
sion of  problem  reduction  is  interesting,  but  one  should  distinguish 
between  her  use  of  the  term  and  Polya's  advice  to  reduce  the  problem 
to  a  simpler  one.    Again,  a  process  is  not  a  heuristic  process  unless 
it  is  undertaken  deliberately  and  with  some  degree  of  conscious  inten- 
tion.   Reduction  to  a  simpler  problem  is  a  way  of  transforming  a 
problem  so  that  the  solution  of  the  simpler  version  may  be  of  use  in 
the  solution  of  the  original  problem.    -Someone  who  solves  part  of  a 
problem  so  that  only  a  simpler  subproblem  remains  should  not  be  auto- 
matically credited  with  reduction  to  a  simpler  problem.  Otherwise, 
everyone  who  solves  a  complex  problem  is  using  the  heuristic  processes 
of  reduction  to  a  simpler  problem  and  subproblem  decomposition.    Harik  s 
use  of  graphical  means  to  portray, patterns  of  guessing  is  a  valuable 
device  that  is  likely  to  prove  fruitful  in  subsequent  research  studies. 

The  Goldin  and  Caldwell  study  reported  in  Chapter  VI  Is  notable 
for  the  careful  attempt  to  control  syntax,  context,  and  content  varia- 
bles.   The  difficulty  of  controlling  one  variable  time  is 
illustrated  by  the  contrast  between  "factual"  and  "hypothetical"  versions 
of  the  same  problem:     in  attempting  to  manipulate  context,  the  investi- 
gators found  that  they  had  to  manipulate  syntax  as  well.    As  an  aside, 
I  was  struck  by  how  closely  the  behavior  of  the  STUDENT  computer  program 
used  in  the  study  resembles  the  advice  to  problem  solvers  given  by  • 
Dahmus  (1970).     In  effect,  Dahmus  attempts  to  program  students  to  solve 
routine  word  problems,  so  perhaps  one  should  not  be  surprised  that  this 
computer  program  incorporates  some  of  his  advice. 

Two  of  the  studies,  those  reported  by  Waters  and  Luger  reported  ^.n 
Chapter  VII,  refer  to  the  "deep  end"  hypothesis  of  Dienes  and  Jeeves 
(1965,  1970).    As  Goldin  observes  in  Chapter  IV,  one  needs  to  consider 
the  performance  on  both  tasks  in  testing  this  hypothesis,  and  the  real 
question  is  whether  task  order  affects  total  performance.     It  is  wrong 
to  argue  from  differences  in  significance  levels,  but  the  authors  do 
not  make  this  clear.    The  "deep  end"  notion  has  some  subtle  aspects;  it 
should  not  be  interpreted  indiscriminately. 

Waters'  use  of  structured  questions  to  get  at  problem  solvers' 
intentions  is  an  interesting  approach.    Other  researchers  have  obtained 
retrospective  evaluations  and  have  tried  to  match  them  to  strategies  as 
defined  by  sequences  of  moves,  but  few  researchers  have  been  bold  enough 
to  interrupt  the  solver  to  ask  why  &  given  move  had  been  made.  In 
setting  up  his  tasks.  Waters  attempted  to  manipulate  context  while 
holding  content  constant.    Although  the  tasks  were  isoi^orphic,  their  ' 
state-space  representations,  as  Waters  notes,  were  not.     In  other  words 
(using  my  terminology),  the  structure  of  the  problem  was  the  same,  but 
the  structure  of  the  problem's  representation  was  not  the  same. 

The  study  by  Days  in  Chapter  VII  shows  that  his  distinction  between 
simple  and  complex  problems  apparently  has  some  implications,  but  since 
there  are  so  many  dimensions  of  distinction-,  one  cannot  know  which  ones 
are  most  important.    Some  obvious  follow-up  work  is  called  for.  Days' 
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distinction  between  explicit  and  implicit  reference  to  problem  elements 
in  the  statement  of  the  problem  seems  to  have  some  promise  for  predict- 
ing problem  difficulty,  although  in  another  study  (Kilpatrlck,  1960)  a 
measure  of  implicitness  predicted  correctness  of  equations,  but  not 
correctness  of  solutions. 

The  process-sequence  coding  system  presented  by  the  research  team 
in  the  second  part  of  Chapter  VIII  is  a  tool  that,  although  somewhat 
cumbersome  to  apply,  can  be  used  to  illuminate  some  features  of  problem 
solving.    The  discussion  of  the  communication  between  problem  solver 
and  coder  shows  some  of  the  points  where  "noise"  can  enter  the  system, 
but  insufficient  attention  has  been  given  to  difficulties  at  both  ends 
of  the  communication  channel.    At  the  problem  solver's  end,  the  authors 
appear  to  assume  that  the  solver  is  aware  of  all  of  his  or  her  thoughts, 
or  more  precisely,  that  the  thoughts  e?£ist  in  a  form  that  can  be 
grasped,  if  not  necessarily  reported  accurately,  by  the  solver.  The 
phrases  "genuine  process  behavior"  and  "what  actually  happened  during 
problem  solving"  suggest  that  the  authors  view  thinking  as  an  object 
open  to  discovery  rather  than  as  a  construct  approached  through  various 
fallible  methods.    At  the  coder's  end  of  the  communication  channel,  the 
discussion  overlooks  the  arbitrary  nature  of  the  code.    Coding  systems 
'are  devised  to  serve  particular  purposes,  and  no  system  can  do  everything. 
Any  system  highlights  some  features  at  the  expense  of  others.    The  system 
presented  in  Chapter  VIII  can  be  used  with  a  large  set  of  problems  to 
provide  information  on  a  large  set  of  "processes,"  but  one  needs  to  ask 
whether  sufficient  attention  ha^'  been  given  to  the  context  and  content 
dimensions  along  which  problem^  can  vary.    One  should  also  ask  whether 
the  calculation  of  intercoder  agreement  for  the  system  has  not  made  too 
many  compromises;  if  protocols  are  to  be  coded  symbol- to-symbol ,  then 
an  estimate  of  symbol-by-symbol  agreement  between  coders  is  essential. 
The  important  point,  however,  is  that  rather  than  pushing  toward  a 
comprehensive  coding  system,  researchers  need  to  step  back  and  ask  what 
purpose  is  to  be  se.rved  by  a  system  and  then  design  it  accordingly. 

Caldwell's  advice  to  teachers  in  Chapter  IX  regarding  the  use  of 
syntax,  content,  and  context  variables  demonstrates  clearly  the  value 
of  explicating'  task  variables.    Although  she  and  I  appear  to  differ  in 
what  we  mean  by  content  and  structure  variables,  the  examples  she  pro- 
vides are  excellent.    One  could  have  a  profitable  discussion  in  a 
mathematics  class  (or  among  a  group  of  researchers)  by  asking  which  of 
the  13  versions  of  the  routine  word  problem  that  she  presents  at  the 
beginning  of  the  chapter  really  refer  to  "the  same"  problem.    I  liked 
the  unit  plans  for  teaching  about  task  variables.    The  first  plan  pr.ob- 
ably  attempts  to  do  too  many  different  things,  but  I  thought  the  ideas 
for  showing  students  how  syntax  and  context 4>ig^t  vary  were  quite  good. 
In  discussing  context  variation,  I  think  it  would  be  especially  helpful 
for  students  to  see  that  the  same  numbers  in  the  same  relationship  can 
be  provided  with  different  "cover  stories,"  and  I  would  place  more 
emphasis  on  the  students  actually  working  up  the  cover  stories  themselves. 

In  the  first  part  of  Chapter  X,  Luger  makes  some  important  points 
about  problem  structure  variables  in  teaching.    In  particular,  I  thought 
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his  discussion  of  the  semantic  content  that  machines  (and  therefore 
students)  need  in  order  to  "understand"  a  problem  ought  to  be  pondered 
by  every  teacher.    Many  of  the  suggestions  he  gives  for  teaching,  such 
as  the  representation  of  "uniform  aging,"  are  first-rate.    I  do  feel 
that  the  topic  of  "problem  type"  needs  to  be  handled  with  care  by 
teachers.    Experience  in  both  the  United  States  and  the  Soviet  Union 
shows  how  unproductive  a  heavy  emphasis  on  identifying  problem  types 
can  be,    I  think  teachers  who  want  students  to  classify  problems  by 
type  should  give  some  examples,  perhaps  borrowed  from  Krutetskii  (1976), 
of  problems  that  superficially  appear  to  be  of  tfie  same  type  but  are  not. 

In  the  second  part  of  Chapter  X,  Schoenfeld  also  discusses  problem 
types,  but  within  the  context  of  getting  students  to  see  when  certain 
heuristic  processes  might  aid  problem  solving.    Schoenfeld  is  probably 
right  in  terming  problem  categorization  an  "underplayed"  process,  but 
again  one  needs  to  avoid  too  rigid  a  stance.    .The  whole  question  of  how 
problems  are  to  be  sequenced  during  instruction  in  heuristic  processes 
needs  further  thought  and  research.    One  needs  to  orchestrate  instruc- 
tion so  there  is  a  good  balance  bett/een  intensive  experience  with  a 
given  heuristic  process  and  probli^m;;   ,f  a  given  "type"  and  extensive 
experience  in  which  identification  of  the  ap"propriate  process  is  the 
chief  goal.    Schoenfeld  has  provided  some  thoughts  relating  to  this 
issue,  but  much  more  needs  to  be  done,    I  am  not  convinced  that  his 
partition  of  heuristic  processes  into  "cued"  and  "stage"  processes  is 
worth  pushing  too  far. 

One  reason  problem  solving  is  such  a  popular  topic  among  teachers 
and  researchers  is  that  people  can  read  many  alternative  meanings  into 
the  term  "problem."    When  problems  range  all  the  way  from  sterile  text- 
book exercises  to  real-life  situations  waiting  to  be  given  a  mathematical 
formulation,  the  topic  obviously  provides  something  for  everyone — and  the 
opportunity  for  considerable  confusion  when  people  discuss  the  topic. 
The  present  volume  has  attempted  to  organize  some  of  this  confusion  and, 
consequently,  has  taken  a  step  toward  a  theory  of  problem  solving.  As 
Shulman  and  Elstein  (1975)  astutely  note,  "a  theory  of  problem  solving 
must  be,  first,  a  description  of  how  different  kinds  of  problems  are 
solved  and,  second,  a  taxonomic  or  logical  analysis  of  the  interrelations 
among  problem  types"  (p.  14).    Both  of  these  components  have  been 
addressed  thoughtfully  and  fruitfully  in  this  volume. 
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Addition  89,91,389 
Age  problems    (see  Problem  type) 
AIKEN,  L.R.  25,43,45-6 
Algebra  problems  37,59,80-2,150-6, 

186-7,242-3,297,300-4,329-33,388, 

404,415 

complexity  of,  301-4 

representation  for,  150-6,300-1 
Algorithms  105-6,114,127,148-9, 

151,156,166.177-8,230,237,263-6, 

384,394,395,417 
Analogous  problems  (see  Related 

problems) 
Analogy  174,193,209,219,224,230, 

234,357 

Analysis  (see  Working  backward) 

Analysis  stage  (see  also  Understand- 
ing the  problem)  357,446-50 

Applications  of  task  variables  19- 
21,379 

ARBIB.  M.A.  105 

Arithmetic  problems  29-37,80,114, 

240-1,263-6,268,389,396-404 
Artificial  intelligence  105-7,125, 

177^456 
ASHTON,  M.R.  186 
AUSTIN,  G.A.  107,111,277-8,284-6 
Automorphisms  (see  Group  structure, 

Symmetry) 
Auxiliary  elements  (see  Problem 

elements) 
Auxiliary  problems  (see  Related 

problems) 
AVITAL  36 


BANERJI,  R.  105,109,110,132 
BARNETT,  J.C.  30,36-7,45,64,235, 

256,455,466-7 
BARTLETT,  F.D.  415 
BAUER,  M.  321 
BEARDSLEE,  E.  35-6 
BERMAN,  S.  263 
BINET,  A.  202 

BLAKE,  R.N.  192-4,204,208,209-10, 
223-4,227- 


Blind  alleys  117-8,124,135,147. 

165,177,423 
BLOOM,  B.  457 

BOBROW,  D.  106,236,244-51.459 

BOURBAKI,  N.  157 

BRANCA,  N.  112-3,287-8 

BRENNAN,  C.  64 

BRIAN,  D.  29,30,113 

BROWNELL,  W.A.  69,74-5,77,100,436 

BRUNER,  J.  99,107,111,221,277-8,279, 

284-6,295 
BUSWELL,  G.  457.460 


CALDWELL,  J.  20,59,154,238,257,259, 
459,460,469,470 

Categories  of  variables  2-7,10-1,14, 
15-9,26,78-9,96,165-8,174-5,182-3, 
212,357,455 
content,  78-9 
^    context ,  96 

heuristic  process,  10-1,174-5,182- 

3,212,357 
problem-solving  research,  2-7 
structure,  16S-8 
syntax,  26 
task,  14,15-9 

CHALL,  J.S.  27,260 

CHAROSH,  M.  124 

CHARTOFF,  B.T.  72 

Cloze  technique  27,28,91 

Cognitive  level  (see  also  Stages  of 
development)  36,244,297,307-10 
459-60 

COHEN,  M.P.  76,100 

Computational  skills  237,267 

Concept  acquisition  tasks  277-96 

Concomitant  variables  3,7 

Conservation  operations  156-160 

Content  variables  (see  also  Field  of 
application.  Key  words.  Mathemati- 
cal topic,  Problem  elements,  Prob- 
lem type)  17-8,50,69-74,77-94, 
102,260-2  ,379,380,386-90,393, 
396,398-401,405,408-11,415,417,455-6, 
463-6,467 

categories  of,  78-9 

controlled,  260-2 

definition  of,  17,69,77-94,417, 
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Content  variables  (continued) 

indicators  of  prcblsm  difficulty, 

379, 380, 386-90. 3§3 
and  instruction,  73,87,89,396,398- 

401,405,408-11,415 
research  on,  70-4 

Context  variables  Csee  also  Embodi- 
ment of  a  problem,  Formax  vari- 
ables, Verbal  setting)  3,4-5,17-8, 
69-70,74-7,94-102,159,244,260-3, 
329-33, 334, 379, 381, 386, 391-3, 396-7, 
401-2,405,411-2,455-6,463,467 
categories  of,  96 
controlled,  260-3,329-33,334 
definition  of,  17,69-70,244,463 
indicators  of  problem  difficulty, 

77,379,381,391-3,467 
and  instruction,  102,396-7,401-2, 

405,411-2 
research  on,  74-77 

Contradiction  180,181,183,442-3,452 

Controlled  variables  74-5,154,250- 
70,279-83,293,329-33,334 

COOK,  B.  37,39,40 

COVINGTON,  M.  456-7 

Critical  words  91-2 

CRUTCHFIELD,  R.  457 

Cued  heuristic  processes  432,438-45, 
451,454,471 

Curtailment  13,145-6,148.151,152 


DAHMUS,  M.E.  45,73,469 

DALE,  E.  27,260,263 

Dale  list  of  familiar  words  260,263 

DAVIES,  L.  457 

DAWKINS,  J.  59,254-59 

DAYS,  H.C.  156,169,297,459,469-70 

Decoding  46-50 

Decomposing  and  recombining  174,196, 

219,221-2,230,234,452 
Deduction  (see  Inference) 
Deep-end  hypothesis  112,164,168,290, 

324,469 

Definition  (process  of)  174,222,231, 
234 

DENHOLM,  R.A.  263 

Dependent  variables  3,6-7,164-69 

Depth  (see  Grammatical  structure 

variables) 
Design  stage  (see  also  Planning)  357, 

447,448,450 


DIENES,  Z.P.  110,111-2,113,164,287, 
290.469 

Difficulty  (see  also  Reading  difficul- 
ty) 12,25-9.38,43-4,165-9,235,271-6, 
307-10 , 325 , 379-93 , 456 , 470 
content  and  context  variables  affect- 
ing, 271-6,379-81,386-93 
linear  regression  model  predicting, 
12.29-30 

structure  variables  affecting.  165-9, 
307-10 

syntax  variables  affecting,  38,379-86 
Division  389 
DOLCIANI ,  M.  263 
DRESHER,  R.  43 
DUNCAN,  E.R.  263 
DUNCAN,  R.N.  73 

DUNCKER,  K.  172,179,188-9,194,219,221, 

233 

DURNIN,  J.  114 
DURRELL,  C.V.  93 


EARP,  N.W.  28,44 
ELIOT,  J.  76 

ELSTEIN,  A.S.     471  " 
Embedded  figures  test  192 
Embedding  of  representations  (see 

Homomorphisms) 
Embodiment  of  a  problem  69,95-9,289, 

381 

Encoding  46,50 
ENGLEHART,  M.  25 

Equivalent  problems  (see  Isomorphic 
problems) 

Equivalent  states    137,138-9,145,151 , 

167 

Equivalent  test  forms  393-5 
ERNST,  G.W.  106,109,110,132 
Errors  298-9 
EUCLID  443 

Evaluation  function  105,180,182,213 
Evaluation  variables  (see  Retrospect- 
ive evaluations  of  strategies) 
Exercises  29 

Exploration  stage  (see  Related  prob- 
lems) 


Factual  vs.  hypothetical  problems  (see 
Verbal  setting) 
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FEHR,  H.F.  81 
FEIGENBAUM,  E.A.  173 
FELDMAN,  J.  175 
FERGUSON,  R.L.  114 
FEY,  J.T.  81 

Fewer  variables  342,345,441-2 

Field  of  application  69,78,83-8,380,467 

First  mo^es  120,124,147,165,319-22, 

426-7 
FLANDERS,  N.  209 

Flexibility  of  thinking  13.197-201 
Focusing  strategy  278,279,284-9, 

290-4 
FORBES,  J.E.  387 

Format  variables  3,4-5,26,69,76-7, 

96,100-2,381 
Forward-backward  symmetry  139,141, 

147,167 
FRANDSEN,  A.  99 

GAUNTER,  E.  177 

Game  graph,  game  tree  125-7 

GARDNER.  M,  7-8,426 

GELERNTER,  H.  106,172,176-8 

General  problem  solver  106,178-80 

Generalization  13,146,148,174,184, 

192,217,230,423,451 
Geometry  problems  36,80-1,106,387 
Gestalt,  change  of  162 
Gestalt  psychologists  176 
GIBB,  217 
GILMARY,  Sister  44 
GIMMESTAD,  B.J.  91 
Given  information  79,92,380,385,390, 

405,409 

Goal-directed  paths  (see  Paths 

through  a  state- space) 
Goal  information  79,92-4,120,124 

147,165,380,390,405,409 
GOLDBERG,  D.  431 

GOLDIN,  G.A.  20,59,110,136,154,161, 

198, 223, 238, 284, 31 1,320, 456, 459, 464, 465' 
GOODMAN,  K.     459  468,469 
GOODNOW,  J.J.  107,111,277-8,284-6 
GRAMICK,  J.  114 

Grammatical  (and  syntactic)  struc- 
ture variables  5,26,31,33-5,54-9, 
67,254-61,380,382-3,396,398,405, 
407-8,459 
definitions,  33 
effects  on  problem-solving 

processes,  67 
and  instruction,  45,382-3,396,398, 

405,407-8 
and  verbal  processing,  54-9 


GRANOWSKY,  A.  59,254-9 
Grauhing  444-5 
GREENO,  J.G.  109 

Group  structure  (see  also  Sytftmetry) 
111,112-3,136-9,147,156-60,161, 
162,167.456 

Guess  and  check  (see  Trial  and  error) 


HADAMARD,  J.  202 

HARIK,  F.  20,154,160,169,350,460,468-9 
HARRIS,  Z.S.  157 
HATER,  M.A.    28  ' 
HATFIELD,  L.L.  xi 

HAYES,  J.R.  66,110,321,415,422.466-7 
HENDERSON,  K.B.  175 
HENNEY,  M.A.  43,44 

Heuristic  process  (heuristic  behavior) 
variables  (see  also  Process-sequence 
coding.  Process  variables)  8-11,19, 
149,171-234,327-78,423-54,456-7,468-71 

categories  of,  10-1,174-5,182-3,212, 
357 

code  symbols,  358-60 
definition  of,  IP  172-3 
dictionary  of,  5C  -3 
and  inctruction,  186-8,194-6,423-30, 
431-54 

intrinsic  (inherent  in  tasks),  174, 
227-34,327,345-52,438-45,468-9  . 

and  problem  representations,  171, 
211-3,214-27,424-5 

research  on,  171 ,174-213 
HILL,  T.J.  80-1 
Hill-climbing  105,180,182 
HINSLEY,  415,422 
HIVELcY,  W.  II  114 
Hints  101,381,390 
HOLDEN,  J.  99 
HOLTAN,  B.  28 
•6,Homomorphisms    127-36, 139, 141-2 , ,147 , 

164,168,284 

definition  of,  129 

goal-preserving,  129 

image  of,  141 

injective,  129,132 

surjective,  132-3 

weak  (embedding),  133,135 
HOUTZ,  J.C.  77 

HUNT,  E.G.     105  i 
HUNTER,  M.  460. 
mm.  L.  29,30,113 
Hypotheses  ^(see  also  Deep-end  hypo- 
thesis) 110,161-4,311-25,456,457 
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Implementation  stage  (see  Planning) 
Independent  variables    /-S,  164-9- 
Induction  174,192,217,231,434,459-40 
Inference  180,182,190,193,209 
Information  processing  46-52,107-8, 

176-80,236 
INGLE,  J. A.    310  ^* 
INHELDER,  B.  157 
Insight  146,162,233 
Instructional  history  variables  3-4 
Interaction  analysis    system  209 
Intercoder  reliability  190,191,194, 

355-6,372-8,470 
Interexperimenter  reliability  290 
Introspection  201,202-3 
Isomorphic  problems  7,127-36,141, 

147,149,167-8,185,193,279-34,319,  ^ 

321-5,379,424-5,427-30,463,465,469 

definition  of,  127 
Item-  forms    1 14 


Jam  (see  Tick-tack-toe) 

JANSSON,  L.C.  40 

Jealous  husbands  problem  (see 

Missionary- cannibal  problem) 
JEEVES,  M.A.  110,111-2,113,164,287, 

290,469 

JERMAN,  M.  12,16,29,30,31,34,35-6, 

.39,73",113,114,235,310 
JOHANNOT,  L.  235 
JOHNSON,  D.M.  202 
JOHNSON,  E.S.  107 
JOHNSON,  B.C.  43 
JOHNSON,  J.T.  27 


KANE,  R.B.  27,28,73,92 
KANTOWSKI,  E.L.  70,173,194,195-6, 

203,204,207,209-11,213,216,219.221, 

230,233 
KENNEDY,  G.  76 
Kernel  of  a  problem  95 
Key  words  69,74,78,89-92,260-62,380, 
.  388-90 , 394 , 395 , 396 , 398-401 ,405 ,409- 

10,464 

KIIPATRICK,  J.     2-7, 25, 112-3, 164, 173, 
178,189-92,194,195,201,203,204-5, 
209-10,215,230-1,287-8,298,467,470 

KINSELLA,  J.  235 

KLEINMUNT2,  B.  178 


KNIFOKG,  J.D.  28 

Knowledge  states  (see  Problem  space, 

internal) 
KRULEE,  G.  76 
KRUSHINSKI,  J.  35,36,39 
KRUTETSKII,  V.A.  4.9,12-3.71-2,80, 

93, 99-100, 146, 14b, 197-201, 214, 230, 

388,468,471 
KULM,  G,  76,455 


LANDA,  L.N.  149,178,431 

LANE,  M.  157 

LAUDATA,  N.C.  101 

LAUGHLIN,  P.R.  278,287,289 

LA2ERTE.  M.E.  202 

Length  variables  26,31-2,36,52-4, 

66-7,251-2,380,382 

definitions,  32 

effects  on  problem-solving  pro- 
cesses, 66-7 

and  instruction,  382 

and  verbal  processing,  52-4 
LEVI -STRAUSS,  C.  157 
LIGHTHALL,  F.  75,100 
Linear^ regression  model  12,16,29-43, 

113-4,455,467 

critique  of,.  40-3,467 

description  of,  29-30 

significant  findings,  37-8,113-4 
LINVILLE,  W.J.  27 
LOFTUS,  E.J.  30,31,34,57,64,73,74, 

77,89,114 
Logarithmic  transformation  29 
Logic  problems  40,41,188,467 
LONGEOT,  F,  297 

Looking  back    11, 14, 196, 20r,  .209,211 , 
224,231,298,356,357,445,447,451 , 
453 

LOYD,  S.  7 

LUCAS,  J.F.  20,70,169,194-5,204, 
206,209-10,213,223,224,431 

LUGER,  G.F.  20,21,110,148,160,161, 
169,311,315,320,321,460,469,470-1 

LYDA,  W.J.  73 


MACPHERSON  192-3 
mKl,  D.P.  84,85 
MALIN,  J.T.  467 
Manipulative  problems  97-9 
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.  MARTIN.  M.D.  25 

Mathematical  equipment  79,94,380 

^^athematical  topic  (see  also  Prob- 
lem type)  69,70-1,77-83,86-7, 
262,380,386.467 

Mathematical  vocabulary  73,78,92, 
380,390,405,409 

MAYER,  R.E.  467^ 

Ntf:CLINTOCK,  C.E.  136,149,223, 
432,456,468 

Means-ends  analysis  178,179-80, 
189,221,223 

MEUX.  M.  375 

Memory  47-9,51,53,54,56,59,66-7, 
108,111-4,459 

long  term,  47,48,51,54,108 
short  term,  47,48,49,53,56,59, 
66-7 

Memory  strategy  111-3 
MILLER,  G.A.  177 
MINSKY,  M.  106 
MIRMAN,  S.,  34,310 
Miscue  analysis  459 
Missionary- cannibal  problem  51, 

93,107-9,115-20,127,132-5,150, 

424,428-9,463 
Model  10-1,12,13,14,15-9,25,29- 

43,46-66,85,108,357,447.455,467 

for  effective  problem  solving 
(Polya),  10-1 

for  heuristic  problem  solving 
357,447 

for  hierarchical  relationship 
of  task  variables,  14,15-9 

information  processing  ^ 
(Newell  5  Simon) ,  108 

for  predicting  problem  diffi- 
culty (linear  regression), 
12,16,29-43,455,467 

for  the  structure  of  mathemati- 
cal abilities  (Krutetskii) , 
13 

for  verbal  processing  in. prob- 
lem solving  25,46-66 
Model -building  85 
Money  problems  (see  Problem  type) 
MONROE,  W.  25 
MOSES,   B.E.  99 
Multiplication  36,389 


NESHER,  P.  73,74,89 
NEWELL,  A.  106,107,108,160,173, 
176-80,181,187,221,464,466 


NliSSON,  N.  J.    105,106,115  • 
Nim  125-6,129,131,136-40,184,229 
NISBETT,  R.E.  7 
Number  conservation  157-60 
Number  of  operations  113-4,167 
Number  of  states  117,120,124,147,165, 
328-34 

Number  of  steps  103,113-4,117,124, 

135-6,147,165,166,250 
Number  scrabble  (see  Tick-tack-toe) 
Numerals  and  mathematical  symbols  26, 

59-61 ,67 , 252 , 253 , 380 , 384 

definitions,  61 

effects  on  problem-solving  pro- 
cesses, 67 


Objectives  396-7,404-6,460 
Observables  157 
Operator  strategy  111-3 
Operators  124-5,179-80,248 
Orbit  138 

Order  (see  Sequence  variables) 
Organismic  variables  3,4 
OTTINA,  J.R.  43 


PAGE,  S.H.  114 

PAIGE,  J.  73,106,217-8,235,236 
PAPERT,  S.  106 
PAPPUS  184,223 

Pat)is  through  a  state-space  110,160 
--^,1^6,231,311-22 

congrui^nt,  162,320-22 

forward-erected  161 

goal  -direct^H  ir6LiT>iJ4j-6  ^. — 

Pattern  strategy^  111-3 

PATTERSON,  H.L.  114 

PERFETTI,  C.A.  57 

TIAGET,  J.  106,157,159,235,456,457 

RINGRY,  R.E.,  175 

Ph^Jning  8,10-1,14,177,178-9,187, 
205^211,233,356,357,422-3,445,447. 
448,450-1 

POINCARE,  H.  202 

POLLAk/h.O.  84,86 

POLYA,/g.  8-11,15,17,18,19,46,172, 
1744,180,184,186,190,193,200,204, 
2091211,213,214,215-6,228,230-1,  • 
234/,346,354,358,397,435,445,446, 

.    4^,454,  466 

PQMMENTIER.  A,S.  93 

/f^IBRAM,  K.H.  177 
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Problem  elements  69,79,82-3,92-4, 
174,221,380,452 
auxiliary,  174,221,452 
definition  of,  69 

Problem  reduction  (see  also  Re- 
duced state-space)  346,350, 
352 

Problem- solving  processes  (see 
Heuristic  process  variables. 
Process- sequence  coding.  Pro- 
cess variables) 

Problem  space,  internal  (see 
also  State- space)  107,108, 
160-1,177,464,466 

Problem  type  9,70,71,72,78,82-3, 
114,262,380,386-8,415-23,430, 
446,449,455-6,460,465,471 

Process -product  score  195-6,204, 
210-1 

Process-sequence  coding  20,68, 
189-91,193-5,201,204-10,298-9, 
353-78,459,460,470 

Process  variables  (see  also 
Heuristic  process  variables. 
Process-sequence  coding)  3, 
6-7,25,66-8,165-69,307-10 
as  dependent  variables,  3,6-7, 
25 

effects  of  structure  on,  165-9, 
307-10 

effects  of  syntax  on,  66-8 
Product  variables  (see  also 

Difficulty)  3,6,25,169 
Protocols  106,160,189,286,298-9, 

364-70 
Pseudostructure  72 
Pythagorean  theorem  48,50-1,78, 

227-28 


Reading  instruction  44-5,457 
Recursion  106,180 
Reduced  state-space  138-40,142-6, 
151-4 

REED,  S.K.  109,110,132 
REES,  R.  34,73 

Related  problems  (see  also  Homomorph- 
isms.  Isomorphic  problems)  8,9, 
10-1,112,127-36,147,168,174,179,180, 
184,185-6,193,195,211,213,221,224, 
232,298,424-5,439,441-2.447,450-2 

Reorganization  of  information  47,48, 
49,53-4,59,  385-6,448 

Representation  of  a  problem  (see  also 
State-space)  95-9,103-4,150,154-6, 
211-34,301-7,428,448,449,463-6 
alternate,  224-7 
complexity  of,  301-7 
exploitation  of,  221-4 
and  heuristic  processes,  211-34 
selection  of,  216-20,448, 
standard,  150,154-6 

RESNICK,  L.B.  76,114 

Retrospective  evaluations  of  strategy 
3,7,111-2,113,201-2,287-8 

Reversibility  of  thinking  (see  Work- 
ing backward) 

RISING,  G,  124 

ROBINSON,  C.S..  466-7 

ROCHESTER,  N.  172,177-8 

ROHR>iAN,  N.L.  57 

ROMAN,  R. A.  101 

ROSENTHAL,  D.J.  76,114 
'Routine  problems  29,150-6,396,415-23, 
430,469 

RUDDELL  56 

RUSSELL,  D.  43 


Quadratic  formula  78,434-5,437-8 
Question  sente^e  26,35,62-4,67, 
380,385 

definition  of  variables,  63 


Rate  problems  (see  Problem  type) 
Ratio  and  proportion  404-13 
Reaction  times  109,466-7 
Readability  formulas  27-8 
Reading  ability  (see  Abil ities) 
Reading  difficulty  25-9,43-4, 
382-3 

5o« 


SALKIND,  C.T.  93 
SAX,  G.  43 
SCANDURA,  J.  459 

Scanning  strategy  278,279,284-9,290-4 
Schema  415-23 
SCHMIDT,  E.  459 

SC}K)ENFELD.,  A.  21,149,211,213,235,356, 

357,431,432,446,460,471 
SCHONBERGER,  A.K.  99 
SCOTT,  R.  75,100 
Search  space  (see  State-space) 
SEGALLA,  A.  30,35,37.56,57.64 
Semantic  content  (see  also  Key  words, 

Mathematical  vocabulary)  69,73,88- 

92,216,380,415-23 


Sequence  of  problems  77,267,269-70 
Sequence  variables    26, 30-1 ,34,35, 

64-6,67,253,380,385,396^397,405,407 
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